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Abstract

In recent years, algorithmic challenges across diverse areas including statistical physics,
machine learning and cryptography have centered around statistical inference problems,
i.e., computational problems with average-case inputs. For many of these problems,
the best-known efficient algorithms are often suboptimal, giving rise to information vs.
computation gaps, discrepancies between what is theoretically possible given the amount
of information and what can be attained via efficient algorithms. One fundamental
question is how we can provide rigorous evidence of hardness to show that such gaps are
insurmountable for efficient computation.

In this thesis, we illustrate that many of these questions boil down to the study of
random matrices that have entries being polynomials of the underlying input. More
concretely, we highlight the recent advances in the past few years that lead to a significantly
more refined understanding of these ostensibly complicated matrices, and some intriguing
questions around them that still remain after years of attacks. The sharper understanding
of these matrices ultimately allows us to provide rigorous evidence via the lens of the Sum-
of-Squares (SoS) algorithms, a hierarchy of semidefinite programmings. Unlike several
other popular models in the average-case setting (eg. low-degree polynomials/statistical-
query/ overlap-gap). Sum-of-Squares algorithms are known to capture various optimal
algorithms in both the average and worst-case setting, and therefore provide one of the

strongest form of hardness in average-case complexity.
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Chapter 1

Introduction

1.1 Motivation from Average-Case Complexity

The major goal of this thesis is to investigate the terrain of average-case complexity, and
provide rigorous hardness evidence for information-computaton gap, the regime in which
a computational problem can be solved information theoretically without runtime concern, yet we
believe there is no efficient algorithm to do so, via hardness result against the Sum-of-Squares

hierarchy of convex relaxations as a proxy.

Independent-Set on Sparse Random Graph Thisis a canonical problem in average-case

complexity that this thesis focused on for a large part. An Erdés-Renyi random graph

with average degree d has an independence number of (1 + 0,(1)) 2 lggd and a chromatic

number of (1+0,(1)) ﬁ with high probability [COE15, DM11, DSS16]. There is a long
line of work focused on finding the best efficiently certifiable bounds on these quantities.
When the average-degree of the graphs d = Q(poly(logn)), the spectral norm of the
(centered) adjacency matrix [FO05] certifies an upper bound on the independence number

of O(\/LH)' These bounds are off from the “ground-truth" by a factor of \/LH' Upgrading
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eigenvalue based certificates to those based on the “basic" semidefinite programming
relaxation yields no asymptotic improvement [CO05a]. Investigating whether efficient
certificates that improve on the above bounds exist has been a longstanding and major
open question.

More generally speaking, independent-set problem can be viewed as a restricted ver-
sion of graph-coloring, and community-detection problem in more modern day’s terms.
For readers familiar with the literature in community detection and Kesten-Stigum thresh-
old from statistical physics [AS15, Abb17a, KMM*13, DKMZ11a, DKMZ11c] , the goal
of most work in this thesis, particularly on the hardness side, is to answer the following

question

Question 1.1.1. Can we provide hardness evidence for the regime below the KS-threshold, i.e., can

we show efficient Sum-of-Squares algorithms also fail in the possible-yet-hard regime?

Before we return to this question, let us approach the question of why we might want
to consider Sum-of-Squares algorithms as a restricted model of computation to focus on

in this work.

Sum-of-Squares as a unified algorithm A unified framework for algorithm design,
Sum-of-Squares semidefinite programming hierarchy has proven to be one of the most
powerful candidates in recent years. With its root in Positivestellensatz which traces
back to Hilbert for more than a century ago, the SoS hierarchy is a family of algorithms
of increasingly powerful algorithms parameterized by the corresponding SoS degree for
polynomial optimization problems [Par00, Las01]. We refer interested reader to [BS14,
RSS19, FKP19] for a thorough introduction to Sum-of-Squares algoritms. On the classical
side, the SoS reasoning has either produced new state-of-art algorithms [BRS11, GS11,
HSS15, MSS16, RRS17] or is known to capture various best-known algorithms that are
born prior to the SoS age [GW94, ARV04]. On the other hand, Sum-of-Squares has

2



also procured various success in high-dimensional statistical inference problems inspired
from modern machine learning [MSS16, KSS18, HL18, KKM20, Hop19, BK21]. More than
the problem-specific successes, the power of Sum-of-Squares have been shown to be no
serendipity as it captures the strongest among all semidefinite programming relaxations

among a large class of problems.

SoS as a lens for average-case complexity With greater power comes great responsi-
bility. The power of Sum-of-Squares has also built itself into an outpost for algorithmic
intractability as impediment against such strong algorithms may hinge upon fundamental
barriers [HKP 17, RSS19]. In the worst-case realm, much remains widely open, even in
the degree-4 case: for example, current results do not rule out a (2 — €)-approximation
for Vertex Cover or a (0.878 + €)-approximation for Max Cut, each of which would refute
the Unique Game Conjecture in the central stage of worst-case complexity.

In the average-case setting, the Sum-of-Squares paradigm has by now served as a
canonical test-bed for algorithmic hardness where the classic theory of NP-hardness no
longer applies. Unlike worst-case complexity theory, the web of reductions approach
is of limited reach in understanding hardness of average-case problems as it is usually
difficult to preserve the distributions under reduction - the central toolkit from worst-case
complexity. In such contexts, the smallest degree of Sum-of-Squares (i.e. SoS degree)
to solve the question arises as a compelling proxy for computational hardness as SoS
is known to capture various the best-known algorithms for combinatorial optimization
problems.

On the other hand, the prominence and versatility of Sum-of-Squares has also con-
ferred tremendous difficulty for proving impossibility results against it. The terrain of
average-case complexity is drastically different from that in the worst-case setting because

life is much less pessimistic on this land: unlike many NP-Hardness results that render
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the simplest (eg. greedy) combinatorial techniques optimality, average-case problems
such as planted clique or the stochastic block model often admit non-trivial algorithms
based on spectral methods and semidefinite programming in comparison. As a result,
designing techniques to ascertain average-case algorithmic thresholds the regime where
such problems are easy vs where they are computationally hard is extremely challenging
while fruitful as it would allow us to pronounce futility for a large class of algorithms

among which surprising algorithmic discoveries may be ensconced.

1.2 Meeting Graph Matrix

In the investigation of the above question, it became clear to us that a major technical
ingredient that was missing at the time is a more fine-grained understanding of graph
matrix, and in particular, the spectral norm of these matrices. On a high level, graph
matrices is a family of random matrices with each entry being polynomial of the input

from the graph sample. We will defer their formal definitions to the latter section.

Prior Results and Bottleneck to SoS Lower Bounds The low-degree polynomials them-
selves are naturally described by graphs. All prior works beginning with [BHK'16] rely
on elegant statements that relate the spectral norms of such graph matrices to natural
combinatorial quantities associated with the graphs. However, the precise bounds they
achieve turn out to be rather coarse and lose poly log n factors. Such losses still turn out
to give non-trivial results for problems on dense random graphs. However, they trivialize
in the setting of random graphs with average degree < logn — our principal interest in
this work. While this might appear to be a technical issue, finding methods that do not
lose such poly log n factors was understood to be a major bottleneck in the area. Indeed,

even resolving the case of polylog n degree random graphs took several new ideas in the
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earlier work [JPR™22] that is not included in this thesis.

Analyzing lower bound witnesses constructed via pseudo-calibration crucially relies
on decomposing certain correlated random matrices into a “Fourier-like" basis of graph
matrices and understanding bounds on their spectral norms. Each entry of such graph
matrices is a polynomial in the underlying edge-indicator variables of the input random
graph. There has been considerable progress in the past few years in understanding the
spectra of such matrices when the input is a dense random graph [AMP20, CP20, JPR"22,
RT23]. However, when the input is an “ultra-sparse" random graph with a constant
average degree, known tools turn out to be rather blunt. At a high level, given the rather
complicated structure of graph matrices, prior methods only yield a coarse bound on their
spectral norms. Such coarse bounds nevertheless suffice for analyzing the lower bound
witnesses for problems on dense random graphs (with some polylogarithmic factor losses).

On ultra-sparse graphs, however, it turns out to be an absolute non-starter.

Indeed, the limited progress seen so far in the ultra-sparse regime has come about
via rather ad hoc techniques. For the “basic SDP" (i.e., degree 2 sum-of-squares), prior
works[DMO™'19, BKM19, BMR19] relied on the fact that the spectrum of the underlying
matrices (that turns out to have essentially independent entries) can be completely under-

stood via some powerful tools from random matrix theory.

More generally, the ultra-sparse regime has been a challenge for understanding algo-
rithmic problems on graphs for a long time. For example, it took a long sequence of works
and some sophisticated tools in random matrix theory (e.g., the Ihara-Bass formula and
spectral understanding of the non-backtracking walk matrix of random graphs) to resolve
the algorithmic threshold for community detection on the stochastic block model [ABH14,
Abbl7a, AS18, BKM19, BMR19].

One basic issue that makes the ultra-sparse setting challenging is that the spectrum

of random matrices that arise in such settings suffers from a large variance that makes
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the analysis tricky. For example, for d = w(1), the Erdés-Rényi random graph is almost
regular (deviations in degree are negligible compared to the average). When d = O(1),
however, this is no longer true: there are bound to be vertices of super-constant degree
Q(/logn) on the one end and vertices of degree 0 (i.e. isolated vertices) on the other.
A trickier issue arises from events with small but non-negligible probability that makes
the analysis based on the moment method (the workhorse in such analyses) tricky. For
example, it can be shown that for the adjacency matrix A of an Erd§s-Rényi graph, even
after removing rows and columns corresponding to high degree vertices, for large k,
E [tr ((A — E[A])¥)] is much larger than its typical value due to an inverse polynomial
chance of the presence of dense subgraphs.

While such issues have been tackled in the past, with significant effort [MNSI18,
KMM*13, Mas14, BLM15, MNS15, HS17, LMR22, DdNS21, ZK16, KZ09, DKMZ11a,
DKMZ11c] for analyzing the spectra of basic matrices associated with ultra sparse ran-
dom graphs (e.g., adjacency matrices, non-backtracking walk matrices), in our setting
the problem is significantly more involved because of our need to understand substan-
tially more complicated graph matrices built from sparse random graphs — matrices of
polynomial dimension with entries that are low-degree polynomials in the entries of the
adjacency matrix of G(n,d/n) and which are invariant (as a function of the adjacency

matrix of G(n,d/n)) under permutations of [n].

1.3 Results on Spectral Norm Bounds, and Applications

Sharp Norm Bounds in the Ultra-Sparse Regime In the joint work with Pravesh Kothari
and Aaron Potechin [KPX24], we build methods that overcome the bottlenecks in the prior
works and obtain bounds that sharp up to absolute constants on the spectral norms of graph

matrices. At a high-level, the trace moment method for bounding the spectral norm of a
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matrix relies on counting the contributions of closed walks on the entries of the matrix.
A key new high-level idea in our analysis is a certain localization of the walk that allows
understanding the contribution of a walk from a single step. This localization allows us
to obtain a tractable method to bound total contributions to the weighted count of closed
walks with negligible losses. This is the focus of chapter 2.

In retrospect, the particular norm bound machinery we develop serves as a starting
point of this thesis, as the investigation into sharp bounds of Graph Matrices subsequently
leads us to surprising results beyond Sum-of-Squares lower bounds and even average-case

complexity at large.

Switching to Random d-Regular Graphs One related question to the above we later
explore in this thesis is the algorithmic threshold and hardness on random regular graphs,

moving away from the i.i.d. setting of Erds-Rényi distribution G(#, %) Concretely,

Question 1.3.1. How much does the mild correlation among input from random regqular graph

matter? Do we expect the norm bounds (of Graph Matrix) to be the same as from the i.i.d. setting?

A priori, this question could go either way as we know the norm bounds of the most
basic graph matrix-adjacency matrix are the same, while we are at the same time intrigued
by the existence of low-degree polynomial distinguishers that can easily tell these two
distributions apart. Since spectral norm, via the trace moment method, is inherently
connected to low-degree polynomial of the input, this casts doubts into whether the norm
bounds of graph matrices would carry over in a black-box manner.

Based on our work of [Xu25], we answer this question by identifying specific criterions
of the underlying "shapes" of graph matrix that govern whether the norm bound would
be the same in these two distributions, and thereby give norm bounds for input from
random regular graph (even in the case they have different norm bounds from the i.i.d.

setting). As an application of our spectral norm bounds, we show that higher-degree

7



Sum-of-Squares lower bounds for the independent set problem on Erd&s-Rényi random
graphs can be switched into lower bounds on random d-regular graphs. Our result is the
tirst to address the general open question of analyzing higher-degree Sum-of-Squares on

random regular graphs. This is discussed in chapter 4.

Sharp Norm Bounds for Select Graph Matrices from Gaussian Input At this point, it
should be pointed out that the graph matrix results mentioned before all apply generally
to arbitrary shapes, i.e. graph matrices with general polynomials of the input. The full
generality of our norm bounds is in some sense mandated by our motivation from Sum-
of-Squares lower bounds, where we are essentially considering all possible low-degree
polynomials of the input (eg. consider the independent-set/clique indicator of a graph
that is simply a sum of all possible subset of monomials of edges within the set). That
said, the full generality of norm bounds is no longer needed in other context. On the , we
describe an application of our norm bounds to a high-dimension geometry question that

asks the following,

Question 1.3.2. Given m i.i.d. Gaussian points vy, ...., Uy, in d-dimension, what’s the largest m

such that we can find an ellipsoid that passes through all these points on the boundary?

For this particular question, we are able to focus on a specific family of graph matri-
ces (yet still exponentially many thus we do not know these matrices explicitly beyond
certain structural properties) from Gaussian input. The conjectural threshold is that one
can afford to take m ~ ‘1—2. In retrospect, proving a certain construction of ellipsoid is
"truly” an ellipsoid boils down to proving the associated matrix representation is positive-
semidefinite, and can thus be viewed equivalently as a lower bound for basic SDP. By

giving norm bounds sharp up to a constant for the matrices we consider , we are able to

establish for m = % for some constant C > 4, hence pinning down the question to within
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a constant factor. This is based on a joint work with Tim Hsieh, Pravesh Kothari, and

Aaron Potechin [HKPX23], and discussed in chapter 3 .

Sharp Norm Bounds for Gaussian Kikuchi Matrices Another example of selected
graph matrices that we consider is the family of Kikuchi matrices with Gaussian input in
the context of Tensor PCA problem. Given an order-r tensor of the form T = G + A - v®"
where G is a random symmetric Gaussian tensor with unit variance entries and v is an
unknown boolean vector in {+1}", what’s the minimum A at which one can distinguish
T from a random Gaussian tensor and more generally, recover v? As a result of a long line

of work, we know that for any ¢ € IN, there is a noW)

time algorithm that succeeds when
the signal strength A > /logn - n="/4. ¢1/2=7/4_ The question of whether the logarithmic
factor is necessary turns out to be crucial to understanding whether larger polynomial
time allows recovering the signal at a lower signal strength. Such a smooth trade-off is
necessary for tensor PCA being a candidate problem for quantum speedups [SOKB25].

It was first conjectured by [WAM19] and then, more recently, with an eye on smooth
trade-offs, reiterated in a blogpost of Bandeira [Ban24b, Ban24a].

Based on the joint work with Pravesh Kothari [KX25], we resolve these conjectures and
show that spectral algorithms based on the Kikuchi hierarchy [WAM19] succeed whenever
A>0O,(1)- n=r/4 L gL/ 2=1/4 where ©,(1) only hides an absolute constant independent of
n and ¢. A sharp bound such as this was previously known only for ¢ < 3r/4 via non-
asymptotic techniques in random matrix theory inspired by free probability [BCSvH24].
This is discussed in chapter 5.

Our main technical contribution is applying the aforementioned framework to proving
spectral norm bounds on Kikuchi matrices that are tight up to an absolute constant. This
is the first example of Kikuchi matrices that we’ve identified sharp norm bounds so far.

Along the way to our result, we also confirm a suspicion that Kikuchi matrices are, in
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general, not intrinsically free — a property necessary for application of the recent advances

on sharp spectral norm bounds for correlated random matrices.

Application for Condition Number Analysis Another work in which graph matrix
arises, somewhat surprisingly, is the study of condition number analysis for random input
in the context of polynomial decomposition, based on the joint work with Mitali Bafna,
Tim Hsieh and Pravesh Kothari in the early years of my graduate school. For establish-
ing polynomial stability of our algorithm in average-case, we prove inverse polynomial
bounds on the smallest singular value of certain correlated random matrices with low-
degree polynomial entries that arise in our analyses. Since previous techniques only yield
significantly weaker bounds, we analyze the smallest singular value of matrices by study-
ing the largest singular value of certain deviation matrices via graph matrix decomposition.
We include the overview of the strategy in chapter 6 to showcase the application of graph

matrices.

1.4 Results in Sum-of-Squares Lower Bounds

We split this thesis into two components, with the first three chapters focusing on obtaining
sharp spectral norm bounds of structured random matrices in different settings. That
said, in the analysis of Sum-of-Squares lower bounds, a sharp understanding of spectral
norm of various graph matrices is usually only a starting point with more technical
work in exploring how to use spectral norm bound as a primitive to understand the
positivity of the dual witness matrix. In our work with Chris Jones, Aaron Potechin,
Goutham Rajendran and Madhur Tulsiani, we establish Sum-of-Squares Lower Bounds for
canonical average-case problem including the aforementioned independent-set problem

and Densest-k-Subgraph problem on sparse random graphs [JPR22, JPRX23]. We refer
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interested reader to the original arXiv version for these two results as we decide not to
include them into this thesis as the result of [JPR"22] is in some sense subsumed by the
latter work of [KPX24] for the ultra-sparse regime. On the other hand, the key technical
idea of matrix decomposition via Sparse Minimum Vertex Separator in [JPRX23] is also

analogous to the latter work of [PX25] that we include into this thesis.

Sum-of-Squares Lower Bounds for Independent-Set in Ultra-Sparse Random Graphs
In the joint work with Pravesh Kothari and Aaron Potehcin [KPX24] , we establish SoS
lower bound for some higher-yet-constant degree Sum-of-Squares fail to certify the ground
truth of independent-set of size O(%) in ultra-sparse random graph of G(n,2) for
d = O(1). Concretely, we prove that for every D € IN, and large enough constant d € IN,
with high probability over the choice of G ~ G(n,d/n), the ErdGs-Rényi random graph

distribution, the canonical degree 2D Sum-of-Squares relaxation fails to certify that the

n

vdD?
strengthening can reduce the integrality gap of the classical Lovasz theta SDP relaxation

largest independent set in G is of size o( ). In particular, degree D sum-of-squares
by at most a O(D*) factor.

This builds upon the prior work of [JPR"22] that applies for polylogarithmic average
degree, and it is the first lower bound for > 4-degree Sum-of-Squares (SoS) relaxation for
any problems on ultra sparse random graphs (i.e. average degree of an absolute constant).
The major ingredient of our work is the norm bounds machinery discussed in chapter 2,

while we defer the technical details of application to SoS lower bounds to chapter 7.

Sum-of-Squares Lower Bounds for Exact Coloring While the related problem of Sum-
of-Squares bounds for the independence numbers of random graphs has been progres-
sively resolved over the past few years, similar progress on coloring requires tackling the

challenge that the natural planted distribution is easily distinguishable from G(n, }) as
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well as new challenges in handling multiple exact equality constraints. This leaves the

following question open, especially for an optimistic algorithmist,

Question 1.4.1. Can higher-yet-constant degree SoS somehow utilize the global constraint to
deduce that there cannot be simultaneously too many large-ish independent sets in the graph

sample, and therefore certify a better bound than the basic SDP?

Based on the joint work with Aaron Potechin [PX25], we refute the above hope and
prove Sum-of-Squares lower bounds for the coloring problem on random graphs. In
particular, we show that for all € > 0, if G ~ G(n, %) then with high probability, SoS
requires degree ()(polylogn) in order to prove that the chromatic number of G is at
least n2€. Our result extends analogously for sparse random graphs from G(#, %) for
polylogn < d < /n. Despite being a major goal in the study of integrality gaps for the
Sum-of-Squares relaxation, before this work, such a result was known only for the basic
Lovész-Theta SDP relaxation (equivalently, degree 2 Sum-of-Squares).

In this work, we introduce new technical tools to tackle these challenges. We design
a new principled “fix" to the pseudo-expectation values given by pseudo-calibration in
order to address the failure of low-degree indistinguishability while still respecting the
exact equality constraints. Our analysis of the new construction relies on an approximate

matrix factorization technique via a new type of vertex separator which we call rainbow

separators. This is the focus of chapter 8.
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Chapter 2

A Machinery for Tight Matrix Norm

Bounds

2.1 Overview of Our Machinery

The main challenge in analyzing graph matrices is that their entries are highly correlated.
In particular, an N x N graph matrix generally has entries that are polynomial functions
of N°(1) bits of independent randomness. This makes analyzing the trace powers of graph
matrices complicated. As a result, previous analyses of the norms of graph matrices lose
poly-logarithmic factors even when the input graph is a dense random graph. Our main
contribution is developing a new method for conducting such an analysis that somewhat
surprisingly yields estimates that are sharp up to absolute constant factors.

To describe our new techniques for obtaining the above improved spectral norm
bounds, we will focus this overview on two specific and simple examples of graph ma-
trices and then discuss how our ideas extend more generally. Let’s start with the formal

definition of graph matrices (specialized to the ultra-sparse setting).
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Definition 2.1.1 (Fourier character for G,, 4,,,). Let x denote the p-biased Fourier character,

_ 1=p_ n _ P d
xc(1) = T_(“_On(l))\/;' xc(0) = — E——(“-On(l))\/;

For a subset of edges H C (5), we write xg(H) = [Teen Xc(e)-

Definition 2.1.2 (Shape). A shape « is a graph on vertices V() with edges E(a) and two
ordered tuples of vertices U, (left boundary) and V, (right-boundary) We denote a shape a by
(V(a), E(a), U, Va).

Definition 2.1.3 (Shape transpose). For each shape &, we use a” to denote the shape obtained by

flipping the boundary Uy and V,, labels. In other words, a” = (V (&), E(a), U,r = V,, V.1 = Uy).

Definition 2.1.4 (Embedding). Given an underlying random graph sample G, a shape « and an

!
X n!

injective function p(a) : V(a) — [n], we define My, ) to be the matrix of size ( C=NAlL

n!
n—|Uyl)!

with rows and columns indexed by ordered tuples of [n] of size |U,| and |V, | with a single nonzero

entry

My [p(U), 9V =TT xe (90, 9().
and 0 everywhere else.

Definition 2.1.5 (Graph matrix of a shape). For a shape «, the graph matrix M, is

M, = Y. M (n)-
injective P:V (a)—[n]

When analyzing the sum of squares hierarchy, we extend M, to have rows and columns indexed

by all tuples of vertices of size at most %= by filling in the remaining entries with 0.

Example 2.1.6 (Line-graph graph matrix Mj;,,). Define Mj;,,, € R"*" to be a matrix with

zeros on the diagonal and off-diagonal entries My, [u, v] = xc(u,v).
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Mjin, is, up to rescaling, the centered adjacency matrix of a random graph from Gy, 4/,,.
We will also use the following Z-shape matrix as a slightly complicated example in our

discussion in this section.

Example 2.1.7 ( Z-shape graph matrix My). Define My € R*"=1)>x(=1) py M, [(i, ), (k, £)] =

xc(i,k)xc(j, k)xc(j, ¢) whenever i, j, k, £ are distinct and O otherwise.

Observe that My has n?(n — 1)? entries that are low-degree polynomials in the under-
lying < n? bits of randomness and are thus highly correlated. Note also that My is not a
tensor product of Mj;;,, and thus does not admit an immediate description of its spectrum

in terms of Mj;,.".

u(O) O v | /

U, v, Ua Va
Figure 2.1: Line-graph Figure — 2.2: Z-shape
Miine[u,v] = xc(u,v) Mz[(i,}), (k, £)] =

xc(ik) - xc(j. k) - xc(j, €)

In this section, we will sketch the following two lemmas that are special cases of our
main result on spectral norms of graph matrices and illustrate some of our key new ideas.
Our spectral bounds hold when Mz and M;;,,. are defined as function of G’ obtained from

G ~ G(n,d/n) by removing all edges incident on vertices of degree > O(d).

Lemma 2.1.8 (Informal version of Lemma 2.3.9, 2.3.10). With high probability over the random

graph sample G ~ Gy, 4/, we have

HMline(G/) H < O(\/E) ’

1For the dense case, Cai and Potechin [CP22] showed that surprisingly, the spectrum of the singular
values of My has a relatively simple description in terms of the spectrum of the singular values of My;,,
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and

IM2(G) < 0[5 i),

where O(-) hides an absolute constant independent of d. Here, G' is obtained from G by removing

all edges incident to vertices of degree > O(d).

We note that the above bounds are tight up to absolute constant factors (independent

of d).

Trace moment method Our proof proceeds by analyzing trace moments of matrices
using that for any A, the spectral norm || Al[spec < tr((AAT) )1/2q. Taking g to be loga-
rithmic in the dimension of A suffices to get a bound on || A||spec sharp up to 1+ 6 for an
arbitrarily small 6 > 0. The trace power can be expanded as a sum of weighted walks of
length 2g over the entries of M,. Notice that each walk can be viewed as a labeling of a
graph composed of g blocks of « and aT,in particular, it suffices for us to consider the
following labelings of walks.

Each term in the expansion of tr((M,xM;)q ) corresponds to a labeling of the vertices
in g copies of « and a " with labels from [n] (i.e, vertices of the graph G) satisfying some

additional constraints that correspond to a valid walk. The following definition captures

these constraints.

Definition 2.1.9 (Shape walk and its valid labelings). Let « be a shape and q € IN. For each
walk P, let Gp(w,2q) be the shape-walk graph of the shape-walk P vertices on vertices Vp(«,2q)
formed by the following process,

1. Take q copies of ay, ..., &g of &, and q copies of af, ..., a7 of a;

2. For each copy of a; (and a]), we associate it with a labeling, i.e., an injective map ;

V(a) — [n] (and respectively g/ for aT);
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3. For each i € [q|, we require the boundary labels to be consistent as ordered tuples, i.e.

$i(Un) = ;1 (Vi) and ¢;(U,r) = $i(Viy,);
4. Additionally, each such walk must be closed, i.e., (V) = 1(Uy) as a tuple-equality;
5. We call each w; and o] block a block-step in the walk.

For each walk-graph , we associate it with a natural decomposition P = o pj o gppo--- o pg oty

2.2 Motivating our machinery: walk global, think local

Global vs local counts The trace moments are typically analyzed by inferring global
constraints on contributing walks. For example, in the analysis for tight norm bound for
Gaussian random matrices, the dominant contributing walks have a one-to-one correspon-
dence with the Dyck walk with exactly half of the steps going to “new" vertices, and the
other half going to "old" vertices. However, such global analyses become unwieldy once
applied to slightly more complicated graph matrices e.g., the Z-shape matrix we defined
earlier. Our main idea is a new local bound that holds on each step of the walk. This local
bound generalizes naturally to graph matrices with more complicated shapes while still
giving bounds sharp up to an absolute constant.

For each block-step (a step corresponds to a labeling of a shape a when bounding
weighted walks on a graph matrix M,) in a walk that contributes to eq. (2.1), we will

associate two types of charges:
1. vtxcost that is used to identify the labels of the vertices appearing (counting);

2. edgeval that captures the expectation of random variables of edges traversed in the

walk;
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In total, we will bound the contribution due to block step in the walks contributing to
eq. (2.1) as

vtxcost - edgeval < By(«)

where B, («) is some desired upper bound for shape a, which we shall refer to as block-
valuebound. Anassignment of valid block cost B, («) for each block translates immediately

into a bound for the final trace moment. Formally, we define the block-value function as

the following,

Definition 2.2.1. For any shape «, and q € IN, for any vertex/edge-factor assignment scheme, we

call By(«) a valid block-value function of the given scheme if
E[tr (M,XMD q] < matrix-dimension - auxcost - B, ()2
for some auxiliary function auxcost such that
(matrix-dimension - auxcost)*/?1 < 1+ 0,(1),
and for each block-step BlockStep; throughout the walk,
vtxcost(BlockStep;) - edgeval(BlockStep;) < B;(«)

We stress that the block-value function B;(«) depends on the shape «, the length-g,
and the vertex/edge-factor assignment scheme. The bulk of our work is in finding a
vertex/edge-factor assignment scheme that produces a minimal valid B,(a) — the local

component of our argument.

Labeling the steps Our strategy starts by identifying the “status” of the random variable

used in a given block, which we coin "step-label".
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Definition 2.2.2 (Edge and step). We use “edge” to refer to the undirected edge in the underlying
random graph sample, and "step” to refer to a directed edge when mentioned in the context of a

walk.

The following vertex labeling scheme is a key component of our new local argument.
Each step in the walk corresponds to a vertex labeling of the shape. Each such labeling
yields a block contributing equal to the product of the characters on edges appearing in
the labeled shape. For each such edge, we will use four types of labels in order to help us

construct vtxcost and edgeval.

Definition 2.2.3 (Step-label). We categorize the status of each step as the following. For a step

whose underlying edge/random variable appears at least twice throughout the walk,

1. F (afresh step): an edge (or random variable) appearing for the first time, and the destination

vertex is appearing for the first time in the walk;

2. S (a surprise step/visit): an edge (or random variable) appearing for the first time, and the

destination vertex is not appearing for the first time in the walk;
3. R (a return step): an edge (or random variable) appearing for the last time;

4. H (a high-mul step) : an edge (or random variable) appearing for neither the first nor last

time.

For a step whose underlying edge/random variable appears only once throughout the walk, we call
the step a singleton step, and additionally call its underlying edge a singleton edge. We will be

able to consider a singleton step as a subclass of F steps in our accounting.
Observation 2.2.4. Each step receives a single step-label among {F,R, S, H, Singleton}.

When working with a graph matrix, a single block-step corresponds to several edge
steps (random variables). Hence, we extend the step label to a labeling for an entire block-

step,
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Definition 2.2.5 (Block-step labeling). Given ashape a, alabeling L : E(«) — {F,R, S, H, Singleton}

for a block-step is a collection of step labels for for each edge random variable in «.

Vertex appearance and redistribution We will use a different cost for a vertex label
depending on how it appears in a walk. A careful choice of such costs is important.

For example, in the standard argument for bounding the spectral norm of n x n Gaus-
sian random matrices, each step, if leading to a new vertex, contributes a value of n as
the destination vertex takes a label in [n], while on the other hand, if going to a “seen"
vertex, contributes a value of 1. In this case, if one applies the block-value bound naively,
observe that it would yield a bound of O(n) as opposed to a bound of O(y/n) with the
contribution being dominated by the steps leading to new vertices. For this particular
example, this bound can be improved by observing at most half of the blocks attaining a
value of n while the other half has a value of 1 thus geometrically averaging out to ~ /.

However, such reasoning does not readily fit into our local reasoning framework. We
will instead introduce a vertex redistribution scheme. In the walk, we first formally place

vertex’s "appearance"” into three categories.

Definition 2.2.6 (Vertex appearance in a block-step). Let v be a vertex in the current block-step.
We say that v is making its first appearance if v is not contained in any previous block-steps. We
say that v is making its last appearance if v is not contained in any later block-steps. We say that v
is making a middle appearance if v appears in both an earlier block-step and a later block-step. Note
that we consider a vertex appearing on the block-step boundary (U, or V,) as appearing in both

adjacent blocks.

Example 2.2.7. If v € V; = U;jy1, v € Vj_1 = Uj for some j > i+ 2, and v does not appear
anywhere else in the walk then v makes its first appearance in block i, makes middle appearances in

blocks i + 1 and j — 1, and makes its last appearance in block j.
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To handle the disparity in the magnitude due to the step-choices, we adopt the follow-

ing vertex-factor redistribution scheme.

Vertex-factor redistribution scheme

Each vertex, when it first appears, requires a label in [n1]. We redistribute this factor as

follows.

1. Assign a /7 factor to the block-step in which the vertex first appears;

2. Assign a \/n factor to the block-step in which the vertex last appears.

Observe that each vertex picks up in the end a factor of n throughout the walk as it gets \/n
factor each from its first and last appearance, and thus the vertex factor (for identifying new
vertices) is preserved. To illustrate the vertex redistribution scheme, we apply the above
machinery to get a loose bound for random 41 matrix that is tight up to polylogarithmic

factors.

Warm up: a loose bound for random £1 matrix For the following discussion, let G be

an n X n symmetric matrix with each (off-diagonal) entry sampled i.i.d. from {£1}.

Lemma 2.2.8 (Naive bound on symmetric random matrices via local argument). We can

bound its block-value function by

B,;(G) < y/npolylogn,

As a corollary, with probability at least 1 — 0, (1), we have ||G|| < O(y/npolylogn).

Proof. Since each edge contributes a value 1 in expectation whenever the walk is non-
zero, bounding the trace value reduces from bounding weighted closed walks to simply
bounding walk-counts. Hence, it suffices for us to focus on vertex-factors for this example.

We start by casing the step-label, and suppose we are traversing from (left) U to (right) V,

21



. F-step: the left vertex cannot be making its first appearance by definition, and it
cannot be last appearance as otherwise the edge appears only once throughout the
walk. The destination vertex is making a first appearance, hence contributing a

vertex-cost of \/1;

. S/ H-step: the left vertex cannot be making its first appearance by definition, and it
cannot be last appearance as otherwise the edge appears only once throughout the
walk. The destination vertex is making a middle appearance, hence contributing a

vertex-cost of 2q9 = poly logn;

. R-step: The vertex on the left boundary is potentially making a last appearance,
hence contributing a vertex-cost of at most /7; the right vertex cannot be making its
first appearance as the edge appears in prior steps, and the vertex is not making its

last appearance by definition. It can be further specified at a cost of 2q = poly log n;

. Summing the above, we can bound B;(G) < 2y/n-gq = y/npolylog(n) by setting
g = polylog n where we remind the reader that we need to set g = Q(log 1) to obtain

a bound that holds with probability 1 — 0,,(1).

]

The challenge of a local argument We note that previous techniques [AMP20, JPR*22,

RT23] for analyzing graph matrices give norm bounds that are tight up to O(logo(|V(“ D n)

loss for any M,. The main challenge in our new local argument is to obtain bounds tight

up to an absolute constant factor.

For readers familiar with trace-method calculation for the example of G.O.E. matrices,

or non-backtracking walk matrices for sparse random graph, observe that the bound for the

R-step in the above example is lossy when we use a label in 2 to specify the destination of

an R-step. This is indeed the source of the polylog gap in the above argument. In contrast,
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should one imagine the walk proceeds in a tree-like manner, we may consider the F/R
steps as either walking towards or away from the root and for the case of an R step walking
towards the root, the destination of an R-step is fixed as each vertex has only one edge that
is moving closer to the root, avoiding a naive cost of 24 to specify the destination.

With the above intuition, one still needs to be careful as there is no reason a priori to
focus exclusively on walks that are strictly tree-like, and the R-destination is no longer
fixed once we start seeing cycles, or more formally, surprise/high-mul steps in the walk.
However, as the tight argument for G.O.E. matrices shows, the effect of surprise steps
is in some sense local as it can be shown that each surprise step can only “confuse" at
most 2 different R-steps, i.e., R-steps whose destinations are not unique. To exploit this
observation, one may observe that there is a tremendous gap opened up by an S-step in
the warm-up example, in particular, we have a budget of \/n per step, while an S-step
only requires a cost of 2¢ to specify the destination. That said, as opposed to paying just a
cost of 24 to specify the destination, one may additionally pay a cost of (29)? to specify the
destination of the 2 R-confusions that the S/ H-step may incur. By paying this extra cost
for S-step (as well as for H-step in a similar fashion), one can assume that R-destination
is fixed throughout the walk, shaving the polylog overhead. Broadly speaking, we will
call the cost used to settle R-confusion Pur-factors/costs (potentially unforced-return). The

above argument is then formalized as the following,

Lemma 2.2.9 (Tight bound for random +1 matrix). Consider G an n x n symmetric matrix
with each off-diagonal entry sampled i.i.d. from random £1 entry. Assuming each S/H-step

incurs at most 2 R-confusions, we can bound its block-value function by

By(G) < (1+04(1)) - 2v/n,

for g < n°W). As a corollary, with probability at least 1 — 0,,(1), we have ||G|| < (1 + 0,(1)) -
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2+/n. This bound is tight even in the leading constant.

Proof. Identical to above, we focus on the vertex factors, and consider the step-label when

we traverse the walk from left to right (i.e. from U, to V,).

1. F-step: the left vertex cannot be making its first appearance by definition, and it
cannot be last appearance as otherwise the edge appears only once throughout the
walk. The destination vertex is making a first appearance, hence contributing a

vertex-cost of \/1;

2. S/ H-step: the left vertex cannot be making its first appearance by definition, and it
cannot be last appearance as otherwise the edge appears only once throughout the
walk. The destination vertex is making a middle appearance, hence can be specified
by a cost of 2q. Moreover, under our assumption that each S/ H step incurs at most

2 R-confusions, each of which can be specified by label in 24, we have a total cost of

2q : (29)° <Vn

destination of S step destination of potential R-confusions

3. R-step: the vertex on the left boundary is potentially making a last appearance,
hence contributing a vertex-cost of at most /7; the right vertex cannot be making
its first appearance as the edge appears in prior steps, and the vertex is not making

its last appearance by definition.

4. Summing the above, we can bound B,(G) < vn + (29)% + /n < (14 0,4(1)) - 2¢/n
by setting g = polylog n.

]

Remark 2.2.10. In our general analysis, we will utilize that a bound O(1) in the exponent of q

would have sufficed for us in the above argument.
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The key to the argument above is that each S/H step incurs at most 2 different R-
confusions. We note that this is where our machinery departs from a completely "local"
argument, which allows us to improve from prior bounds for graph matrices. On a high
level, a key component of our analysis relies upon showing return-is-fixed, i.e., there are
O(1) choices for the destination of an R-step, and our machinery follows a rule of thumb

inspired by the above example,

"If the walk gets too messy to encode, there must be “savings" in the combinatorial factor

from previous blocks, that allows us to encode auxiliary information for decoding."

To exploit the loss in previous steps, it is no longer sufficient for us to narrowly consider
a single local step. Towards this end, we employ a global potential function argument to
identify the source of such loss throughout the walk, and more importantly, we incorporate
the global potential function into our local block-value bound such that our machinery is
ultimately a "local" argument. In particular, the only "global" component of our argument
is establishing the assumption thateach S / H step incurs at most 2 R-confusions, and its further
generalizations to other steps that come with gaps when compared with the dominant

block-step (a.k.a. maximal-value labeling).

2.3 Technical Overview: Challenges from Ultra-Sparsity

2.3.1 Pruning and Conditioning

A complication that arises from our setting is that the high moments of the trace are
in fact too large. As mentioned in the introduction, there are two fundamental sources
responsible for this issue: 1) fluctuations in the vertex degrees which have a large effect
on the norm (so the improved norm bound is false without pruning high degree vertices);

and 2) rare events happening with inverse-polynomial probability that dominate the
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contribution to the expected trace power, eg., the event of having a small dense subgraph.
To address these two challenges, we work with G which is a pruned subgraph of a graph
sample from G ~ G, 4/, which is further conditioned on the high probability event that

the graph has 2-cycle free radius ©(log, n).

Definition 2.3.1 (2-cycle freeness). Given a graph G = (V, E), we call it a 2-cycle free graph if
for any pair of vertices u,v € V(G), there are at most 2 simple paths between u and v. Equivalently,

each connected component of G has at most one cycle.

Definition 2.3.2 (2-cycle free radius). The 2-cycle free radius of a graph is the largest r such that

for any vertex v, the induced subgraph of vertices within distance r of v is a 2-cycle free graph.

Definition 2.3.3 (Indicator functions). Given a set of vertices V.C V(G), let 1x[V] be the
indicator function for each vertex in V having bounded degree, i.e., 1 x[V] = 1 if every vertex in
V has degree at most Cjegre, - d and 0 otherwise. For a shape walk P, we let 17[P] = 1x[V(P)]
where V (P) is the set of vertices visited by the shape walk.

We set k = 0.3log, n. Let 1¢[G] = 1 if G has 2-cycle free radius at least x and 1¢[G] = 0

otherwise.

Fact 2.3.4 ([Fri03, BLM15, FM17, Bor19]). A random graph from G,, 4,,, has 2-cycle free radius

at least k = 0.3log, n with high probability 1 — 0,(1).

Therefore, the distribution we work with needs to to be considerably modified, and

we are ultimately interested in the following value,

Eg [Tr (MMD?) 1¢] = Y Eg[valg(P) - 1¢ |
shape walkP:V («,2q9)—[n]
locally injective at each piece

= Y. Egeq,,, valg(P)-1¢ - 1£[P]] (2.1)
P:shape-walk
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Further challenges from ultra-sparsity The above showcases the bulk of our ideas while
extra care is required for our applications for ultra-sparse random graphs. To illustrate
these challenges, we will use line-graph as an running example and showcase the new

ideas needed to migrate the local analysis to sparse random graphs.

For the following discussions, let M be an nn X n symmetric matrix with each entry an
independent sample from the p-biased distribution. For readers familiar with the O(~+/d)
spectral radius bound for sparse random graph with average degree-d, the desired bound
translates into a bound of O(y/n) under the p-biased basis. That said, our goal is to recover

an O(y/n) bound for the following "shape" within our machinery.

Handling singleton edges due to pruning and conditioning For staters, one immediate
challenge from the ultra-sparse regime is that we are not working directly with a genuine
random graph sample in which each edge is an independent sample: instead, we work
with random graphs with pruned vertices, as well as conditioning on the event of 2-cycle-
free subgraphs. With this alternative distribution, we need to take into account of singleton
edges, since it is no longer true the p-biased character has mean-0, as opposed to typical
trace-method calculation for mean-0 random variable. This effect is manifest within our
framework when we consider a singleton F-step. To illustrate the challenge posed by
singleton edges, we first formally describe our edge-factor assignment scheme, inspired

by the previous work of [JPR"22].
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Edge-value assignment scheme

For each random variable x,
1. F-step: for the first time the random variable appears,

e Singleton: for random variable x that appears only once throughput the

walk, we assign a factor \/g- % - Singletondecay for Singletondecay < exp(—d);

e F: for random variable x that appears at least twice throughout the walk,

this gets assigned a factor of 1;

2. H-step: we assign a factor of 4/ 1_Tp ~ \/g.

3. R-step: we assign a factor of 1.

At this point, we would like to emphasize that the key to handling singleton edges is
that we are able to identify Singletondecay, an extra decay term coming from edge-value for
each singleton edge, which we call singleton-decay. Furthermore, we show Singletondecay <
exp(—d), providing us with enough slack to offset potential combinatorial blow-up from
singleton edges. To highlight the importance of this extra decay term, we consider the

local block-value for a singleton F step within our framework.

Hypothetically, suppose there is no singleton decay, we consider the block-step value
for the singleton step: the source vertex may be now be making a last appearance, while the
destination vertex may be making as well its first appearance. This shall be contrasted with
the non-singleton F case in which we pick up only one first appearance factor. Combining
the above, we pick a factor of

n d
Vi . Vo . VR — Vnd,
—~— —~— d n

redistributed vertex cost redistributed vertex cost
for the destination’s first appearance for the source’s last appearance singleton-edge value without decay
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Notice that this yields a block value of v/nd, which gives us a bound equivalent to the
simple row-sum bound. That said, it is crucial to improve the above analysis for singleton
step, and in this case, it is clear that the extra decay of Singletondecay < exp(—d) comes in
handy, and allows us to bound the above by /1 as desired.

The key technical lemma concerning this component is to show the above is a valid
assignment scheme, i.e., we indeed pick up extra decay by unpacking the trace-bound for

singleton edges.

Proposition 2.3.5. The above is a valid edge-value assignment scheme.

Challenges from unbounded higher-order moments Another challenge due to ultra-
sparsity is that p-biased character has unbounded higher moment. In our edge-value
assignment scheme described above, each H-step gets assigned a value of \/? ~ \/g
and this poses extra challenges for our previous argument of each S/H step incurring
at most 2 R-confusions. In particular, we can no longer afford each H edge incurring
unforced return since it no longer comes with any extra gap. We address this issue by
improving upon the unforced-return bound, and show that each H-step does not incur
any R-confusion.

Besides the effect of H-steps on R-confusion, we also need to be careful in our encoding
for destination of an H-step. In particular, even though each vertex has degree at most
Ctrunc - d under the pruned subgraph, a cost of O(d) is still too much for specifying the
destination of an H-step. Again, we illustrate this issue by zooming into the block-step
analysis for an H-step. With a naive bound of O(d), observe that we would pick up a

factor of

once combined with the edge-value. This is again a trivial bound comparable to a row-

sum bound, however, it also prompts us to improve the encoding cost from O(d) to O(+/d)
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for the desired block-value of O(y/n). In particular, we show that
Proposition 2.3.6. A cost of O(v/d) is sufficient for identifying the destination of an H-step.

To show that a cost of v/d is sufficient, we crucially rely upon the assumption that
the random graph sample is 2-cycle free in any Q(log,n)-radius neighborhood. The
underlying idea also hinges upon another crucial observation for vertex factors, that there
are occasions the cost of O(1/d) may even be spared. To identify such vertices, we make

the following formal definition,

Definition 2.3.7 (Doubly constrained). We call a vertex v doubly constrained by a set of vertices

S if there is a path between i, ] € S that passes through v.

Proposition 2.3.8 (Informal: doubly-constrained vertices are fixed). Any vertex that is

doubly-constrained by a set of known vertices via H steps can be identified at a cost of O(1).

Combining the above components together, we are ready to introduce our desired

vertex-factor assignment scheme,

Vertex-factor assignment scheme: simplified version
Each vertex requires a label in [n] when it first appears. We redistribute factors as

follows:
1. Assign a /7 factor to the block-step in which the vertex first appears;
2. For any middle appearance,

e if it is arrived via an S step: assign the corresponding Pur cost and the cost

of specifying the vertex (which is again at most 2|V («)|g);

e if it is arrived via an H step and it is not doubly constrained: assign a cost

of O(Vd);

e ifitisreached via an R step or it is doubly constrained by an H-path: assign
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a cost of O(1);

3. Assign a \/n factor to the block-step in which the vertex last appears.

There are several other technical challenges that arise once we start working with more
complicated graph matrices and with matrices that are a sum of a collection of shapes as
opposed to a single shape. We defer these discussions to the latter part after we introduce
the connection between vertex separators and matrix norm bounds. However, with the
ideas already highlighted, we are already able to recover the desired O(+/n) bound for

the line-graph and even get tight norm bounds for some less trivial graph matrices.

2.3.2 Toy examples for sparse matrix norm bounds

Lemma 2.3.9 (Tight bound for scaled adjacency matrix/line graph for G, ;,,). Let G be a
random graph sample from Gy, 4/, and let Mg be its corresponding matrix in the p-biased basis
once vertices of degree more than ciync - d are pruned away. Conditioning on the event G has

2-cycle free radius at least k = Q)(log, 1), we can bound the block-value by

B,(Mg) < O(v/n)

for g < n%W). As a corollary, conditioned on the event of 2-cycle free radius being Qlog,n),
with probability at least 1 — 0,(1)), we have | Mg|| < O(y/n) where O(+) hides some absolute

constant independent of d .

Proof. We analyze the block-value by assuming the technical lemmas highlighted in the
above section. Again, we start by casing on the step-label, and assume we are traversing

from left (U, ) to right (V).

1. Singleton-F step: the vertex on the left boundary may be making last but not first

appearance, and the vertex on the right boundary may be making first but not last
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appearance. The edge is a singleton edge that gets assigned a value of \/g : % :

Singletondecay, combining the above gives,

\/ﬁz . g . g - Singletondecay < \/n - exp(—d);

2. Non-singleton F and R step: thisisidentical to their analogs in the warm-up example

of random 41 matrix, and gets a value of /1 each;

3. H-step: neither vertices are making first nor last appearances. Since it does not
incur R-confusions, we do not incur any cost of 24 (to be contrasted with the warm-
up example). Moreover, a cost of O(V/d) is sufficient to identify the destination,

combining with the edge value gives us a bound of

4. S-step: this is identical to the analog in warm-up example, and gives a value of (29)3;

5. Summing the above gives us a bound of O(/n).

Z-shape: an entry-level graph matrix Now that we have seen how this strategy applies

to arguably the most familiar case of the adjacency matrix, we will now power up the

above machinery with the Z-shape matrix as illustrated in the following diagram.
Asdefined, My is amatrix in dimension n(n — 1) x n(n — 1), and has its rows/columns

indexed by ordered pairs of vertices in [n].
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Figure 2.3: Z-shape
Mz[(i,]), (k, )] = xc (i, k) - xc (. k) - X6 (7, €)

Lemma 2.3.10 (Norm bound for Z-shape). We can take the block-value of Z shape to be
2 n
B (Mz) < O/ [

As a corollary, with probability at least 1 — 0, (1), we have | Mz|| < O (\/ﬁz : \/g)

Proof. Generalizing from the walk for the adjacency matrix, for the Z-shape, we consider
a step in the walk starting from U, and analyze the factor-assignment scheme introduced

above.

1. Observe that 7, j cannot be making their first appearance since they are on the left
boundary, and k, ¢ cannot be making their last appearance since they are on the right

boundary;

2. For simplicity, we ignore the case of singleton edges as they are analogous to the

previous case;

3. If vertex k is new, we pick up at most a factor of \/n for the vertex factor from k,
and an O(1) factor of Pur since one of the edges (i, k), (j, k) is a surprise visit; since
both are non-singleton F edges, i,j do not contribute vertex factors as they are not
making their last appearances; we pick up at most another factor of /7 from ¢ when
j is making a middle appearance (either via an F edge to ¢, or an H edge). This

combines to a factor of \/ﬁzqo(l) for g ~ log® n.
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4. If vertex k is old, i.e., making a middle appearance,

e In the case (i,k) = R,(j,k) = H, i contributes a factor of \/n from its last
appearance, and the edge (i, ) is “fixed” when called upon from i and hence
does not contribute any factor; the edge j, k contributes a factor of \/% and
no vertex factor since k has already been identified from the R edge on (i, f);
this combines to a total of \/ﬁz : \/g assuming ¢ is making its first appearance

(similar to the case in adjacency matrix), and this is the dominant term;

e For the case of (i,k) = H,(j, k) = R, it is almost analogous, and we pick up
at most a factor of \/g from the H edge, and k is identified for free since it is

reached by an R edge;

e However, we need to further case on whether j is making its last appearance,
if not, £ may be new and contributes a factor of \/n (either via vertex factor,
or H edge-value combined with vertex factor of v/d), and this gives a total of
Va5

e In the case where j is making its last appearance, there is no vertex factor from
j and ¢ cannot be new, hence, it does not contribute a factor of \/n (notice (j, ¢)
must be R). This combines to a total of \/g (notice the tremendous gap from

\/ﬁz \/g even though there may not be any surprise visit locally);

e In the case both (i, k), (j, k) are H edges, we observe that vertex k can be iden-
2

tified at a cost of v/d and we additionally pick up an edge-value of \/g
from two H edges; moreover, we may pick up an extra factor of /n from ¢

since j is making a middle appearance; that said, this combines to a factor of
2 2
Vi Vi O(Vd) <o /3vir).
5. Summing over the above choices gives us a bound of O(\/ﬁ2 : \/g ) as there are O(1)

step-labelings.
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It should be pointed out that this toy example conveys an essential feature coming
from our edge-value assignment scheme: despite the lucrative vertex factor of n for a new
verte, it is not always optimal to go to one! Moreover, we want to emphasize this is a
local argument as we are traversing the walk and deciding the next step from the current

boundary.

2.3.3 Bridging vertex separator, step-labeling and norm bound

In the following section, we will show how we rediscover the polynomial dependence as
predicted from prior norm bounds in the ultra-sparse regime, especially in the context of
our new technique via step-labeling. We first remind the reader that our main theorem

(using the vanilla version) gives the following bound for any shape «,

[E(S)|
e = _max ol ol () T e

S:separator

Let’s now zoom back into the examples that we just discuss, and see how the previous
bound may fall out of an application of the main theorem in its full generality. We first
consider the following construction of vertex-separators from the edge-labeling for the

upcoming block,
1. Include any vertex incident to both non-singleton F and R edges into S;
2. Include any vertex in U, incident to some non-singleton F edge into S;
3. Include any vertex in V, incident to some R edge into S;

4. Include any vertex incident to an H edge into S.
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u() O /

U, Va

Figure 2.5: Z-shape
Mz[(i,7), (k,O)] = xc(ik) - xc(j.k) -
XG(]/g)

Figure 2.4: Line-graph
Miinelu, v} = xc(u,0)

Adjacency matrix revisited In the case of adjacency matrix, the maximal-value edge-
labeling is either a (non-singleton) F or an R edge, in which case, one (but not both) of the
vertices is included into the separator, while the other vertex remains outside and thus
gives a factor of \/n. In the case of H edges, we note that this can be reduced into the
F/R case by turning the edge into an F/R which yields the same block-value while we
now have exactly one vertex outside the separator again. As a result, in all these edge-
labelings, there is a vertex separator either u € U, or v € V, that can be constructed and
the block-value is dictated by the corresponding vertex separator: each vertex outside the
separator continues to contribute a factor of /1 as they do in the dense case. In this case,

applying the main theorem gives a bound of

E(S)]
By(Miine) = _ max chofa) - chom - v/ (@ Vil = Qo - Vi = O(v/n)

S:separator

Z-shape revisited The example of adjacency matrix, despite its simplicity, falls short
in conveying another important message that each edge inside the separator contributes
a factor of \/g . However, this phenomena has already manifested itself in the Z-shape
matrix. Following the dominant edge-labeling in the Z shape that gives labels R, H, F to
all three edges from top to bottom, the separator is thus given by (j, k) and the edge inside

contributes a factor of /% while the two vertices outside contribute a factor of /7 each.
d
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In this case, applying the main theorem gives a bound of

|E(S)]
By (Mz) = | max el dEl i () o (i 1)

S:separator

Singleton edges affecting the separator? It should be acknowledged that the idea of
vertex separators falls slightly short in capturing the potential effect due to singleton
edges. In the prior settings, any edge that appears only one throughout the walk would
immediately zero out the contribution from the particular walk as this is taking expectation
over symmetric random variables with mean 0. However, this is not true in our ultra-
sparse setting since we apply conditioning on the degree boundedness of each vertex
and the absence of dense subgraph, which unfortunately destroys the perfect balance of
the random variable- it is no longer mean 0. That said, as we observe in the previous
examples, the bound continue to hold as long as we get a singleton decay that is at most
\/LE' Put in the context of vertex separators, this reveals that despite the fact that the above
construction of S from any edge-labeling does not immediately produce a vertex separator
for the shape, its value may still be bounded if we can consider an alternate edge-labeling
that 1) yields a higher block-value, and 2) corresponds to an honest vertex separator of the

shape if it does not contain any singleton edge.

In our main technical analysis, we show that this is indeed true for components that
are connected to U, and V,, while singleton edges do indeed have a non-trivial influence
when the shape contains floating components, in particular, tree-like floating components.
Fortunately in our setting for SoS lower bounds, this turns out to influence a collection of
shapes that are previously already “small” in norm, and thus, does not pose qualitively

significant differences for our application.
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R — H — F structure lemma More than just illustrating the power of our factor assign-
ment scheme, these two examples we showcase above may also serve for the broader
theme in exposing the connection between step-labeling and vertex separator, and ulti-
mately how this connection enables us to obtain tight norm bounds. As a by-product of
our analysis that proceeds by understanding the status of each edge, as opposed to simply
by casing on the status of each vertex whether inside the separator, we in fact obtain a
more fine-grained understanding of how a walk that maximizes the norm should behave.
This is encapsulated in the following structure lemma that we discover. For the clarify of
presentation, we restrict our attention to the most interesting collection of shapes that do
not contain floating and dangling component, while it can be extended to capture those

shapes in a straightforward fashion.

Lemma 2.3.11 (Structure lemma for graph matrix). Given a shape a, and for a fixed separator

S of w, fix the traversal direction from U, to V,, the maximum-edge-labeling is given by

1. Label each edge that can be reached from U, without passing through S an R edge;
2. Label each edge inside the separator an H edge;

3. Label each edge that can be reached from V,, without passing through S an F edge.

As evident in the two examples we showcase, any F edge before reaching the separator
in fact corresponds to a surprise visit so that we can immediately improve the value locally
by flipping it to an R edge, assuming there is a large enough gap created by surprise visits,
which is 2|V (a)|g, < n° for some tiny constant 6 > 0 versus the /1 contribution if we
avoid the surprise visit. Analogously, any R edge that is used after we pass through the
separator render a gap we can improve as flipping it to an F edge can be shown to give
us an additional vertex contribution of /5. Finally, each edge in E(S), if turned to an H
edge from F/R, now contributes a factor of \/g which again allows us to attain a higher

block-value.
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2.3.4 Overview for unforced-return bounds and high-mul balance

At this point, it should be noted that there is an adjustment which we make to this high-
level picture. For the polynomial factors, it is most convenient to have the R edges be
the last time the edge appears. However, for analyzing the factors of d and g, it is more
convenient to instead have the R edge be the second time that the edge appears and have
the subsequent appearances be H edges. We make this switch for the remainder of the
analyzing vertex-encoding-cost in the norm bound analysis. With this in mind, we now

return to fill in the technical details that we defer from the earlier section, in particular,

Why can an R-step be specified in O(1), i.e., why is an edge being used the second-time

forced?
and additionally,

Why is a cost of v/d sufficient to specify an H edge, which has already appeared > 2

times?

Forced-return bound

Starting from line-graph To see that an edge being used the second-time is fixed, we
may first trace back to what happens if the walk takes place on a tree where things are
considerably simpler. In this case, each step in the walk either goes away from the root
or backtracks towards it, and moreover, each vertex has only 1 edge which backtracks to
the root (which is the edge that discovers the vertex). If we further know that each edge
appears only twice in the walk, i.e., no branch is traversed repeatedly, then this is indeed
the second-appearance of the edge . As a result, return is forced if the walk proceeds on
a tree, or more generally, on an arbitrary graph where the walk proceeds in a tree-like

manner.
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However, although a sparse random graph is locally tree-like, since we take a long
walk of length g = ©(log n), it is unrealistic for us to impose a tree-like assumption on the
walk. That said, to generalize the argument for cycles, we observe that each cycle formed
in the walk results from an edge leading to a visited vertex, which we call a surprise visit,
and such an edge can be much more succinctly encoded using a label in g = ©(logn)
than its counterpart of a new edge leading to a new vertex. From this perspective, the
tremendous gap opened up prompts us to show that as long as each surprise visit does not
create “too many” unforced-returns, as we we can then use the gap from corresponding
surprise visits to encode auxiliary data so that each return, despite the possible confusion

caused by surprise visits, continues to be fixed.

Towards this end, we focus on how the number of unforced return legs from a vertex
v may change if we depart and arrive back at the vertex again assuming there is no H
edge involved in the walk and each edge appears at most two times. Suppose we depart
the vertex by using a new F edge, the subsequent arrival either closes an R edge, or it is a
surprise visit which comes with a gap. Moreover, the subsequent surprise visit may see
an increment of at most 2 unforced-return from the particular vertex v: with one being
the most recent departure F edge, and another one being the surprise visit in the current
arrival. That said, each surprise visit can be used to charge at most 2 unforced-returns.
This argument turns out to be surprisingly powerful beyond the simple line-graph case,
and this formalized in Section 2.4.3 and further extended to capture the influence from H

edges by considering H-component as opposed to a single vertex.

Extending to branching vertices with mirror copy The above argument addressees
unforced-return restricted to vertices that push out at most 1 F edge when it is on the
boundary, however, this is not always the case for graph matrices. For example, consider

the middle vertex in the following shape: fix the traversal from left to right, it pushes
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out 2 edges in each block. For convenience, we call each such vertex a branching vertex.
They fall out of reach of the argument we outline above, and we indeed need an upgraded
argument to take into account of such vertices, as they are also crucially why the graph
matrix norm bounds in the dense setting is governed by Minimum Vertex Separator, i.e., the

separator of the shape with the fewest number of vertices.

It turns out that such vertices can be easily addressed, at least in the case when apply
trace-method for a single shape, since we know that each block of « is followed by its
symmetric copy ! in the subsequent block, and this enables us to use a completely local

argument for understanding the influences of such vertices.

For each branching vertex, look at its copy in the subsequent block, either all the paths

are mirror-copies of each other, or there is a surprise visit (since locally we have cycles).

With the above observation, in the case each path is a mirror-copy of each other, i.e., each
path goes to the boundary and immediately backtracks, each F edge that gets opened up
is immediately closed, and hence does not contribute any confusion to unforced-returns.
On the other hand, suppose some path does not backtrack immediately, there is a surprise
visit along the path that can be assigned to charge the corresponding confusion it may

incur, and we formalize this via the missed-immediate-return function.

High-mul balance: \/d is sufficient for H-step

With the unforced return bound settled, we may now proceed to potentially the last

missing component to complete our matrix norm bounds for graph matrix of a fixed
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shape. Under our bounded-degree graph assumption of the underlying random graph
sample, it is not immediately true that we only consider walks such that each vertex
has bounded degree. Throughout this section, for convenience, let d be the threshold of
degree truncation. It is not true that we constrain our walks to use at most d edges for
each vertex: in fact, each vertex may have g ~ ®(polylog(n)) edges in the walk, however,
the bounded degree assumption allows us to deduce a decay whenever some vertex has
degree more than d: in particular, our edge-value bound holds by assuming each edge
appears in the random graph, and thus gives a spike of \/g . However, given the prior
that some edge is missing, we can in fact assign a decay for each edge that is missing, and
creates a tremendous gap as each non-edge contributes a factor of — \/% instead. That
said, it still suffices for us to assume each vertex to be incident to at most d edges in the
walk.

However, this is not quite sufficient: for example, in the case of adjacency matrix,
this allows us to avoid a pessimistic bound of O(poly log ), while not entirely sufficient
towards getting a meaningful bound of O(v/d), as a priori, a label in [d] is needed for
each H edge which would then lead to the trivial bound of O(d) equivalent to a row-sum
bound. That said, getting the extra square-root gain is crucial in the ultra-sparse regime.

We now restate the proposition from earlier section,

Proposition 2.3.12 (Restatement of proposition 2.3.6). A cost of | /Caegree *d = O(\/E) is

sufficient for identifying the destination of an H-step.

Towards this goal, we apply our conditioning that the graph has no nearby-2-cycle
at radius clog,n for some constant ¢ > 0, and give a potential-function argument for
showing a cost of v/d is sufficient. For the example of the adjacency matrix, assuming
there is no surprise visit involved (as otherwise we get an extra gap), we can split the walks
into intervals of at most 5 log, 1. For each interval, suppose all edges used throughout the

interval have been revealed by the beginning of the interval, it suffices for us to identify
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a label in [g] that represents the end of the interval, which is possible as we assume each
edge has been revealed. Since the walk is locally 2-cycle free within the interval, a label in
2] is sufficient to identify the non-backtracking segment from the start to the end of the

interval, and observe that

1. We can partition the chunk of H edges into either main-path (non-backtracking

segment) and off-track segment attached to the main-path (backtracking segment);
2. Each H edge on the main-path is fixed once the start and end point is identified;

3. Eachbacktracking edge requires d going away off-track. Thisis fixed when traversing

back towards the main path and thus give an average of v/d;

4. The additional label in [q] is then offset by the long chunk as we have g°(1/1082)" <

1+ € for g < n’ for some constant § < O(@).

2.3.5 Graph matrix norm bound for grouped shapes

Single trace-method for a collection of various shapes As we shed light upon in the
overview for our PSDness analysis, our moment matrix consists of ()(exp(dsoslogn))
many shapes. Despite the intuition in prior works that apply conditioning to reduce
dense shapes to sparse shapes, the analysis in [JPR*22] inevitably loses extra polylog(n)
factors due to its edge-reservation idea. On a high-level, for ease of the technical analysis,
it is helpful in the prior works to assume the shapes that arise in the charging to have
various “nice” properties that preserve the prescribed minimum vertex separator. This
proceeds in the manner of putting aside O(V (a)) edges, while applying conditioning on
the rest. Unfortunately, this inevitably leads to a loss of polylog factors as there may still
be O(|V(«)|) excess edges, as each of which requires a potential |V ()| = ©(polylogn)

factor for encoding.
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Though it is foreseeable that a more powerful conditioning lemma equipped with
combinatorial charging argument would carry through, we observe in this work that it is
in fact more convenient to group shapes together (as well as with their shape coefficients
from pseudo-calibration) and apply one single trace-method calculation as our spectral
norm bounds machinery is amenable to be applied on a sum of graph matrices. In
particular, for our final charging, we consider graph matrix for grouped shapes defined

as the following,

Definition 2.3.13 (Graph matrix for grouped shapes). Consider P a collection of shapes, we

define the graph matrix of grouped shapes of P as

Mp = Z M,
xeP

The main motivation behind this grouping is the observation that the cost of identifying
“excess edges” in the outer union bound is in fact the fundamentally the same as having
surprise visits in our trace-method calculation, which we know by now that each comes
with a gap! That said, we can hope to offset the drawing cost by the gap from surprise
visit, and as we will soon see, the cost of encoding these “excess edges” is in the end O(1)!

To shed light into our analysis, we note that as we apply trace-method calculation on
Mp directly without partitioning on the shapes, a block-walk may indeed behave as the

following,

Figure 2.6: Block walk for grouped shapes
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Strategy overview for bounding drawing factor At this point, we are ready to extend
the block-value analysis to capture additionally the cost of drawing out a shape, and avoid
the ”"potential” encoding cost should one try to apply a triangle inequality in a naive way.

We remind the reader that the encoder knows the shape to-be drawn out, and the de-
coder has a map of the random graph sample being explored up-to the current timestamp
in the walk as well as the edge-labeling of the upcoming block. The task for the decoder is
to assign each active vertex in the current boundary a label to help draw out the upcoming
shape.

Out strategy proceeds as the following,

1. We extend the block-value bound to additionally take into account of the cost of

drawing out the upcoming shape;

2. Given the labeling £, for the current a block (which is known to the encoder), we
consider a subshape ap obtained by removing edges from « that receive an F label

in £, and remove isolated vertices not in U,,;, and this produces us a list of wedges

W= {W;};

3. (Bundle) For each wedge W, we first identify it as an edge set W C (3) (via
claim 2.5.22) ;

4. (Draw) The rest of the shape can be easily drawn out as it either requires a single
constant (i.e. going to a new vertex), or it leads to a seen vertex with a new edge and

hence is accounted for as a surprise visit.

Branch-chasing: forced-return bound without mirror copy Interestingly, as we extend
our block-value bound in order to apply graph matrix norm bounds on a collection of
shapes as opposed to a single shape, some component of our prior analysis in fact slightly

falls short: in particular, our forced return argument for branching vertex. Note that
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previously as we apply trace method for a single shape, we know that each branching
vertex that pushes out multiple edges in the current block inevitably faces a pull-back in
the subsequent block, and we use this observation to give a lightweight local argument
that such branching vertex does not interefer with out forced return bound. However, as
shown in the example of fig. 2.6, this is not true for branching vertex anymore (for example,
the middle vertex in &y pushes out two edges while they don’t get immediately pulled back
in the subsequent block). In fact, not only is it not true that pull-backs do not immediately
happen in the subsequent block, they may never happen either: consider the example
where the first block consists of branching vertices pushing out, while any subsequent

block proceeds via parallel disjoint paths, and therefore, the paths never rejoin.

Chase confusion We now make this issue concrete. Consider the following example at
tig. 2.7, suppose v at the first block branches out to a and b, even though the path to a

immediately backtracks, the path to b keeps pushing forward.
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Figure 2.7: Chase confusion

At the end of the second block, if an R edge is used from v for the third-block, it is
potentially unclear which edge it points to, as it can be either pointing to s; or b, which is
then considered a R-chase as we picture it as a walker chasing another.

Put simply in the example of tree, our prior unforced return bound can be seen as
saying for each edge, when traversed the second time, it must be traversed in the opposite

direction from when it is first created, as seen in the example of backtracking towards the
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root (unless there is a cycle that can be charged to it in the general case). However, in this
setting, this is no longer true as we may traverse the edge (v, b) twice in the same direction,
while there is no surprise visit.

To address this issue, we note that unless there is a surprise visit that can again be
charged to this, we can ask each walker on the matrix boundary a single question "whether
you are being chased?" Note that for a single walker, this is a question that can be answered
in [2] as itis unnecessary to specify which particular walker is chasing. As we additionally
maintain a branch-chasing graph that is a tree, we show in section 2.4.5 that a single
constant cost per active walker on the boundary (i.e. per vertex on the matrix boundary),
is sufficient to determine which edge is being used to chase. As a result, R-chase remains

to be fixed up to factor of an absolute constant per vertex in each block.

2.4 Formal Analysis for Bounding Combinatorial Factors
As illustrated in our technical overview, our starting point here is step(edge)-labeling,

Definition 2.4.1 (Swapped Step label for vertex-encoding cost). A labeling L for a walk
assigns each edge in the length-q walk a label in {F,R, S, H}, with

F (a fresh step): an edge (or random variable) appearing for the first time, and the destination

vertex is appearing for the first time in the walk;

R (a return step): an edge (or random variable) appearing for the second time;

S (a surprise step/visit): an edge (or random variable) appearing for the first time, and the

destination vertex is not appearing for the first time in the walk;

H (a high-mul step) : an edge (or random variable) appearing for neither the first nor the

second time.
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By default, we assume L assigns the labels according to the traversal from Uy, to V,; analogously,

we denote LT if we traverse L in a reverse direction from V,, to U.

It should be noted here that as we work with vertex-encoding cost in this section, we

consider R-step for an edge making its second-appearance.

Remark 2.4.2. With some abuse of notation, we will also use L (and analogously LT) to denote

the labeling of a walk restricted to a a single block.

We now describe our encoding scheme given the edge-labeling. The encoding works
by maintaining a set W; of the vertices in the current block revealed to us already, and
walk along edges greedily to expand W; until all vertices in the walk are encoded, i.e.,

Wi = V((axoal)7).

24.1 Vertex encoding scheme

For a fixed set W; at time-stamp t, and a given shape «, we consider the edges across the
cut produced by W;, let By C V((a o a”)) \ W; be the set of unknown vertices incident to

some cut edge, and let (i, j) be some edge across the cut withi € Wy, j ¢ W,

Vertex encoding procedure
1. By default, we set Wy = U,: any vertex in U, is the starting point revealed to us

from the last block, hence no encoding needed;
2. if there’s an R edge (i, j) across the cut, we expand W along this edge o.w.;

3. if there is a path of H edges connected to W across the cut of length at least
log,;2q|V ()|, split the path into chunks of length at most x and encode each
chunk’s boundary in 29|V («)| with an extra constant in [2] indicating cycle

orientation using 2-cycle freeness;
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4. if there is some vertex v € B; that has (at least) two paths of H edges connected
to W, the vertex is doubly-constrained (unless the path crosses U, or V,), and
all vertices along this path can be encoded using a label in [2] to indicate the
orientation of the cycle altogether by using 2-cycle freeness; (specifically, if the
path has a combined length of ¢ > x, we need to encode additional vertices
in |2qV(«)| with a label in [2] for every « vertices to identify the entire cycle,

however, this is (1 4 0(1)) per vertex on average); 0.w.,

5. if there are multiple high-mul paths crossing U, or V,, and it is a mirror copy,
we expand along these high-mul paths until the entire mirror copy is encoded

into W; o.w.,
6. if there is an H edge (i, j) across the cut, we expand W along this edge;

7. if thereis an F edge (i, ) across the cut for j ¢ U, U V,, and j is incident to some
H edge or R edge outside the cut, or j € U, U V, while j is incident to some H

edge outside the cut, we expand along this edge; o.w.,
8. expand along the F edges;

9. we additionally require all vertices in the current length-2 block to be decoded
before decoding vertices in the new block (except the vertices decoded by doubly-

constrained vertices crossing the boundary or by mirror copy);

10. (Excess F edge clean-up) for each length-2 block, if there is any F edge that does

not get encoded as the cut edge, we assign an extra label in [2qV(«a)| for each

such edge indicating their second-time being used (if any).

Remark 2.4.3. The above encoding scheme applies in a straightforward way for traversing walks

in a reversed direction from V, to U,.
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We would like to remind the reader that cases 2-5 allow the next vertex to be encoded in
O(1) factor, case 6 allows us to specify the next vertex using a factor of d , case 7 allows us
to specify the next vertex using a factor of O(g,|V(«)|)), and case 8 requires the full factor
ofnn.

In the remaining of this section, we bound the vertex-encoding cost of the above

encoding scheme.

2.4.2 (Non-dangling) Second-use return is forced: overview

In this subsection, we identify the cost of identifying a vertex arrived using some R edge,
i.e., an edge that appears for the second-time. At a high-level, the vertex-choice for the
destination of such an edge is fixed: for example, when we are traversing a tree from some
root, each vertex only has 1 edge that goes towards the root. That said, things might get
slightly more complicated when the walk is no longer tree-like. Intuitively, any confusion
for determining the vertex reached by an R edge can be settled with a cost of O(d) using
a degree bound, however, this would render us a trivial bound of Vnd analogous to a
row-sum bound.

To get around with this, we note that any such confusion can be charged with a gap
in the previous walk, which offers us a gap to encode auxiliary data for settling such
confusion. Concretely, we relate the potential confusion in determining destination of a
return edge via surprise visits 2 , i.e., edges leading to visited vertices in the walk which

correspond to some gap in our walk.

Definition 2.4.4 (Potential-unforced-return factor Pur). At time t, for each vertex v, let Pur;(v)

be defined as the following,

1. Each return leg closed from v contributes 1 to Pur;(v);

2The argument in this section also relies upon another quantity missed-immediately-return which can be
seen as a proxy to surprise visits
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2. Each unclosed F edge currently incident to v contributes 1;

3. An extra —1 as we can maintain a counter for each vertex such that there is always one

potential return-leg presumed to be forced.

Let Hy be the component reachable using subsequent H edges from v at time t, and define

Puri(Ho) := ) Pur(i)

1S HU,t

Remark 2.4.5. The definition of Pur;(v) does not require v to be on the boundary at time t (similarly

for Hy ), while we are only interested at the desired invariant when they are at the boundary.

Definition 2.4.6 (Surprise visit counter). For a time-stamp t, for each vertex v and H, ; defined

above, let s¢(v) be the number of surprise visits arriving at v revealed by time t; we analogously

define st(Hy) = Yijepy, St(i).

2.4.3 Starting from the basics: a forced-return argument for 1-in-1-out

Proposition 2.4.7. Throughout the walk where any vertex opens up at most 1 edge at the boundary,

we maintain the invariant

Purt(Hv,t) S 2. St(Hv,t)

for Hy ¢ the H-component reachable from the current boundary vertex v.

Overview: unforced-return ignoring H edges For starters, we observe for a single
vertex v, if there is no H edge being used throughout the walk and each vertex opens up

at most 1 edge on the boundary,

1. For the base case, when v is first revealed, the return from v must be using the edge

that explores v, and we have Pur(v) = 0;
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2. Each departure from v may add 1 potential-unforced-return edge as it adds an
unclosed incidental F edge to v, and departure from v using R edge does not change

the Pur factor at v;

3. However, the subsequent arrival may close an F edge that is previously contributing
as an unclosed F edge incident to v (though not necessarily the F edge opened by
the last departure), and hence Pur(v) does not change from the last time when v is

at the boundary if arriving via an R edge;

4. The arrival, if using a new F edge, is a surprise visit arriving at v and contributes an
1 to st and an 1 to Pur on LHS; the bound holds if we assign an increment of 2 via

the one single surprise visit.

Incorporating H edges To extend our above argument for using H edges, we give an
argument based on H-components which may evolve over time. We first appeal to the
following two claims building upon the prior observation that arriving at a vertex via an
R edge does not increase its Pur factor compared to when it last appears on the boundary

(for the case only a single edge may be opened up),

Claim 2.4.8 (Calling an R edge does not change Pur on vertices already in the current
H-comp). Let v be the current boundary at time t, let Hy,; be the H-component of the boundary

at time t, and an R edge is called from Hy (concretely from v)

Z Purt+1(i) S Z Purt(i)

i€Hy i€Hy,

In other words, despite Hy; is not necessarily the same as H, .1 since calling an R edge may
expand the current H component, it does not increase Pur factor restricted to the vertices in the

current H component.
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Proof. To see the upper bound, observe that calling an R edge from an H component,
restricted to the vertices already in the H component prior to the closing of this R edge,
we simply have an edge contributing as an unclosed F edge shifted to a closed return leg
called from the component. The inequality follows when we close an R edge between

vertices already in the same H component. O

Claim 2.4.9 (Getting merged into an H component via an R edge does not change Pur on
the annexed vertices). Let v be the boundary at time t, and let t' be the subsequent time-mark
such that Hy; is H-connected to the boundary (at t') again and an R edge is used at this step, i.e.,
Hy: € H, p, the Hy; component gets merged into a H component via an R edge at the current

step for u the boundary vertex at t' followed by an R edge

Y Purg(i) = ) Pur(i)

i€H, i€H,

Proof. Since we departfrom H,; attime f viaan F edge, we have Pur,, (Hyt) = Puri(Hyy,, ) +
lforany t < t, < t'; however, since we arrive back at a vertex in H,; at time #/ by closing
an R edge, we have } ;e Pury(j) = Yjep,, Pury1(j) —1 = Ljep,, Puri(j), giving us the
desired. O

We now proceed to prove the main proposition.

Proof to Proposition 2.4.7. Suppose this is true throughout the walk so far, and we are
currently at H,;, and move to u from v at time t, we need to show the above for H; ;1.
By construction, it suffices for us to consider whether this is an F/R edge. Notice this is
immediate if v is a new vertex, as Hy, ;11 = {u}, and there is no potential-unforced-return

from u at this time. Otherwise, if the v — u leg opens up a new surprise visit,

1. If u € Hy,;, the new F edge that gets open may contribute 1 to both Pur;;1(v) and

Pur;1 (1) while Pur factor of other vertices in H,; does not get changed. That said,
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we pick up a gain of 2 on the LHS, while the surprise visit also now contributes to

St+1(Hy,t+1), giving an increment of 2 on the RHS as well;

2. Ifu ¢ Hyy, let t,, be the last time vertex u appears at a boundary H component, and
call this component H,,,, in addition to the factors contributing to Pur;, (Hy ), the
departure at time t,, opens up 1 F edge from H, ;,. Plus the new surprise visit that

we just open up, we have

Purt+1(Hu,t+l) = Pury, (Hu,tu> +2
S 2. Stu(Hurtu) + 2

=2-541(Hupt)

where we observe that s;;1(Hy:) = st,(Hut,) + 1 as we just pick up a new surprise

visit, and H, , = H,  as a set of vertices.
If v — u is an R leg that closes some F edge, let t,, be defined as earlier,

1. u ¢ Hyy: This yields a merge of H components, and we can partition H, ;1 into

vertices H-reachable either via u or v at time ¢,

Purg1(Hype1) = ), Purepi (i) + ) Pureya(j)
iEHv,t ]'EHu,t

By our claim that calling R edge does not increase Pur on the vertices in the current

H component,

Z Pureyq(i) < Z Pur¢(i) = Puri(Hyy) < 2-5¢(Hyy)
i€Hy, i€Hy

Since u ¢ H,;, for component H,; = H,,, it gets annexed into a new H-comp via
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an F departure and a R return,

Z Purt‘f'l(j) = Z Purtu (]) = Purtu(HM/tu) S 2. Stu(HM/tu)
jeHu,f jEHu,t

Combining the above yields

Purg 1 (Hyp1) < 2-sp01(Hop) +2 - spp1(Hut,) = 2 - 8p01(Hipg1)

as Hy; and H,;, form a partition for H, ;1 for u ¢ H,;, and the surprise visits

inherit over time.

2. u € Hy;: This is a return within an H-component, and we have
Purt+1(Hu,t) S Purt(HU,t)

since calling a return leg within the same H component does not increase Pur factor
(in fact, a decrease by 1 as the corresponding F edge contributes a factor 1 to both
endpoints in the H component, while after being closed, it only contributes as a

closed R edge to one endpoint).

2.4.4 Branching with mirror copy: a heuristic argument

Branching The above argument crucially relies upon that each vertex can only encode at
most 1 edge when it is on the boundary each time, however, this is not true in the general
setting for graph matrix, and particularly why rough matrix norm bounds depend crucially
on minimum vertex separator of the underlying graph. That said, we note that the argument

can be extended in a lightweight manner to the general case when the matrix is indexed
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by order-tuple, i.e., there is no permutation-jump involved in the walk.

For concreteness, we call a vertex an anchor vertex if it encodes multiple (out-going)
edges on the boundary at a single time in the walk. The crux of the argument observes
that we can further constrain each such vertex to have each of its F edge opens up in the
branching to be closed before the vertex appears again on the boundary, as otherwise
there is a gap from surprise visit that we can identify locally in the constraint graph, and

this is captured by the counter mir to be defined momentarily.

Return bound for tuple-indexed walk Let’s start with some definitions in this setting,

and fix the traversal direction from U, to V.

Definition 2.4.10 (Anchor vertex). For a vertex v in the shape a (or aT) and an edge-labeling
L, we call it an anchor vertex if it pushes out more than 1 non-dangling edge, i.e., an edge on a

simple path from v to the next boundary.

Definition 2.4.11 (Mirror copy). For any vertex v in a (or in ), we let o(v) € V(aT) or (in

V («)) be the counterpart of v obtained by shape-transpose.

Definition 2.4.12 (Missed-immediate-return factor counter mir). For a vertex v that opens up
multiple F edges from the boundary, let mir;(v) be the number of F edges it opens up as an anchor
vertex so far in the walk that are not immediately closed when v appears on the boundary again.

Analogously, we define miry(Hy ) for the corresponding H-component.

Remark 2.4.13. For adjacency matrix or line graph, mir;(v) = 0 throughout the walk as each

vertex may open up at most 1 F edge when at boundary.

Proposition 2.4.14. For each block, process the anchor-vertices pair according to their distance in
increasing order in a o a™. For each starting anchor vertex being processed, each path-segment

crossing the boundary starting with F edges is either immediately backtracking, or we can assign
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a surprise visit from the path segment (or its adjacent one) to the starting anchor vertex for its

corresponding mir factor. Moreover, each surprise visit is assigned to at most 2 mir factors.

Proof. We first observe that for any path-segment that departs from the starting anchor
vertex with F edge may only return to the anchor vertex (with label in [n]) within the
path-segment at the corresponding mirror copy location (aka. the ending anchor vertex)
if the starting anchor vertex (labeled in [n]) ever appears again in the path segment. This
follows from the injectivity assumption: the starting anchor vertex may only appear in the
current block, and unless there is a surprise visit in the segment, the path returning to the
starting anchor vertex lands the starting anchor vertex (its label in [1]) at the ending anchor
vertex location in the constraint graph. That said, for any anchor vertex that gets returned
too early, aka. prior to the corresponding mirror copy location, the branch that returns to
the current vertex gets assigned a surprise visit and each other path-segment that opens
up new F branches departing from the anchor vertex also gets assigned a surprise visit.
Next, we observe that the return to the starting anchor vertex at its mirror location is
mandatory for any segment starting with F. Suppose the current path-segment does not
return, the starting anchor-vertex picks up 1 mir factor from the path-segment. Suppose
there is no surprise visit in the current segment (i.e., the mir factor from the segment is
uncharged yet), we claim that this must be the first processed path-segment between the
current pair of starting and ending vertices, as otherwise the current path-segment has
to arrive at some known vertex at the mirror-copy location which gives a surprise visit
to assign to the corresponding mir factor. However, notice for any anchor vertex with
path-segment added to its mirror copy in its subsequent block, there are at least two
edge-disjoint paths (given by distinct path segments) to its mirror copy. For concreteness,
call the second path-segment processed the adjacent of the first segment. Notice these
two path segments are disconnected in the graph sample once the starting anchor vertex

is removed, while these two paths need to merge eventually at the mirror copy location.
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By assumption, the mirror copy is not the starting anchor vertex, hence there must be a
surprise visit in the second path-segment and we can charge it to the mir factor of both the

tirst and second path-segments.

Furthermore, to see that a factor of 2 is sufficient, notice each subsequent path-segment
between the current pair of starting and ending anchor vertex either comes with a surprise
visit or it is an immediate backtracking segment itself that does not contribute mir factor

to the starting anchor vertex. This completes the proof of our proposition. O

2.4.5 Branch-chasing using R is free

Troubles for yje immediate-return based argument To recap our prior argument, we
essentially give a special treatment for branching vertices, i.e., those in the constraint graph
that may encode multiple edges across the boundary, and we claim that for any such vertex,
each F edge that gets opened up when departing from this vertex must be immediately
closed before this vertex appears again in the boundary: in particular, the branching vertex
needs to match in its mirror-copy location unless there is a surprise visit that offers a gap
for charging potential unforced return due to the vertex opening up multiple F edges

simultaneously in a single-shot.

However, this heuristic falls apart when we apply it for grouped shapes, as we no
longer have injectivity assumption across the boundary: in particular, mirror copy is no
longer well-defined. That said, as highlighted in the overview section, we can consider
a branching vertex that simultaneously opens up multiple F branches, and one of them
returns sooner than others, causing a potential confusion when calling an R edge at the
anchor vertex, that it may refer to any of the F edges leading to the alive F branch (and

the F edge leading to the anchor vertex before any of the F branches get opened up).
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Branch-chasing graph We start by considering an auxiliary graph constructed as the
following. It should be noted that boundary in the following section typically refers to the
boundary of the walk unless otherwise specified. Notice that each vertex on the boundary
gives us a tiny constant decay via their edges. However, the core of our argument relies
upon coloring the edges such that red edges are the only possible source of confusions,
and furthermore, we maintain the invariants that each vertex is not incident to too many red

edges and each black directed edge leads to a path to some walker on the current boundary.

Constructing and maintaining the branch-chasing graph
1. This is a directed graph with each vertex receiving a label in [1], moreover, we
can color the edges into red and black, such that we are interested in the desired
invariant each vertex is incident to only one out-going red edge unless there are

further surprised visits assigned to this vertex;
2. Observe that there is no confusion if there the incident red-edge is unique;
3. We start with an empty graph and build the graph as the walk proceeds;

4. For each F edge, we open up a directed black edge from the original vertex to the

vertex it arrives at;

5. If the F edge that gets opened up is a surprise visit, i.e., it leads to a previously

explored vertex, we flip all the black unclosed F edges that have a directed path

in the branch-chasing graph to the surprise destination to red.

With this graph in hand, we first see how it may help us in deciding R edges that arise in

the chasing process when there are multiple walkers.

Observation 2.4.15. If there is no dangling branch, any black edge is on a directed path to the
current boundary of the walk, i.e., the boundary of the branch-chasing graph is equivalent to the

walk boundary.
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Corollary 2.4.16. Each chase using a black edge is fixed.

Proof. Even though each vertex may be incident to multiple black edges, observe that the
subgraph cut across by any black edge is a rooted tree, in particular, with some active
walker in the current boundary. We then consider the following process, at each (block)

step in the walk, it suffices for us to go through the vertices on the current boundary and
query

1. whether it is a branching vertex looking for R chase;

2. whether it is a vertex assigned to beacon guidance for R chase;

For each step, for each walker at some branching vertex looking for R chase, the encoder
can assign the boundary vertex on the path promised by the out-going R edge as the

following,

1. For vertex vlooking for beacon-guidance, consider the subtree reached by the desired
outgoing edge, assign beacon guidance for any branching vertex with R chase query

contained in the subtree;

2. Assign an arbitrary vertex in its subtree reached by the desired out-going edge not

assigned for beacon-guidance to v.

To decode, since the branch-chasing graph (restricted to black edges) is a directed tree
(forest), there exists some query node whose (out-going) subtree is query-node free; by
out encoding, there is also promised to be at least one guidance node in that subtree,
assign the outgoing edge pointing to the (potentially multiple) guidance beacon to the

query-node. Remove their colors (temporarily), and repeat this process. O

Remark 2.4.17. It should be pointed out that we only aim to identify the edge-set used by R chase
from this process, as any further confusion is then resolved using edge-decay and automorphism

factor.
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We now proceed to handle the potential confusion caused by surprise visit in the
branch-chasing graph, i.e., red edges. Throughout the process, a surprise visit may turn
black edges into red edges, and call this path the corresponding flip path of the surprise

visit.

Proposition 2.4.18. Consider the path of edges that have their colors flipped, this flip path passes

through at most 2 vertices that are incident to out-going red edge before the current flip.

Proof. Without loss of generality, suppose the surprise visit proceeds from a — b, we
observe that any edge that gets flipped by this surprise visit. Let u, be the closest vertex
on the flipped path to a that is already incident to some out-going red edge before the
current flip, and suppose there is some other vertex v, that also has a black path to a before
the current flip. We observe that it needs to pass through 1, as the subgraph restricted
to black edges is a directed tree. However, consider the supposedly black path from v,
to u,, we claim that it must already be red before the current flip as u, has an out-going
red-edge, which by construction, requires the v, to u, path to be flipped to red. Therefore,
there can be at most 1 vertex incident to an out-going red edge before the current flip that
has a flip-path to a; applying the above argument to the flip-path leading to b then gives

us the desired bound. O]

Corollary 2.4.19. Assigning each surprise visit to two of the vertices its flipped path passes through
that may be incident to more than 1 out-going red edge captured by the factor redsurprise, we can

maintain the following invariant for each vertex

out-going red edges incident to v < 1+ w;(v)

where wi(v) accounts the number of surprise visits assigned to vertex v for creating new excess

red edge originating from v.
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2.4.6 Return is still “forced” with dangling branches

Before we dig into our final bound, we first see how having dangling edges may affect
our forced return bound. Notice that having dangling edges indeed brings Pur factor that
does not get assigned to any surprise visit, however, our goal in this section is to show that

beyond the “anticpated” Pur factors, dangling edges do not contribute further confusion.

Attaching dangling branches and dangling factor assignment Recall that the return for
each dangling branch is not necessarily fixed, and our focus here is to see each dangling
branch, despite how many vertices it may pass through, only incur 1 factor of potential-
unforced-return.

Let’s start by recalling dangling branches (in a shape) can be encoded in the following
manner: we can recursively attach a dangling branch to some identified vertex in the
shape. And this begets our dangling factor assignment scheme:in each block-step, we
assign each dangling factor to the vertex it attaches to, and update the Pur function for
each vertex on the newly attached segment via the 1-in-1-out argument. At this point, it
should be clear that the Pur factor is associated with the number of dangling branches
as opposed to dangling vertices. To formalize this intuition, we introduce attachment
edge, as this is the edge part of a dangling branch that comes with extra Pur factor in our
argument. Notice not all the edges in a dangling branch come with extra Pur factor, and
this is crucial for us in obtaining a norm bound with extra factor only depending on the

number of dangling branches as opposed to the number of dangling vertices.

Definition 2.4.20 (Attachment edge). Given a shape and a block-step walk of the corresponding
shape, for each dangling branch, call the edge an attachment edge of the corresponding branch if
its origin vertex is identified using R/ H edge while it spits out some F edge part of the dangling

branch.
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Observation 2.4.21. For any dangling branch, at any block-step of the walk, there is at most one

attachment edge unless there is a surprise visit locally along the branch.

We now upgrade our edge-coloring scheme in the branch-chasing graph to take into
account dangling branch. For each dangling branch that gets encoded, we will color its F

edges as the following scheme,

Coloring scheme for dangling branches
1. Following the encoding order that we start from some non-dangling vertex or

landing vertex if dangling, and encode the edges along the dangling branch;
2. We restrict our attention to F edges along the dangling branch, and
3. Color each attachment edge yellow;

4. Color each non-attachment edge green.

Remark 2.4.22. An out-going green edge is an edge opened as part of dangling branched while it

does not get assigned dangling factor.

Claim 2.4.23. For any vertex v, let Sqangiing,+ (V) be the number of surprise visits arriving at v by

time t that is part of any dangling branch, we have

out-going green edges from v by time t < 1+ green,(v)

and furthermore,

green, (U) < Sdangling,t (U)

2.4.7 Ultimate unforced return bound

We now put the above arguments together, concretely, we combine the argument for 1-

in-1-out and R-chase being free argument for walks with permutation-jump. Towards
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that end, we need to modify the definition of Pur factor to take into account our prior

observation that return is still forced if it is an R chase,

Definition 2.4.24 (Time t). We can associate a particular time-mark to each edge . That said, we

use time t to represent the moment before the edge at the corresponding time-mark is used.

Definition 2.4.25 (Upgraded Pur factor). At time t (before the edge of time t is used), for each

vertex v, let Pur¢(v) be defined as the following,
1. Each return leg closed from v contributes 1 to Pur(v);

2. Each unclosed red or green F edge currently incident to v edge in the branch-chasing

graph contributes 1;

3. A —1 as we can maintain a counter for each vertex such that there is always one potential

return-leg presumed to be forced;

4. Anextra —1 - 1y pas seen outgoing red edge by t A4S We can maintain a counter for each vertex such
that there is always one outgoing red edge presumed to be forced, and this is only needed

when v has outgoing red edge;

5. An extra —1 - 1y pas seen outgoing green edge by t 4 AgAIN we can maintain a counter for green
edges such that there is always one out-going green edge presumed to be forced, and this is

also only needed when v has outgoing green edge.

Let Hy be the component reachable using subsequent H edges from v at time t, and define

Puri(Ho) := ) Pur(i)

ic H’U,t

Remark 2.4.26. We highlight that the only modification is at that each F edge can now be potentially

unforced only if it is a red edge in the branch-chasing graph at the moment.
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Definition 2.4.27. Call an edge protected if it appears as a black edge in the branch-chasing graph

or it is attached as an attachment edge for some dangling branch.

Lemma 2.4.28 (Ultimate forced-return bound). Throughout the walk, we maintain the invariant

Purt(Hv,t) S St(HU’f) + wt(HU,t) —+ danglingt(HU,t) +greent(Hv,t)

for Hy ¢ the H-component reachable from the boundary vertex v at the end of time t (after the edge

at time t is used), where

1. s is the surprise visit counter that counts the number of surprise visits arriving at Hy 4;

2. wy is the counter that assigns surprise visits to vertices with multiple red edges in the branch-

chasing graph in Hy s,

3. dangling; is the counter that counts the number of dangling branches attached to Hy, i.e.,

yellow edges;

Proof. For clarity, in the case a vertex splits out multiple walkers at the block-step boundary
at time f, we can process them in an arbitrary order, and notice each F edge splits out
does not affect the desired invariant at time ¢ since each such edge that appears in the
branch-chasing graph with a walker on the boundary via local injectivity of graph matrix.

Suppose the current edge being used goes from u to v, let time ¢ be the last time mark v
appears in the H component at the boundary (before the edge at time ¢ gets used), and call
the component H, ;. We start by partitioning the unclosed F edges incident to Hy ; at time
t according to whether they contribute to Pur¢(v), i.e. whether they appear as a directed
edge going out from some vertex in H,; in the branch-chasing graph at time t. Let those
that contribute (i.e., unprotected) be in O;(v) and the others (i.e., protected edges) be in
Bi(v). Notice the last departure from H,; (not necessarily from vertex v) at time ¢ may

create one edge that is either in B or in O at time f + 1. Our argument relies upon keeping

65



track of how B and O may change between these two time-marks, and we now case on the

status of the leg u — v at the current time-mark t’ (after the edge at ' is used),

1. Again, by construction, it suffices for us to consider the edge used at time ' be
u — v as either F or R, since H edge is automatically captured when we consider

H-components;

2. If the walker arrives via an R leg, and assume v, u not in the same H component
before this leg as the other case is immediate via prior argument that calling an R
edge within the same component cannot increase Pur factor. Therefore, it suffices
for us to assume u and v being in disjoint H components at time ¢’ — 1, i.e., before

the use of the leg u — v, and we can further restrict our attention to H, _, as

PUI’t/_H (Hv,t’) = Purturl(Hu,t/) —+ PUI’t/_H (Hv,t’) S Purt/(Hu,t/) + Purt/H(HU,t/)

since calling an R edge from an H-component cannot increase the Pur factor on the
original vertices, i.e.

Purt/+1(Hu,t’) < Purt’(Hu,t’)

3. Let E; be the edge that gets opened up at time f when departing from H,;

4. Consider the edges that may now contribute to Pury (H; ;) while not accounted for
at time t, let this set of edges be Ay _;(H,;): they are either the edge E; if it is opened
as a dangling edge, or an edge that shifts from B; to Oy (as well as potentially non-
dangling E; that shifts from black to red), i.e., they are protected on the branch-chase
graph at some time between t and t’ — 1 as black edges, while no longer so at ' since

they are now red edges;

5. For the edges that shift from black to red within the time interval [t, '], we process
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them in an arbitrary order of their out-vertex in a € Hy, and for each vertex’s first
edge being processed, we additionally case on whether the out-vertex a has out-
going red edge at time : if not, the first edge flips 1, ever has outgoing red edge and this
offsets the gain to the LHS; otherwise, any such edge assigns a a factor of surprise

visit via a gain in wy (a) over w¢(a), yielding

|At,t (El) | <-1 <1a has seen out-going red edge by ' — 14 has seen out-going red edge by t) + (wt’ (a) — Wt (LZ))

6. If E; was opened up as dangling edge, and moreover, as a dangling attachment edge,
we pick up a gain in dangling; (H, ) over dangling;(H, ) that can offset the gain from
edge. Otherwise, E; is a a green edge, i.e., part of some dangling branch while not
an attachment edge, E; is then captured by the factor of green, (v): it is either forced
as the sole green edge, or it gets assigned surprise visit factors via the function

green, (v), letting E;’s out-going vertex be a, we have

1Et is opened as a dangling edge

< | danglingy/(a) — dangling,(a) | +

/

dangling Zttachment

( -1 1Et is the first out-going green edge from a + (greent/ ([1) - greent(a)) )

7. From the above, for the H-component restricted to vertices H-connected to v at time

t', suppose an R edge is used, (and noticing H, y = Hy )

Puryy1(Hyy) — Puri(Hyp) < Pury(H, ) — Puri(H,p)
< |At’—t (Hv,t) | + 1Et is opened up as a dangling edge
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< 2 —1- <1a has seen out-going red edge by ' — 14 has seen out-going red edge by t) + (wp(a) — wiy1(a))
aEHv,t

+ dangling (Hy,+) — dangling; (Ho,¢) +

J/

added dangling;ttachment for E;

( -1 1Et is the first out-going green edge from a + (gl’eeny (a) o greent(a)) )

< ; (wy (a) —wi(a)) + (danglingy (a) — dangling;(a)) + (green, (a) — green,(a))

= Y Ap_yow(a)+ Ay_;odangling(a) + Ay_; o green(a)
ElEHv,t

where we introduce the shorthand

Aty Of(v) = fﬁ(a) - ftz (11)

for f € {s,w,dangling, green} and t; > t;. Combining with the component con-
nected to u at time t' gives, (assuming u, v again not in the same H-component at

time t')

Purt’+1(Hv,t) = Purt’—l—l(Hu,t’) + Purt/+1(Hv,t’)
< Pury(Hyp) + Purt(Hy ) + (Puryyq(Hyt) — Purs(Hyy))
< sp(Hyp) +wyp(Hyp) + green, (Hy p) + st(Hyt) + wi(Hy,t) + green, (H, y)

+ St’Jrl(HU,t’) — Sf(Hv,t’) + 2 (A(t’—l—l),t o w(a) —+ A(t’—l—l),t o dangling(a) + A(t’+1),t e} green(a)>
llEHv,t

< spy1(Hyp) +wpyq(Hypyq) + danglingy g (Hy pyq) + greeny (Hypy1)

where we use the property that the counter functions {s, w, green, dangling} is non-

decreasing over time and factorizes over connected components.

8. On the other hand, if the leg u — v is an F edge, again assuming u, v not being in
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the same H-component at time ' and the other case is analogous, restricted to the
p g

H, 1, we have

Pury 1 (Hv,t’) — Pur; (Hv,t) < |A(t’+1),t’ (Hv,t) | + |At’,t(HU,f) | + 1Etis opened up as a dangling edge

<A1y (Hop)| + Y Apyow(a) + Ay, odangling(a) + Ay, o green(a)

IZEHU/t

where we notice the factors restricted to the last two terms are identical to the
previous calculation when R edge is used, and we can focus on the first term
|A(p 1) (Ho,t)|. Notice this set of edges are either the surprise visit we just opened
up at time #/, or the edges that switch from black to red due to the current surprise
visit (eg. potentially the edge E; that remains black at time ' while now becoming

red), and

|Aria),p (Hot)| < spya(Hop) —sp(Hop) + Y [Aprgayr(a)]
acH

ot

Combining the above yields

Pury 1 (Hyp) — Purg(Hyt) <spi1(Hyp) —si(Hyp)

+ ) A1y, 0 w(a) + Ay o dangling(a) + Ay 4 © green(a)
aGHv,t

Combining with the invariant for H, at time ¢ yields,

Purt/+1(Hv’t/+1) = Purt/+1(Hv,t/) S Purt(Hv,t) + St’+1(Hv,t’) — St(Hv,t/)

+ ) Agpryr)ow(a) + Ay o dangling(a) + Ay i) 4 0 green(a)
thHy/t

< sp1(Hop41) + Wy (Hypq1) + danglingy g (Hy pr41) + green, (Hyp11)
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Putting things together for the final unforced return bound throughout the walk It
suffices for us to consider each H-connected component when they last appear in the walk.
Let {Hj, t;} be a sequence of H-connected components at the end of the walk, and time ¢;

their last appearance time-mark, for a shape-walk W, we have

Pur(W) < Y Pury,(Hy,)
Hit;

< st,(H;) + wy,(H;) + dangling,, (H;) + green, (H;)

IN

4 -s(W) + dangling(W)

where we observe that each surprise visit may contribute a 1 to the final bound via
s counter, and a factor of 2 via w counter, a factor of 1 via green, and each dangling

attachment contributes a 1 via dangling.

2.4.8 (Local) 2-cycle-freeness can be useful

Proposition 2.4.29. Given the starting vertex, a path of H edges of length t can be encoded at a
cost of

(2- 2|V (a) ]!

Proof. Since the graph is 2-cycle-free at every x neighborhood, it suffices to split the long
walk into (H chunks, and encode the vertex at the end of each chunk; additionally, since
there are at most 2 paths between the start and end of each chunk, a label in [2] to identify

the orientation of the cycle is sufficient to recover the entire path. O

Proposition 2.4.30. For any un-encoded vertex that has at least two paths of H edges to some
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known vertices, the vertex is doubly-constrained, and the entire paths can be encoded at a cost of
t
2 (2-29|V(a) )"
Proof. The proof is identical to the above, except we no longer need to identify an extra

endpoint for the end of the last chunk to use local 2-cycle-freeness. O

Remark 2.4.31. Throughout our work, we will take 2q - |V («)| ~ n€ and x ~ 0.3log, n, which
would give us

(29 V(&))" < c

1
logd

q = O(y/|Usl|Va|log? n)

In addition to the main claim that gives an additional factor of d for each dangling

for some constant ¢ > 0 independent of d provided € < O(

) where we take

vertex, we observe 2-cycle freeness can be exploited to improve that bound.

Proposition 2.4.32 (Improved vertex factor for dangling R/H vertices). Let a be a given
shape, and let S be a separator for some irreducible locally optimal labeling, we let dangling(a \ S)

be the dangling factor for S,

dangling(a\ S) <[]  min(2|V(a)|q,dPrnchdl)
icbranch(a\S)

Observe that by possibly removing some edges incident to some dangling vertex if
necessary, dangling(a \ S) can be partitioned into a collection of trees rooted at some non-
dangling vertex in &, and moreover, we call each vertex dangling in dangling(a \ S) a
branch point if it is either a leaf, or has degree bigger than 1. For each branching point

i € branch(a \ S), let branch(7) denote the vertices on the path from last branching point
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(or the nearest non-dangling vertex) to i. We are now ready to prove the proposition.

Proof. Notice for each branch, a label in 2|V («)|q is sufficient using Proposition 2.4.29;

alternatively, a label in d is sufficient for identifying each ”"explored” dangling vertex. [

Balance in d A priori, we need to show for each high-mul (non-separator) leg in the

walk, only a v/d cost is sufficient for encoding, so that we can assign a cost of at most /7

NERVCENG

Potential function for an individual walker Let’s start with a potential function argu-

for each step as

ment for individual walker.

Proposition 2.4.33 (v/d-balance). Each H edge requires at most a label in O(v/d) for identifying

its destination vertex.

Proof. We first give a brief argument for the case when there is a single walker in the graph
matrix (eg. line graphs), and extend this argument to the case when multiple walkers are

involved.

Assigning a potential function for a single walker First, we observe that it suffices for
us to consider an interval of the walk of length 0.1log, n using F/R/H edges, and let s be
the starting point of the interval and t be the destination. Observe that ¢, as it is reached
by H edge at the end of the current interval and since there is only a single walker, there
are two cases: either it is already revealed in the walk and can be specified with a label in
2|Vy|g, or it is explored via an F /R segment in the subsequent interval.

In the first case, pick a pit-stop vertex B to be the destination t. Otherwise, pick the pit-
stop B to be instead the last vertex on the s — ¢ path known to the walker by the beginning

of the interval. That said, for any interval of length 0.1log, , the non-backtracking path
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from s to B is fixed using 2-cycle freeness. In the case when B # t, note that the walker
opens up the path from B to t in the subsequent interval via an F/R segment before it
uses these edges as an H-step. That said, it suffices for the walker to specify a direction
towards or away from ¢ on the main-path when a new edge is opened up after B, which
is again O(1) per-step.

The length 0.11log, n is picked so that we can specify the destination vertex for free
once we have (2|V(x)]g,)"/ %" < O(1) for |V («)| < n°. That said, we can decompose
the upcoming interval of H edges as either walking on the main-path (non-backtracking
segment from s to t), and off-track path attached the main-path (backtracking segment).
Each H edge on the main-path does not require any encoding cost, and each H edge on
the backtracking segment contributes d when it is heading outward of the main-path and

O(1) when heading inwards.

Assigning a potential function for a group of walkers In the trace-walk for general
shapes, the walker is no longer unique as we may have arms splitting out from branching
vertices, and similarly, arms merging as well. In other words, this corresponds to a walker
being spawned and dying in the walk. We now show the potential function argument for
individual walker applies well for this general setting.

For starters, recall that constraint graph can be linearized and decomposed as the

following,

Decomposing (linearized) constraint graph into path-segments

1. We start with at most U, = V, directed vertex-disjoint paths from Uy to V;;

2. Attach directed path-segments from a branching vertex to a vertex on a revealed

path-segment, or a vertex in V.

3. Attach path-segments between vertices in the same block;
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4. Attach directed(dangling) path-segment from an anchor vertex to a dangling

vertex in the same block.

Notice that it suffices for the encoder to know such assignment of potential function.
For each walker, if it remains alive at the end of its subsequent x-interval, i.e., it does not
intercept other revealed path-segments, then the potential function can be assigned as an
individual walker.

On the one hand, for a walker that intercepts a revealed path-segment (i.e. itis a
short-lived walker who does not remain in the walk for a x-interval), it suffices for us
partition the segment into x-intervals again, and it suffices for us to restrict our attention
to a short-lived walker, that it only takes a walk in an interval of length much less than
k, i.e., we do not have sufficient edge-decay to identify a label in 2|V («a)|q,. However,
we note that the edge-set of non-backtracking H edges can be identified in O(1) via our
wedge-bundling argument in the forthcoming lemma 2.5.19, and this fixes the potential
function for the short-lived walker before it dies, i..e., joins another walker’s segment.

On the other hand, for a walker that remains alive at the end of its subsequent x-interval,
i.e., it does not intercept other revealed path-segments, then the potential function can be
assigned as an individual walker by extending the argument for the single walker. It is no
longer true that the path from s to t must be revealed by this particular walker, however,
this happens when another walker explores the main-path from the revealed pit-stop to
t and we observe that we may allow the pit-stop to "move" along the direction towards ¢
throughout this interval, and thereby specifying the edges on the main-path from s to t.

To move the pit-stop vertex for a specific walker, we apply the wedge-bundling argu-
ment in again. Concretely, apply this argument where each walker looking for a new
pit-stop engages in the process as its current pit-stop vertex (as opposed to its current ver-
tex location), and for the walker that explores the segment on the path from the pit-stop

to t for some other walker, it participates as the current vertex location. Now observe that

74



it suffices for us to identify the short paths between these walkers, which can be done in

O(1) per walker/vertex at each step.

2.5 Tight matrix norm bounds: block value and maximal-

value labeling

In this section, we show that the block value is determined by the vertex separator. On
the one hand, this identifies the dominant term of the trace being governed by the SMVS;
on the other hand, the structure lemma also provides us with a primitive to identify the
gap from our trace-walk that offers slack for encoding auxiliary data.

Towards this end, we start by constructing a vertex separator out of any locally-optimal
labeling, and then relate the value of the labeling to the desired norm bound. However,
before we proceed to construct a vertex separator, we need to understand the structure of

a locally optimal labeling.

2,51 Set-up for block-value bounds

Before we dig into the core of our block-value bounds, we first make some (re-)definitions
of our vertex-factors. In the previous section, we use R edge to represent the second-time
an edge appears, and crucially, we show that, a vertex, if pushing out an R edge, the choice
(unless dangling) is fixed. On the other hand, it would be convenient for us to consider R
edge as the last appearance of an edge appearance due to potential assymmetries of the
shape, and we note that for any edge, we can assume exchange its potential vertex factors
for the second time and last time appearance, and thus assume each vertex, when pushing

out an R edge that corresponds to the edge’s last appearance, is fixed.
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In the following section, we will now think of F / H / R corresponding to the first/middle/last
appearance of an edge, which also motivates the following assignment scheme for edge-

value depending on edge-labels.

Edge-value assignment scheme

For each random variable x,
1. F-step: for the first time the random variable appears,

e Singleton: for random variable x that appears only once throughput the

walk, we assign a factor \/g- % - Singletondecay for Singletondecay < exp(—d);

e F: for random variable x that appears at least twice throughout the walk,

this gets assigned a factor of 1;
2. H-step: we assign a factor of \/g .

3. R-step: we assign a factor of 1.

Vertex-factor redistribution scheme Up front, each new vertex requires a label in [n]
when it first appears in the walk. However, we note that we can redistribute this factor

throughout the walk and

1. Assign a factor of \/n when the vertex appears for the first time;

2. Assign another factor of \/n when the vertex appears for the last time.

It can be readily verified that each vertex still gets assigned a factor of [11], modulo the cost

of identifying destination of R edges and H edges pointing to this vertex.

Building the separator For each block, given an edge-labeling £ (assumed to be travers-
ing from U — V), webuild the separator S( L) as the following (and ignore the dependence

on £ when it is clear),
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1. Include any vertex in U, N V, into S;

2. Include any vertex incident to both non-singleton F and R edges into S;
3. Include any vertex in U, incident to some non-singleton F edge into S;
4. Include any vertex in V, incident to some R edge into S;

5. Include any vertex incident to an H edge into S.

2.5.2 Bounding the block-value from the separator

Given a separator S and its corresponding edge-labeling L, it suffices for us to bound
edgeval(L) - vtxcost(L)
for a given block.

Factors outside the separator Notice any vertex outside S is making its first or last
appearance, and any vertex making both first and last appearance must be either isolated
or it is a vertex outside U, U V, that is also incident to singleton edges only, that said,

restricting the vertex cost to the vertices outside S, we have
vtxcost(L)[V(a) \ S] < \/EW("‘)\5|\/E|I(“)UFS(£)I

where we let I(a) be the set of isolated vertices in &, and Fs(L) the set of vertices outside

U, U V, that are incident to only singleton F edges in L.

Lemma 2.5.1 (Singleton-edges come with decay unless floating). For a given edge-labeling

L with non-floating singleton edges outside the separator S, there is an edge-labeling L' with
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separator S’ such that S C S, L' has no non-singleton floating edges, and
edgeval (L) - vtxcost(L) < edgeval(L') - vtxcost(L')
Moreover, S' is a separator for w, and restricting to the factors outside the new separator,

edgeval(L')[E(a) \ E(S")] - vtxcost(L)[V(a) \ S] <

Vil Tl (Ve (=) " Pur(£)[V () \ 8.

where with some abuse of notation, we let |float(a \ S)| be the number floating components in «
that are not reachable from S, and Pur(L")[V («) \ S] denote the cost to settle Pur factor incurred

by edges leading to vertices outside the separator S’

Proof. Before we dig into the analysis, it would be helpful for us to remind the reader of

the following definitions.

Definition 2.5.2 (U-wedge and V-wedge). We call any connected component that is only

reachable from U, (or V) a U-wedge (or a V-wedge).

We adopt a two-step strategy, let V.(« \ S) be the set of non-floating vertices outside
the separator, and let V¢(a \ S) be the set of floating vertices that are also not reachable

from S.

1. If £ has singleton-F edge in any U-wedge, we can locally improve the value by

turning the F edge into R edge in L’;

2. Furthermore, for the non-floating component that are neither U/V-wedges, we
modify £’ from £ by turning any non-floating singleton F edge into a non-singleton

edge;
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3. We then bound the value by considering the factors on 1) U/V-wedges, 2) compo-

nents reachable from some U — V path, 3) floating components.

We now proceed to bound the first inequality such that
edgeval(L) - vtxcost(L) < edgeval(L') - vtxcost (L)

We observe the following,

1. For vertices not incident to any singleton edges, it suffices for us to adopt the same
encoding for it in £ as in £, and thus it contributes the same vertex factor to both

sides;

2. S C &' since any vertex in S remains in S/, while S’ may potentially include more
vertices as there may be U, \ S vertices which get pushed into S’ since its incidental

F edge gets changed into a non-singleton edge;

3. Forany edgesinside E(S), itremains as a separator edge in E(S’) and thus contributes

the same edge-value;
4. Any non-singleton edge in £ contributes the same value in £/;

5. Any singleton edge in £ contributes a value of \/% - Singletondecay to £, while a

value of 1to £/;
6. Any Pur factor’s contribution to vtxcost remain the same on both sides.
The lemma follows by the following two claims. O

Claim 2.5.3 (Non-floating vertices are offset by singleton decay).

\/ﬁm(a)\sy( \/g % Singletondecay ROV V@)

) |#of non-floating singleton edges(L)]
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Proof. This follows by considering a traversal process from U, and Vj, as any non-floating
vertex is reachable from U U V. Any such vertex is reachable using a singleton F edge,

and assign its edge-value to the particular singleton vertex it leads to gives us

(\/g % . Singletondecay) Vn = Vi - exp(—d) < 1

Moreover, for each vertex in S’ \ S, note that up front it gives a factor of y/n to the LHS and
1 on the RHS. However, notice that any such vertex has a path to V, (otherwise it is not
added to the separator S’), there is at least one edge along the path that goes from some
singleton vertex that remains uncharged (as we charge each edge to the vertex it leads to,
and vertex in V, by definition does not contribute a v/n blow-up as it is not making both

tirst and last appearance). Combining the uncharged edge’s value with the vertex factor

d
\/g- . Singletondecay < 1

gives us a factor of

]

As a result of this claim, we observe that for a locally optimal edge-labeling, each
path between U, V does not use singleton-F edges, and thus it necessarily through some
vertex in the separator we construct from the above out the edge-labeling. Therefore, we
have recovered the connection between vertex separators and norm bounds of in the dense
regime, and moreover, this allows us to bound the block value of each separator. Moreover,
it is sufficient for us to switch to the vertex-separator perspective from edge-labeling as
any locally optimal edge-labeling must now correspond to some "honest" separator of the

shape.

Corollary 2.5.4. Any non-isolated vertex outside the separator contributes a vertex factor of \/n

(modulo their corresponding floating and dangling factors via Pur). They contribute an extra factor
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of \/n if isolated.

Claim 2.5.5 (Tree-like floating component gives singleton blow-up).

4 |#of floating singleton edges(L)
<\/; o Singletondecay) -\/ﬁwf(m\s)| < (Vn- Singletondecay)‘ﬂo‘?'t(”‘\s)|

Proof. The previous argument for handling singleton edges crucially replies upon being
able to assign each vertex to an edge that comes with singleton decay. However, this is no
longer true for floating component not reachable from the separator, especially tree-like
floating component: for example, consider an edge floating around in a. Should the edge

be a singleton edge in the walk outside the separator, it contributes a factor

n2. \/g - Singletondecay =~ 1! exp(—d) > V2. 2|V (a)|ga)

where we recall vVn? - (2|V(«)|gy) is the cost we would expect if there is no conditioning.

That being said, we may have at most one /7 - Singletondecay blow-up for each component
only for the first vertex in the floating component outside the separator, as the rest of
vertices in the floating component can be charged by the singleton edge leading to it by

the previous argument, and this proves the claim above. O

Remark 2.5.6. A natural question is whether the \/n blow-up from conditioning is tight. We
remark that it is possible as it comes down to bounding E[x. - 1] where we recall F is the

conditioning on bounded-degree, and we can ignore the conditioning on 2-cycle for this part.

Elxe-17] = Pr :1}'ﬂ <Xe= 1_779)] '\/?—1—1)1‘ [Lrﬂ(;ge:— %)} (=
et N e R

81

p

1-p

p)

)



= (/1 =p)p) (Pr

_ JiI=p| __ /P
1.7-'|Xe— _p ] Pr |:1}"Xe— 1— })

To bound the difference in the probability, we note that this is equivalent to resampling all the edges
but e, what’s the probability that at least one of the two endpoints of e hit degree 10d — 1 (suppose
we truncate at degree 10d), and an exp(—d) bound here is the best we can hope for, which would
give a bound of Elx, - 17| ~ \/g -exp(—d) . Notice we need an extra \/Lﬁ decay to offset the
blow-up for a singleton F component.

Bounding the floating factor

Claim 2.5.7. It suffices for us to assign a factor of \/nexp(—d) for each floating component,
ie., float(a) < (Vnexp(—d)) or a factor of (2|V(a)|qe)°W), eithe of which can be bounded by

(Viiexp(~)).

Proof. We case on whether the floating component contains a cycle. Observe that the
edges in the same floating component have to receive the same F/R/H label under the

edge-labeling, otherwise it can be locally improved.

1. Singleton floating component We first consider F-component, where some extra
care is warranted as singleton edges may now be troublesome. The previous argu-
ment for handling singleton edges crucially replies upon being able to assign each
vertex to an edge that comes with singleton decay. However, this is no longer true for
floating component, especially tree-like floating component: for example, consider
an edge floating around in a: should the edge be a singleton edge in the walk, it can

contribute

n? . \/g Singletondecay =~ n'> exp(—d) > V2. 2|V (a)|qa)
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where we recall vn2 - (2|V(a)|q,) is the cost we would expect if there is no condi-

tioning. That being said, we may have one /n blow-up, giving a bound of

\/EW(C")| ﬁ Singletondecayv(ci)_lj lcns=o

~\/

float(C;)

where we have the indicator 1¢,n5—@ as this can only happen when C; is outside the

separator.

2. Non-singleton floating component The argument is identical to the non-floating
case except for the first vertex in the component (when being traversed the second-

time or later), giving us a bound of

\/ﬁv\(Ci)l - dangling(C;) - 2|V (a)|qa

-~

float(C;)

Remark 2.5.8. We bound dangling(C;) - 2|V (a)|gx < 2|V (a)g4|°™) loosely in the final bound
as we consider each landing at the floating component a surprise visit, which comes with O(1)

factors of 2|V () |qa.

Combing the above, for each floating component, it suffices for us to take

float(C;) < max(y/n - (Singletondecay)¥ ()1 1 ns_g, (2|V (1) |92)°V)

< max(v/n - exp(—d) - Ie,ns=a, 2]V (@)]9.)°1)

Bounding the block value for any separator of the shape From the above, we have

established any labeling corresponds to a separator of the shape with higher block value
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if the labeling does not produce a separator of the shape itself due to singleton edges.
That said, to bound the value of the maximal value-labeling, it suffices for us to consider
separators of the shape.

Let’s now try to bound the block value edgeval(L) - vtxcost(L) for any locally optimal
L, let S be the corresponding separator, let S; be the vertices in S that are reachable from

U, without passing through any vertexin S,

—_

. Each vertex outside S contributes a factor of \/7;
2. Each vertex in S is reachable via an R edge, hence there is no vertex factor;

3. Each vertex in S that is not doubly constrained in the encoding process is arrived
along an H edge, and hence requires at most a v/d vertex factor if non-dangling, and

a factor of d if dangling;
4. Each edge receiving an H label is in E(S) and contributes a value of at most , / %;

5. Each dangling branch contributes a factor of dangling, that is at most a factor of

2|V (a)|ga per dangling branch via either Pur or H-visit;

6. Each floating component, depending on whether it’s locally tree-like, either con-
tributes a factor of at most /7 exp(—d), or a factor of (2|V (&) |g,)°™") via Pur but not
both.

For intuition, we recommend the reader to ignore factors from excess F edges, and
dangling vertices. However as stated, the above bound is not easy to apply as it is not im-
mediately clear what vertex factors are needed for encoding vertices inside S; fortunately,
this can be simplified once we restrict our attention to a class of separators, irreducible

separators, without any loss in the SMVS value.
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We now unpack the factors from the above in a more illustrative manner, and show
that it suffices for us to assume each vertex in S is doubly constrained by S;, and moreover,

there is no dangling vertex inside S.

Not too many surprise visits leading to vertices outside S We bound the contribution
to the block-value via Pur factors, and notice unless floating components and dangling
components are involved, each such factor corresponds to a surprise visit (i.e. an excess
edge in the case it is inevitably surprised due to shapes containing cycles). We remind the

reader that /d

|excess(F)| . . . . . . .
is an artifact of our encoding since we encode a potential direction

for future unforced return that may be incurred due to the excess edge, however, we point
out that this is not too terrible a cost to pay as in any optimal labeling, there cannot be
too many excess(F) edges, and we can handle the blow-up via edge-decay in the optimal

labeling.

Proposition 2.5.9. Let L be a locally optimal labeling, and excess(F) be the number of F edges

that lead to visited vertices when we consider a BFS from S,

|F \ excess(F)|

excess(F) < | Tog., 1

|

Proof. This follows from the optimality of SMVS, consider the new separator formed by

including all vertices reached by F edges, which gives us a change of \/ﬁ_uc\excess(m| .
||
\/g <1 O

Surprise visits arriving at S can be locally improved Fixing the traversal direction from
U, to V,, we case on whether the edge comes from outside the separator. Suppose so, an
edge from V(a) \ S to a vertex v € S; may be a surprise visit if it is an F edge, that said,
we observe that we can locally improve the value by traversing the path from v € Sy to

a € Uy (recall that v is reachable from U, without passing through v, hence such a path is
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well-defined), and turn each F edge into an R along the path. Noice we have the following

change of value,
1. Let £ be the edge-labeling before the flip, and L’ after the flip;
2. By our previous clean-up, we can assume there is no singleton edge involved;

3. Any vertex not in U, along the path outside the separator contributes a factor of \/n

in both labelings;

4. The edge leading to v is a surprise visit, and contributes a factor of (2|V(«)|gq4)¢s via

Pur factor in £ but notin £';

5. The vertex a € U, (as well as any other vertex in U, reachable from v) contributes a

factor of v/n to L' but not £

Therefore, we pick up a change of at least

edgeval(L') - vitxcost (L)
edgeval(L) - vtxcost(L)

Nz

V@~

>

On the other hand, suppose the edge is contained in E(S), observe that flipping the edge
from F to H does not affect the vertex factor of its origin endpoints, while its destination
may originally contribute a cost of 2|V («)|q,, and it may now be doubly constrained and
does not contribute any vertex cost in £’. That said, the H edge is now contributing a
factor of \/g through its edge-value, and hence, we pick up a change of

n

edgeval(L') - vtxcost( L) d

> :
edgeval(L) - vtxcost(L) — (2|V(a)|gq)cs > 1

Pruning superfluous H edges
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Definition 2.5.10 (Irreducible SMVS). We call a separator S an irreducible SMVS for a shape «
if for any vertex v € S of degree 1 in E(S),

1. There are two vertex-disjoint paths Py, Py from v to U, and v to V,

2. Both paths do not pass through any other vertex in S

Claim 2.5.11. For each locally optimal L labeling that produces separator vertices in S(L) not
doubly constrained by Sy (L), there is a labeling L' with at least the same SMVS value while each

vertex in S(L") is doubly constrained by Sy (L"). Moreover, there is no dangling vertex in S(L').

Proof. We start by considering non-dangling vertices in S. We first notice for any vertex
in Sy of degree 1in S, unless it is incident to an F edge, we can pop it out of the separator
and obtain the same value by turning the incident H edge into an R edge: the H edge
contributes at most a v/d vertex factor to indicate the destination of the edge and it
contributes a factor of \/g through the edge-value, while we obtain the same value by
picking the \/n value from the vertex being outside the separator.

Let £’ be the labeling obtained by applying the above procedure on £, and let S = S(L')
be its corresponding separator. Consider a BFS from S to traverse vertices in S \ Sy, and
note that each vertex in the separator not doubly constrained by S; has only one simple
path to S;, and it is not on any path from Sy to a cycle. In other words, given Sy, each
non-doubly constrained vertex forms a tree rooted at S;. For each branch, starting from
the leaf vertex, notice each vertex (if non-dangling) contributes to the block value via the
edge that leads to that vertex from Sy, a factor of \/g and a vertex factor /d for indicating
the destination of the H edge, giving a total of \/g -/d = \/n. However, the same value
can be attained by flipping the H edge to an F edge and pop this vertex out of the separator.

For each dangling vertex, the pop-out procedure is rather identical except we now
need to take into account the dangling factor. Suppose it is indicated using a label in

d, it contributes a value of \/g -d = v/nd while we can again pop the vertex out of the
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separator and obtain a value of v/nd with the extra v/d coming from the dangling factor
dangling; analogously, we can generalzie this argument for long dangling branch inside
the separator, we can again use the idea in Proposition 2.4.29, and obtain a /2|V(«)|q

bound as we would have

nbranch(i) ' branch(i branch(i o 2|V( )q branch(i
T min(2V (@), d ) < n i e N

S\/Ebranch(i)rnin( /2|V(a)|q’\/abranch(i))

Note that this is the same value we would pick up from vertex factors if we pop out the

entire dangling branch, and this completes our proof to the claim. O

Wrapping up block value bound for a single shape We are now ready to wrap up our
bound for the block value. Recall that under our setup via edge-labeling, for a particular

block of shape &, our bound proceeds as

= ;B(ﬁ) = ). B(Ls)

S:separator

and we first determine the dependence of a fixed labeling.

Proposition 2.5.12. For any irreducible locally optimal labeling L, let S be its corresponding

separator,

[E(S)]
vitxcost(L) - edgeval (L) < ChotanS| \/_‘V *)\S| (\/g) -dangling(a\ S) - float(a) - \/ﬁl(“)
with

b;ebranch

danging(u\5) <[] min (VA" 2V(wlg.)
(a\S)
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and

float(w) = T[] (2|V(0¢)|qa, V/1 - Singletondecay/E(Ci)! . 1V(Ci)m5:®>
C{EF(D{)

for F(a) the collection of floating components in «, and for I(«) the number of isolated vertices in

Q.
Proof. This follows by recalling the factors accounted from above,
1. Each vertex outside S contributes a factor of /7 (via section 2.5.2);

2. Eachvertexin S is doubly constrained by the boundary of S (via section 2.5.2), unless

floating which is captured by the factor in |float(a)| ;
3. Each edge receiving an H label is in E(S) and contributes a value of at most , / 4;

4. For dangling vertices, we pick up an additional dangling factor dangling(a \ S); each
floating component comes an extra factor captured by float(«) via Proposition 2.4.32

and Claim 2.5.5;

5. Each excess F edge that leads to visited vertices incur an extra cost of |2V (a)g,|°™)
via O(1) of the Pur factor it may incur, however, this is subsumed by vertex decay

outside the separator (via section 2.5.2).
O

Finally, we obtain the bounds by summing over the choice of separators, and notice

that each vertex in U, N V, is in the mandatory separator,

Corollary 2.5.13. For any shape «, we can bound its block-value function by

B(a) = ) vixcost(Lg) - edgeval(Ls)

S:separator
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E(S)]
S anSrﬁ)\S'-ﬁ'V(“)\s'-( ) -dangling(x \ 5) - float () - v/ *!

S:separator

< (g YV NNVl /gl VENST (

NS

norm

E(S)] ()|
) - dangling(a \ S) - float(a) - v/n'"*

NS

where we define

b;€branch

dangling(a \ S) < H min (\/E'bi,ZW(oc) ]qm)
(@\$)

and

float(w) = [] (2|V(0¢)|qa, V/1 - Singletondecay!E(Ci)! . 1V(Ci)m5:®>
C{GF(D{)

where F(w) is the collection of floating components in «, and I () the set of isolated vertices.

2.5.3 Bounding the drawing costs for unknown shapes

Definition 2.5.14 (Wedge bundling). Given a set of vertices S C [n] , and a wedge W, we call
it bundled if Uy is labeled as a subset of S. Moreover, edges that are part of the wedge also receive

labels in (%) as a subset.

To bound the encoding cost for bundling wedges, we give a query algorithm for

bundling vertices in U, (and respectively, in V).

Set-up for bundling Let’s start with a set-up that allows us to turn the permutation

question into a query problem.

Definition 2.5.15 (Wedge and its legs). Wedge W is a shape with only one labeled set Uy (as
opposed to Uy and V), and each vertex in i € Uy has a path to some j # i € Uy in W, and each

vertex in V(W) \ Uyy is connected to the labeled set Uy .
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Definition 2.5.16. We additionally call a wedge an irreducible wedge if every leg is of degree 1,
ie., foranyi € Uy, degy (i) = 1.

Remark 2.5.17. Given a wedge W that is not irreducible, it can be reduced to some irreducible

wedge by removing non-degree-1 vertex from Uyy.

We are now ready to introduce the central question for bounding the combinatorial

factor of wedge-bundling;:

Question 2.5.18. Given G a random graph sample, particularly it is guaranteed to be 2-cycle free
at x =~ 0.4log, n neighborhood of any vertex, and given a list of special vertices S that we want to
match, and a list of vertex-disjoint wedges {W;} that are subgraphs of G, can we ask each edge in

the wedge O(1) Yes/No questions and identify each wedge {W;}ic; as an edge set?

A query algorithm for wedge bundling

We introduce our bundling procedure via a query algorithm.

Lemma 2.5.19. Given a sequence of wedges VW = {W;}, and their legs given as a set of vertices

U; Uy, the wedges can be bundled (identified as an edge set) at a cost
costB < (Cmatched)zd EOV)]

for some absolute constant c¢acneq independent of d.

For starters, we first consider a merging process for a irreducible wedge as the follow-

ing,

1. For each wedge, pick an arbitrary vertex f as a root, and traverse the wedge from
the root; notice by removing cycle edges (edges leading to visited vertices in the
traversal) from the wedge, this is a tree with leaves at the labeled set Uy, and

the traversal from the root allows us to assign a direction for each tree edge;
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2. For each non-leaf vertex traversed that has degree more than 2, we call this a

branch vertex;

3. For each leaf node v, consider its closest branch node on its path to t, and let
the branch node be B; let {b;} 5 C Uy be the labeled leaf nodes of B, let by, by
be the two closest leaf nodes to B among its children {b;}p (with ties broken

arbitrarily).

4. For each branch node b € V(W), let ¢, be its number of downward (children)

branches, we associate it with

e Up[b| € IN: the upward-bundle query distance of b;

e Down[b] € N2 alist of downward-bundle query distance of b

5. For each leaf node u € Uy, we associate it with Up|[u] its upward-bundle query

distance.

Bundling process using upward/downward-bundle distance Before we proceed to
bound the auxiliary data required and the query number, let’s first see how these auxiliary
data (Up and Down) can be helpful for bundling vertices from the given labeled set into
wedges. In the beginning of the bundling process, no branch vertex is revealed to the
decoder, while each leg vertex in Uy, comes with an upward-bundle distance, which we

claim is sufficient to for the decoder to identify the branch nodes throughout the process.

For the sake of illustration, we restrict to a single wedge case while its generalization to
multiple wedges is straightforward. Throughout the process, we maintain W as a set of to-
be-bundled vertices and start with W = Uy (for the general case, we have W = UyyUyy).
With the sequence of upward bundle distance given to the decoder, the decoder may

attempt to bundle revealed vertices from W by querying the decoder each pair of possible
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bundling (i.e. two vertices in W that have the same upward 3-bundle query distance, and
there is a path in the revealed walk of the same length connecting these two vertices).
Any bundled path may give rise to at most one branch node, and it can be specified by
traversing the matched path, and we include the branch node into the active set W while
removing vertices that are bundled using upward match query distance. Once a branch
node is identified along the process, the decoder may encode the auxiliary data for the
branch node: the data may be either the next unbundled downward-match query distance

(if any), or the upward-match query distance of the current branch node.

Observation 2.5.20. The sequence of upwards matched distance for each leg vertex in Uy \ V,
can be specified to the decoder when each its incident edge is specified from the last block (which

exits guaranteed by permissible shape).

Bounding auxiliary data cost and bundle-attempts

We now proceed to bound the cost of the auxiliary data and the number of bundle-
attempts by the decoder. Let’s start with the auxiliary data used for specifying up-
wards/downwards matched query distance for each leg/branch vertex. For intuition,
recall that we pick up a constant edge decay for each edge in E(a) \ E(U, N V,), and our

goal is to show these auxiliary data can be offset by the edge decays from each block.

Claim 2.5.21. For any sequence of wedges {W;},

Y. Y Up[i] + Downli] < 2;|E(Wi)|

Wi ieV(W;)

Proof. 1t suffices for us to prove this for a fixed wedge, and notice Up is only defined

for branch nodes and leaf nodes, while Down only for branch nodes. First consider

Sor upward-downward if matching a branch node with a leaf node
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E’'(W) C E(W) that is obtained by removing cycle edges, and notice it suffices for us to
consider edges in E’'(W) as edges in E(WV) \ E'(W) only contribute to the RHS.
The claim then follows by noticing E’(W) is a tree with vertices being branch nodes

and leaf nodes, and each edge contributes at most 2 to the LHS. O
Claim 2.5.22. Forasequence of wedges {W;}, the number of match queries is at most O(Y_; E(W;)).

It suffices for us to bound the number of "No” queries throughout the bundling process.
Towards this end, notice we can bound the number of “"No” queries at each search level D
(either "Upwards” or “Downwards”-bundle distance) and charge the "No” queries to the

number of edges matched at the particular search level.

Definition 2.5.23 (Wedge-search graph for level D). Given a number D, we define its corre-

sponding search graph as,

1. Eachvertex in the graph is a labeled (in [n]) vertex (either leaf or branch node) in the execution

of the bundling process that is to-be-matched with some other vertex at distance D in the

graph;

2. Each edge corresponds to a query of the decoder asking whether the edge is part of a wedge

connecting the labeled vertices.

To bound the number of queries at each level D, we notice any subgraph (even of size

polynomial in ) of a random graph is sparse despite potentially denser than G,, 4,,,.

Proposition 2.5.24. (Sparsity of small subgraphin Gy,p) For G ~ Gy p for p < %, with probability
at least 1 — O(=s), every subgraph S of G such that |V (S)| < (%)1/2,

[E(S)] < 3[V(S)|logy,,(n)
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Proof. This follows by first moment. Let e*(v) = 3vlog, ,, (1),

wp? G,
Pr[Ja dense subgraph] < (

IN

Z 2V log n—vlogv+-elogp

e=e*(v)

<
V
N

IN

]

Corollary 2.5.25. W.h.p., for D < 0.2log,n and p = %, and |V (S)| < /45 < n%4, we have
[E(S)] <5V (S).

Proof to claim 2.5.22. For starters, observe for D > 0.2log; n, edge decay along the wedge
is sufficient for us to assign two label in Tp to hardwire the match, and it suffices for us to
focus on short wedges. For each bundle query distance D, let Tp be the number of vertices
querying at distance D at any stage in the algorithm, notice the auxiliary graph is a random
graph on Tp vertices with each edge present with probability at most (£)P - (") < %
as this is a path of length D with both endpoints fixed ina G,, ;,,. By the edge bound from
above, we have at most 5Tp queries (with each query requires a yes/no answer) , while
we have edge decay from Tp - D/2 many edges from the edges of the wedges matched.

To see this, notice each vertex at this level matches some other vertex via a path of length

D, and charging the edges on the path to both endpoint gives the desired bound,

25Tp  O(Tp-D)

for somec > 1

Summing over all levels of D give us the desired bound. O
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2.5.4 Matching bundled wedges

In this subsection, we show the cost for assigning each vertex a label in Y/, and matching
wedge’s legs from the bundled edge set can be handled by vertex decay. As a thought
process, let us momentarily forget the shape « being given to us before the current block.
Instead, we are going to encode (in the current block) the shape « whose norm we are
computing.

Let cost)V be the cost of matching shape a from the sequence of bundled wedges,

Lemma 2.5.26. For some absolute constant c,,qscpeq > 0, we have
costW < 21VENSI (¢, o) EG)]

Bounding the drawing cost As areminder, throughout this section, we restrict our atten-
tion to maximal value labelings, as if not, we can hard-code its corresponding permutation-
jump factor via a gap in the adjacent block-value. Given that we are looking at an optimal
labeling, we first show that the first idea of identifying via vertices is sufficient when the
wedges are far apart as the label for identifying a vertex for each wedge can be handled

via edge-decay.

Wedges are either disconnected or far-apart Let £ be an edge-labeling for a shape «, let
ar (L) be the subshape obtained by removing F edges (and isolated vertices connected by
F edges) in £, and recall that }V is a list of wedges (i.e. connected components connected
to Uy) in agy.

We first observe that wedges not connected in a7 may still be connected in &, however,
we can observe that they must be “far-apart” with each other in « to appear disconnected

in Xy.
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Proposition 2.5.27. For any wedge W;, W; € W for W the list of wedges obtained from ap (L)

with some maximal-value labeling L, we have
dist, (W;, W;) > Q(log, 1)

Proof. Suppose not and W;, W; are connected in a, by definition of a, there is at least an
all-F path connecting W; and W;. Considering the labeling obtained by flipping all F path

to all H gives the desired logarithmic tradeoff. O

Proof to Lemma 2.5.26. We can now prove our main lemma. Using the standard BFS
encoding for x, we can start from the sequence of bundled wedges, consider the BFS

traversal on the wedges, and add edges if needed: in particular,

1. An edge leading to a new vertex can be succinctly encoded by a label in [2], and

another label in [2] to specify the vertex-status of the new vertex (whether in V,);

2. Anedge leading to a visited vertex is more delicate as a label in V' («)| may be needed,

however, via the above proposition, any such label can be charged to the long path;

3. The bundling data requires cpy,iched factor from each edge that participates in the

process, and this is only needed for H edges, hence a factor of (cpatched) IEG)I,
Therefore, this bounds the cost of drawing out a by 2IVENSE . (e pnatched ) EGE H

Combining the above gives us the desired Lemma 2.5.26.

2.5.5 Wrapping up block-value for grouped graph matrix

We are now ready to wrap up this section by our main lemma,
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Lemma 2.5.28. For a fixed active profile P, for any sequence of shapes Tp = {t} with active

profiles prescribed by Tp, let B be the block-value bound, we have

|E(S)|
B(Y. M) < max  cpo VL EQI \/g /" dangling (7 \ S) - float (1)

TETP
TETP Se:separator for T

for some absolute constant cnorm.

Proof. This follows by our drawing cost that for any permissible shape, the wedges can be
[E(S)]

bundled at a cost of Conatche

; since for wedge bundling process, it suffices for us to identify
for each active profile its distance to the vertex in S (the right boundary of the separator)

that it can reach, and notice each vertex passed through the path before arriving at the

[V(@)\Sg|

destination at Sg contributes 1, hence the cost can be loosely bounded by ¢, . ="'

Once the shape is identified, the norm bound is then given by our block-value bound

for a single shape from Corollary 2.5.13 , which is

|E(S)]
cho (Il R \/g - \/ﬁ‘V(T)\ST‘ -dangling(7 \ S) - float(7).

Combining the above yields the desired. O

Remark 2.5.29. This bound is potentially less meaningful if the sequence of grouped shapes
contains shapes of different sizes, as the max will simply be dominated by the largest one due to
different scaling of n. However, it will be more transparent in our application to bounding middle
shapes and intersection shapes soon as we will account for the different sizes by combining the

shapes with their pseudo-calibrated coefficients.
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Chapter 3

Ellipsoid Fitting: An Application to

Dense Input

3.1 Introduction

What's the largest m so that for m points vy, v2, ..., v, € R4 sampled independently from
the d-dimensional standard Gaussian distribution A (0, I;), there exists an ellipsoid that
passes through each of the v;s with high probability? This latter condition is equivalent
to asking for a positive semidefinite matrix A such that viTAvi = 1for1 <i < mand thus,
equivalently, the question asks for the largest m such that the basic stochastic semidefinite
program above remains feasible with high probability.

It is not hard to prove that for any m < d 41, an ellipsoid as above exists with
high probability over the v;s [SCPW12]. On the other hand, since the dimension of the
smallest linear subspace that contains the positive semidefinite cone of d x d matrices is
(szrl) ~ d?/2, it is easy to prove that for m > d?/2, there cannot be an ellipsoid passing
through v;s with high probability.

In 2013, Saunderson, Parrilo and Willsky [SPW13] studied this basic geometric ques-
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tion and conjectured that there is a sharp phase transition for the problem (from feasibil-

ity /existence of an ellipsoid to non-existence of an ellipsoid) as n crosses d? /4.

Conjecture 3.1.1 (SCPW conjecture). Let € > 0 be a constant and vy, ..., vy ~ N(0,1;) be

i.i.d. standard Gaussian vectors in R%. Then,

1. Ifm < (1-— e)dzz, then vy,...,vm have the ellipsoid fitting property with probability
1-— Od(l).

2. Ifm>(1+ e)dzz, then vy, ..., vy have the ellipsoid fitting property with probability 04(1).

This bound is 1/2 of the dimension of the smallest linear subspace containing the posi-
tive semidefinite cone of d x d matrices. Said differently, the SCPW conjecture (developed
in a sequence of works [Saull, SCPW12, SPW13]) posits that the positive semidefiniteness
constraint “forces" a drop of a factor 2 in the threshold m for infeasibility. The SCPW
conjecture was motivated by results of numerical experiments (see also the experiments
presented in [PTVW22]).

Early on, [Saull, SPW13] established the existence of a feasible ellipsoid for any m <
O(d®/5-€) whp. Recently, there has been a new wave of progress on this bound. A
recent result [G]]720b] on establishing Sum-of-Squares lower bounds for the Sherringtin-
Kirkpatrick model, as a corollary yields an estimate of m < O(d%/?7€). In fact, though
not explicitly stated, their work already contains ideas that imply a significantly stronger
bound of m < d?/ polylog(d). Very recently, two independent works [PTVW22] and
[KD22] analyzed two slightly different explicit constructions for A to recover a similar
bound of m < d?/ polylog(d). In their works [PTVW22, KD22], the authors ask the
question of analyzing their construction (or a different one) to obtain an improved and
almost optimal estimate of m = d?/C for some absolute constant C > 0.

The main result of this work achieves this goal. Specifically, we prove:
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Theorem 3.1.2 (Main result). Form < ¢ - d? for some universal constantc > Oand vy, ..., Uy ~
N (0, Iy) drawn independently, with probability at least 1 — 04(1), there exists an ellipsoid passing

through each v;.

We establish Theorem 3.1.2 by analyzing the construction of Kane and Diakoniko-
las [KD22] (which is a variant of the construction proposed in [PTVW22]). Our argument
can be used to recover a bound of ¢ ~ 1/108. We have not tried to optimize this bound.
Numerical experiments suggest that the [KD22] construction we analyze cannot approach
¢ = 1/4, so establishing the sharp constant in the SCPW conjecture will likely need new

ideas. Table 3.1 shows a summary of our result compared to prior work.

Construction Bound on m
Conjectured d?/4
[Saull, SPW13] O(db/5=¢)
[G]]+20b] O(d3/2—e) *
[PTVW22] O(d?/ polylog(d))
[KD22] O(d?/log*(d))
this paper O(d?)

*The bound O(d?/ polylog(d)) is implicit in their work.

Table 3.1: Comparison of our result with prior work.

Our key idea departs from the analysis technique of [KD22] and instead relies on
the method of graphical matrix decomposition. This method decomposes a random matrix
with correlated entries into a sum of structured random matrices called graph matrices.
The key technical work in the analysis then becomes understanding the smallest and the
largest singular values of graph matrices. All prior works rely on arguments that establish
bounds on the largest singular values that are accurate up to polylogarithmic factors in

the underlying dimension of the matrices.

Concurrent Work We note that a concurrent work of Bandeira et. al. [BMMDP23] also

obtains a sharper analysis of [KD22] to establish a similar result as this work. They analyze
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the same construction of identity perturbation as us. In their work, [BMMP23] ask the
question of obtaining estimates that hold with inverse exponential failure probability (as
opposed to inverse polynomial failure probability that their work establishes). They also
outline a proof strategy that could potentially achieve this goal. We note that our proof

does indeed recover an inverse exponential failure probability naturally.

3.2 Construction of Ellipsod

Given vy, 0y, ..., vy that are i.i.d. samples from N (0, %Id), recall that we must construct a
matrix A such that (1) v Av; = 1 forany i € [m], and (2) A = 0.

In this section, we describe our candidate matrix (Definition 3.2.1). To prove that
it satisfies the two conditions above, we need to analyze certain random matrices (and
their inverses) that arise in the construction, which involves decomposing the matrices
into simpler components. We will state our key spectral norm bounds (Lemma 3.2.7 and
Lemma 3.2.11) whose proofs are deferred to later sections, and complete the proof of

Theorem 3.1.2 in Section 3.2.4.

3.2.1 Candidate construction

The following is our candidate matrix A, which is the same one as [KD22].

Definition 3.2.1 (Candidate matrix). Given vy,...,v, ~ N(O, %Id), we define the matrix
A € R¥* 19 pe

m
A= Id - 2 wiUiUiT (3.1)
i=1

where we take w = (w1, Wy, ..., Wy to be the solution to the following linear system,

Mw =7y



for n € R™ given by
ni = |loill3—1, Vi€ [m] (32)

and M € R"™* ™ with entries given by
M[i,j] = (v;,0))*, Vi,j € [m] (3.3)

We first make the following simple observation.
Observation 3.2.2. For any i € [m)], the constraint vl Av; = 1 is satisfied.

Proof. For any i € [m],
ol Av; = vl v — Y wi(v;,0))* = |Jvil|5 — (M[i],w) = [Jo;l)5 — 1, = 1.
j€m]

Here M]i] is the i-th row of M, and the equality above follows from Mw = 7 and

1i = ||vi||3 — 1 from Equation (3.2). -

Structure of subsequent sections For A to be well-defined, we require that M is full

rank (hence invertible). Note that it is easy to see that M is positive semidefinite, since M

is a Gram matrix with M[i, j] = (v{°2, U?2>. To analyze M, we will show a decomposition

of M in Section 3.2.2 that allows us to more easily analyze its inverse. In Section 3.2.3, we

will prove that M is in fact positive definite (Lemma 3.2.10).

Next, to prove that A = 0, we will write A = I; — R where

s

I
_

m
R = Zwiviv? = <M71q> [i] - vjol, (3.4)
i=1

1

and prove that ||R|[spec is bounded by 1. This is done in Section 3.4. Finally, combining

the analyses, we finish the proof of Theorem 3.1.2 in Section 3.2.4.
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3.2.2 Decomposition of M

The proof of Theorem 3.1.2 requires a careful analysis of the matrix M from Equation (3.3)
and its inverse. To this end, we first decompose M as M = A + B such that intuitively, A
is perturbation of a (scaled) identity matrix and B has rank 2. We will later see how this

decomposition allows us to analyze M~ more conveniently.

Proposition 3.2.3 (Decomposition of M).

d

~\~ ~\~

=A =B

11 1
M:Ma+Mﬁ+MD+1+—Im+H]m+E(1m-17T—|—17-1,f1) (3.5)

- s

where [, is the all-ones matrix, My, Mp € R"™*™ are matrices with zeros on the diagonal and

Mp € R™ "™ is a diagonal matrix, defined as follows:
o Mali,j] == Larveja vila] - vilb] - vjla] - vj[b] for i # j € [m],
o Myliyj] = Taeu (vila2 = 3) (vjfal? = §) fori # j € [m],
o Mpli,il = ||o |4 — 3l[0il}3 — 1 for i € [m]

Proof. For any off-diagonal entry i # j € [m], on the right-hand side we have

Mli,j] = (vi,v])z = ( Z{;ﬂ Uz’[ﬂ]vj[“])z

= Y old-wilb] -ojla)-o;le] + Y vilal® - vjlal®.
a#beld] a€l[d]

The first term is exactly M,[i, j|. For the second term,

1 1 Jeilf—1 llzl3—1 1
¥ wla?- ol = ¥ (oilal? - 2)(oylal? - )+ 22 =L b Z L L
a€(d] a€(d] d d ~

J/

/ . /

= | =

=
=

Mgli,j]
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Thus, M[i, j] = Mali,j] + Mgli, jl + 3 + 3 (L -7 +17-15) [, f].

For the diagonal entries, the right-hand side of the (i,7) entry is

. 1 1 2 2 2 2
Mpli, i + (14 5) + 5 + 211 = (lloill3 — HH%‘H% “D+1+o+ E(HUiH% -1)
= [lvill2 = M, i].
This completes the proof. O

Remark 3.2.4. The intention behind this decomposition is so that for v; ~ N (0, %Id), My, Mg, Mp
are all mean O (while not the same variance) since E||v;||3 = 1 and E||v;||4 = 1+ 2. Therefore,
we expect || My + Mg + Mp ||spec to be small, which implies that A is positive definite and well-

conditioned. Furthermore, observe that B has rank 2:

1 1 1 11| |[1n
B=Ju+ (1w-y" +7y-1] :—{1 ;7}- : : (3.6)
g Ot o) =5 ][0

3.2.3 Inverse of M

The decomposition of M into A and a rank-2 matrix B (Equation (3.5)) allows us to apply the

Woodbury matrix identity about the inverse of low-rank corrections of invertible matrices.

Fact 3.2.5 (Matrix Invertibility). Suppose A € R™*™ and C € R"*"2 are both invertible
matrices, and U € R™*" and V' € R"™*™ are arbitrary. Then, A + UCV is invertible if and
only if C~1 + VA~U is invertible.

Fact 3.2.6 (Woodbury matrix identity). Suppose A € R™*™ and C € IR"™*"™ are both

invertible matrices, and U € R™*"2 and V € R"2*™ qgre arbitrary. Then

-1
(A+Ucv) l=a"1-4a"1u (c—l + VA—lLI) VAL,
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In light of Fact 3.2.6, we can write B in Equation (3.6) as B = UCUT where U = VT =

11 0 1
\/LH [1m ;7} € R"*? and C = ,and M = A+ UCUT. Note that C™! = ,
10 1 —1
and we have
A1 nT A1,
e 14— r s
cl+utalu= ¢ = . (3.7)
1424 A s u

We first need to show that A is invertible. Recall from Equation (3.5) that A =
(1+ )L+ My + Mg + Mp. We will prove the following lemma, whose proof is deferred

to Section 3.3.4.

Lemma 3.2.7 (M,X,Mﬁ,MD are bounded). Suppose m < cd? for a small enough constant c.

With probability 1 — 04(1), we have
1. HMocHspec <01,

2. | Mg]lspec < 0.1,

logd
3. ||MD||Spec < O( 0,% )
As an immediate consequence, we get the following;:

Lemma 3.2.8 (A is well-conditioned). With probability 1 — 04(1), the matrix A from Equa-

tion (3.5) is positive definite (hence full rank), and

0.5, = A=<15I,.

Proof. Since A = (1+ %)L, + My + Mg + Mp, by Lemma 3.2.7 the eigenvalues of A must
lie within 1+ 0.2 = O(1/Vd) € (0.5,1.5) (we assume d is large). O
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Next, from Fact 3.2.5, we can prove that M is invertible (Lemma 3.2.10) by showing that
the 2 x 2 matrix C~! + UT A~!U is invertible, which is in fact equivalent to ru — s> # 0.

We first need the following bound on the norm of 7.

Claim 3.2.9. With probability at least 1 — 0,4(1),

2m
I3 < (1+0(1) =

Lemma 3.2.10 (Bounds on r,s,u; M is invertible). Suppose m < cd? for a small enough
constant c. Let r,s,u € R be defined as in Equation (3.7). With probability at least 1 — 04(1), we

have
1. re®-[2/3,2],
2. 0s| < 1+404(1),
3. uel-1,-1/2)

Thus, we have

m
s2—ru>Q(=)
d
As a consequence, M is invertible.

Proof. By lemma 3.2.8, we know that £I,, < A~! < 2I,,. Thus, r = J1L,A711,, € 1||1,,3 -
[2/3,2], hence r € - [2/3,2].

For u, we have

_ 1,  _ 4dm 1
(WTA 1’7) < HHA 1”51966‘ H’?H% < (1404(1)) - rFa < 5

qUl -

where the last inequality follows for some m < cd? for small enough c. Thus, u =

—1+ @ € [-1,-1/2].
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We defer the proof for s to the original work. With the bounds on 7, s and u, we
immediatley get s —ru > Q(%).
To prove that M is invertible, let us first recall that we write M = A + UC UT where A
11
is defined in Equation (3.5) and U = v =1 {1,71 ;7} € R™2and C = .

va 10

By Lemma 3.2.8, A is invertible. Then by Fact 3.2.5, we know that M is invertible if and

ros
onlyif C~1 + UTA-IU = (see Equation (3.7)) is invertible, which is equivalent to

s u
ru — s> # 0. Thus, s* — ru > Q(%) suffices to conclude that M is invertible.

3.2.4 Finishing the proof of Theorem 3.1.2

The final piece of proving Theorem 3.1.2 is to show that R = Y. w,;v;v! has spectral norm
p p g i=1 i p

bounded by 1, which immediately implies that the candidate matrix A = I; — R = 0.

Lemma 3.2.11 (R is bounded). There exists some absolute constant Cg such that for m < d—;,

R [spec <

NI

The proofis deferred to Section 3.4. In particular, we will write an expanded expression
of M~! and obtain a decomposition of R (Proposition 3.4.4). Then, in Section 3.4.2, we
prove tight spectral norm bounds for matrices in the decomposition, which then completes
the proof of Lemma 3.2.11.

Combining Lemma 3.2.10 and lemma 3.2.11 we can finish the proof of Theorem 3.1.2.

Proof. The matrix M (recall Equation (3.3)) is invertible due to Lemma 3.2.10, thus our can-
didate matrix A = I; — R matrix defined in Definition 3.2.1 is well-defined. Furthermore,

by Lemma 3.2.11 we have that || R ||spec < 1. This proves that A > 0. O
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3.3 Graph Matrix Application and Analysis

3.3.1 Adaptation in this Work

Figure 3.1 show the shapes for matrices M, and My defined in Proposition 3.2.3. For
these shapes, there are two vertex-types (square and circle). The two ovals in each shape
indicate the left and right boundaries U; and V.

We next describe how to associate a shape to a matrix (given the underlying matrix G).

Ur Vi Ur Vr Ur Vi

(a) GOE, zero diagonal. (b) M,. (c) Mg.

Figure 3.1: Graph matrix representation of ad x d GOE matrix with zero diagonal,
and the m x m matrices M, and My as defined in Proposition 3.2.3. Square
vertices take labels in [m] and circle vertices take labels in [d]. The two ovals
indicate the left and right boundaries U, V; of the shapes. If an edge e is not
labeled with an index, then t(e) = 1 by default.

Definition 3.3.1 (Mapping of a shape). Given a shape T, we call a function o : V(1) — Na
mapping of the shape if

1. o assigns a label for each vertex according to its specified vertex-type;
2. o is an injective mapping for vertices of the same type.

Definition 3.3.2 (Graph matrix for shape). Given a shape T, we define its graphical matrix M
to be the matrix indexed by all possible boundary labelings of S, T, and for each of its entry, we
define

M:[S, T] = > [T xue(Gle(e)]).

o:V(t)—»NN e€E(T)
o(Ur)=S, o(V¢)=T
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Observe that for each entry M. [S, T], since ¢ must map U and V; to S and T, M-S, T|
is simply a sum over labelings of the “middle” vertices V() \ (Ur U V). Take Figure 3.1
for example. Suppose G € R"*4 and square and circle vertices take labels in [m] and [d]

respectively, then we can write out the entries of the matrix: fori # j € [m],

Mali,j] = #Z[ }Xl(G[ira]) - x1(G[i, b)) - x1(Glj,a]) - x1(G[j, b])
a#beld

Mgli, j] = Z[‘:i])cz(G[i,a]) -x2(Glj,al) .

Note also that since ¢ must be injective for vertices of the same type and U; # V; in
both examples, there is no mapping such that c(U;) = ¢(V). Thus, by Definition 3.3.2,

both matrices have zeros on the diagonal.

In this work, we specialize to the following setting:
e G € R"™* jg a random Gaussian matrix whose rows are V1, 0m ~ N(O, %Id).
e The Fourier characters {x; }+en are the (scaled) Hermite polynomials.

e For all graph matrices that arise in our analysis,

- [S[=1TI=1,

— There are two vertex-types: square vertices take labels in [m] and circle vertices

take labels in [d].

3.3.2 Technical Verification of Factor Assignment

Vertex factor assignment scheme We now proceed to bound the vertex factors for each
step-label. We note that in this section, “vertices” refer to “labeled vertices” in the walk

(having labels in [m] or [d]). First, we define the weight of a square (resp. circle) vertex to
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be m (resp. d), since we need an element in [m] (resp. [d]) to specify which vertex to go to
in the walk.

We first show a “naive” vertex factor assignment scheme. In the following scheme, we
use a potential unforced return factor, denoted Pur, to specify the destination of any R step.

We will defer the specific details of Pur to Section 3.3.3.

Vanilla vertex factor assignment scheme

1. For each vertex i that first appears via an F step, a label in weight(i) is required;
2. For each vertex i that appears beyond the first time:

e Ifitis arrived via an R step, the destination may need to be specified, and

this is captured by the Pur factor.

e If it is not arrived via an R step, then it must be an S or H step. A vertex

cost in 2q - Dy is sufficient to identify the destination, where we recall 24 is

the length of our walk, and Dy the size upper bound of each block.

The first thing to check is that this scheme combined with an step-labeling uniquely
identifies a closed walk (given the start of the walk). This is immediate for F and R steps
by definition. For S and H steps, since the destination is visited before in the walk, 24 - Dy
is sufficient as it is an upper bound on the number of vertices in the walk.

A potential complication with analyzing the above assignment scheme directly is that
it exhibits a significant difference in the vertex factors. For example, consider a vertex that
appears only twice in the walk on a tree. Its first appearance requires a label in [n], while
its subsequent appearance does not require any cost if it is reached using an R step because
backtracking from a tree is fixed (since there is only one parent). This disparity can result
in a very loose upper bound for the trace; in fact, the norm bound for M. obtained in this

manner is equivalent to using the naive row-sum bound.
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Redistribution One of our main technical insights is to split the factors such that both
first and last appearance contributes a factor of comparable magnitude; we call this redis-
tribution.

We first formally define “appearance” in a block-step to clarify our terminology,

Definition 3.3.3 (Vertex appearance in block-step). Each labeled vertex appearance can be
“first”, “middle” and “last”. Moreover, each vertex on the block-step boundary (U or Vi) appears

in both adjacent blocks.

For example, suppose a vertex first appears in the right-boundary of block i and last
appears in the left-boundary of block j, then it will make middle appearances in the left-
boundary of block i 4 1 and right-boundary of block j — 1 as well.

We are now ready to introduce the following vertex-factor assignment scheme with
redistribution that assigns vertex-factor to each vertex’s appearance to handle the dispar-

ity.

Vertex factor assignment scheme with redistribution

1. For each vertex i that makes its first appearance, assign a cost of /weight(i);

2. For any vertex’s middle appearance, if it is not arrived at via an R step, assign
a cost of 29 - Dy (where we recall 2g is the length of our walk, and Dy the size

constraint of each block);

3. For any vertex’s middle appearance, if it is arrived at via an R step, its cost is

captured by Pur;

4. For each vertex i that makes its last appearance, assign a cost of \/weight(7) that

serves as a backpay.

Deducing vertex factor from local step-labeling As presented, the vertex factor assign-

ment scheme requires knowing which vertex is making first/middle/last appearance. We
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further show that the vertex appearances, or more accurately, an upper bound of the vertex
factors, can be deduced by a given step-labeling of the block. Fix traversal direction from

UtoV,

Localized vertex factor assignment from step-labeling
1. For any vertex v that is on the left-boundary U, it cannot be making the first

appearance since it necessarily appears in the previous block;

2. For any vertex v that is on the right-boundary V, it cannot be making the last

appearance since it necessarily appears in the subsequent block;

3. For any vertex v reached via some S/R/H step, it cannot be making its first

appearance;

4. For any vertex v that incident to some F/S/H step, it cannot be making its last

appearance since the edge necessarily appears again.

The first two points are due to Definition 3.3.3. The last point is because each labeled edge

(i.e., Fourier character) must be traversed by an R step to close it.

Bounding edge-factors To bound the contribution of the walks, we need to consider

factors coming from the edges traversed by the walk. Recall that each edge ¢ in a closed

walk P gets a factor [E [)(fg:)lp (6)], where t(e) is the Fourier index associated with the edge.
In our case, the Fourier characters are the scaled Hermite polynomials. Recall that we

assume that our vectors are sampled as v; ~ N (0, %Id). Thus, we define the polynomials

t rtelN such that they are orthogonal an ~ t(x)e] = t-d—*. Specitically,
h h that they hogonal and E,, N(0,1/d) h 2 .4t Specifically,
1. Iy(x) = x,

2. hy(x) = x> —

/U=
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We first state the following bound on the moments of /;, which follows directly from

standard bounds on the moments of Hermite polynomials:

Fact 3.3.4 (Moments of Hermite polynomials). Let d € IN. For any t € IN and even k € IN,
1 k
B oa/a) ()] < g (= 12 (0)52 < (11)/2(5)"/2.

For now, we consider matrices that either contain only ; or only h; edges (the edge
factors for graph matrices with “mixed” edges will be handled in Section 3.4.3). The
following is our edge-factor assignment scheme to account for contributions from the

Fourier characters.

Edge-factor assignment scheme

For an h; edge,
1. F/S: assign a factor of \/LH for its first appearance;

. 2 . .
2. H: assign a factor of \/—% for its middle appearance;

1

3. R: assign a factor of 7

for its last appearance.
For an h; edge,

1. F/S: assign a factor of % for its first appearance (alternatively, we can view a

N

NGl which is

single h; edge as two edge-copies of /1; and assign each a factor of

a valid upper bound);
2. H: assign a factor of % for its middle appearance;

3. R: assign a factor of % for its last appearance (alternatively, we can view a single

hy edge as two edge-copies of i1 and assign each a factor of % which is a valid

upper bound).
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Proposition 3.3.5. The above scheme correctly accounts for the edge factors from hy and hy edges.

Proof. 1f an edge has multiplicity 2 then it must be traversed by one F/S step and one R

step.

e Ifitisan/j edge, then the scheme assigns a factor %, whichequals E, 0,174y [ (x)2].

e Ifitisanh; edge, then the scheme assigns a factor dz—z, whichequals E, (0,14 (12 (x)?].

For an edge with multiplicity k > 2, it must be traversed by one F step (including S), one
R step and k — 2 H steps. Moreover, since k is even and 2g is the length of the walk, we
have 4 < k < 2g4.

e If it is an 1y edge, then the scheme assigns a factor % . (\2/—%)]‘_2 > dk/2(2q)k/2 >

(X)k/2. By Fact 3.3.4, it is an upper bound on Ey ar01/4) M (x)"].
e If it is an hy edge, then the scheme assigns a factor d% : (%)k—2 > d—k2k2(29)k >

2k/2(kYk By Fact 3.3.4, it is an upper bound on E, ho(x k.
d y PP x~N(0,1/d)

This shows that the edge factor assignment scheme above is correct. O

3.3.3 Bounding return cost (Pur factors)

In our vertex factor assignment scheme, we use a potential unforced return factor, denoted
Pur, to specify the destination of any return (R) step. Note that the term “unforced return”
is adopted from [Tao12] as well. In this section, we complete the bound of vertex factors
by bounding the Pur factor.

For starters, we will define a potential function for each vertex at time t, which measures
the number of returns R pushed out from the particular vertex by time ¢ that may require a
label in 2q - Dy . Notice that a label in 24 - Dy is sufficient for any destination vertex arrived

via an R step because the vertex appears before; however, this may be a loose bound.

115



We observe the following: a label in 2g - Dy may be spared if the vertex is incident to
only one unclosed F/S edge; we call this a forced return. Formally, we define a return step

as unforced if it does not fall into the above categories,

Definition 3.3.6 (Unforced return). We call a return (R) step an unforced return if the source

vertex is incident to more than 1 (or 2 in the case of a square vertex) unclosed edge.

We now proceed to formalize the above two observations by introducing a poten-
tial function to help us bound the number of unforced returns from any given vertex
throughout the walk. The number of unforced returns throughout the walk would then

be immediately given once we sum over all vertices in the walk.

Definition 3.3.7 (Potential-unforced-return factor Pur). For any time t and vertex v, let Pur;(v)

be defined as the number of potential unforced return from v throughout the walk until time t.

Pur bound for circle vertices

In our setting, each circle vertex pushes out at most 1 edge during the walk, analogous to
the case of typical adjacency matrix. This serves as a starting point for our Pur bound for

circle vertices.

Lemma 3.3.8 (Bounding Pur; for circle vertices). For any time t, suppose the walker is currently

at a circle vertex v, then

Pur(v) < #(R steps closed from v) + #(unclosed edges incident to v at time t) — 1
< 2-s¢(v) + h(v),
where we define the following counter functions:

1. s¢(v) is the number of S steps arriving at v by time t;
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2. h¢(v) is the number of H steps arriving at v by time t.

Proof. We first prove the first inequality. The R steps closed from v may all be unforced
returns, and the unclosed edges incident to v may be closed by unforced returns in the
future. Note that we have a —1 in the above bound because for each vertex we may by
default assume the return is using a particular edge, hence at each time we know there is
an edge presumed-to-be forced.

We prove the second inequality by induction. Define P;(v) := #(R steps closed from v) +
#(unclosed edges incident to v at time ) — 1 for convenience. At the time when v is first
created by an F step, P;(v) = 0 (1 open edge minus 1) and s;(v) = h¢(v) = 0.

At time t, suppose the last time v was visited was at time ' < t, and suppose that the
inequality holds true for #’. Note that at time t' + 1, Py, 1(v) = Py(v) + 1 if a new edge
was created by an F or N step leaving v, otherwise Py 1(v) = Py (v) (for R step it adds 1
to the number of closed edges closed from v, but decreases 1 open edge). On the other
hand, sy (v) and hy (v) remain the same (we don’t count out-going steps for s;(v), h(v)).

When we reach v at time ¢, we case on the type of steps:

e Arriving by an R step: the edge is now closed, but the R step was not from v. So

Pi(v) = Pyy1(v) —1 < Pu(v), while s¢(v) = sy (v) and h(v) = hy(v).

e Arriving by an S step: the edge is new, so P;(v) = Py 1(v) +1 < Py(v) + 2, and we
have s;(v) = sy (v) + 1.

e Arriving by an H step: P;(v) = Py 1(v) < Pu(v) + 1, and h(v) = hy(v) + 1.

In all three cases, assuming Py (v) < 2-sy(v) + hy(v), we have Pi(v) < 2-5:(v) + ht(v),

completing the induction. O
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Pur bound for square vertices

The argument of Lemma 3.3.8 does not apply well for vertices incident to multiple edges
in a single step. In particular, this may happen for square vertices in M, as each is arrived
via 2 edges and each pushes out 2 edges (recall Figure 3.1). This is not an issue for Mg,
but we will treat square vertices in Mg the same way to unify the analysis; in the context
of Pur for square vertices, one may think of Mg as collapsing the two circle vertices in M,.

To handle this issue, we observe that it suffices for us to pay an extra cost of [2] for each
square vertex, which would allow us to further presume 2 edges being forced. We then

generalize the prior argument to capture this change.

Lemma 3.3.9 (Bounding Pur; for square vertices). For any time t, suppose the walker is

currently at a square vertex v, then

Pur(v) < #(R steps closed from v) + #(unclosed edges incident to v at time t) — 2

< Z(St(U) + ht(v)) .

where s¢(v) and hy(v) are the number of S and H steps arriving at v by time t, respectively.

Proof. We prove this by induction. Note that this is immediate for the base case when v first
appears since a square vertexis incident to 2 edges. Define P;(v) := #(R steps closed from v) +
#(unclosed edges incident to v at time ) — 2 for convenience. Suppose the inequality is
true at time /, and assume vertex v appears again at time t. The departure at time ' + 1
from v may open up at most 2 edges, hence Py 1(v) < Py(v) + 2.

When we reach v at time ¢ (via 2 edges), we case on the type of steps:

e Arriving by two R steps: the two edges closed by the R steps are not closed from .
So Pi(v) = Pyq1 —2 < Pu(v), while s¢(v) = sy(v) and h¢(v) = hy(v).
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e Arriving by one S/ H and one R step: in this case, P¢(v) = Py1(v) < Py(v) +2 and
st(v) + he(v) = sp(v) + hy(v) + 1.

e Arriving by two S/ H steps: in this case, P;(v) = Py.1(v) +2 < Py(v) + 4, whereas
st(v) + h(v) = sp(v) + hy(v) + 2.

In all three cases, we have P;(v) < 2(s¢(v) + ht(v)), completing the induction. O

Corollary 3.3.10. For each surprise/high-mul step, it suffices for us to assign 2 Pur factors, which
is a cost of (29 - Dy )? so that each Pur factor throughout the walk is assigned. Moreover, for My,
we pay a cost of 2 for any R step leaving a square vertex so that we can presume 2 edges being forced

in Lemma 3.3.9.

3.3.4 Wrapping up with examples

Recall that for a graph matrix of shape T,

By(1) = ) vtxcost(L) - edgeval (L) (3.8)
L: step-labelings for E(T)

is a valid block-value function for T Moreover, we can take g > d¢ and conclude that with
probability 1 —27%,
[Me[spec < (1+0(1)) - By(T)-

For each given shape, it suffices for us to bound the block-value for each edge-labeling.

And we demonstrate how this may be readily done given the above bounds.

Bound for Mﬁ

We now prove a bound on || Mg||spec. Figure 3.1c shows the associated shape.
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Lemma 3.3.11 (Norm bound for Mg). Let m > w(d) and q = QO(log? d). Then with probability

1— zfq/logd,

2m
HMﬁHspec <(1 —|—0d(1))? .

Proof. Let B be the shape associated with the matrix Mg. We bound B,(B) via our ver-
tex/edge factor assignment schemes combined with Pur factors. Recall that each square
vertex has weight m and each circle vertex has weight d. We case on the step-labels of the

two edges,

1. F — F: we have an F edge leading to a square vertex and circle vertex each. The
first square vertex must be making a middle appearance (Definition 3.3.3), while the

circle and the other square vertex make first appearances, giving a vertex factor of

2

V1 - \/d. Furthermore, there is no Pur factor incurred. Finally, the edge factor is -z

2. R — R: we have both R edges departing from a square and circle vertex. There
is no vertex making first appearance and the square vertex on the right must be
making middle appearance. The other two vertices may be making last appearances.
Furthermore, there is no Pur factor incurred, while we assume each R edge from a
square vertex can be identified at a cost of [2] modulo the ones with assigned Pur

factor, giving a total vertex factor of 2,/ - v/d. Finally, the edge factor is d%'

3. R — F: the circle vertex must be making a middle appearance, since the F edge
must be closed later. The square vertex on the left may be making a last appearance,
and the square vertex on the right must be making a first appearance. This gives a

vertex factor of \/m - \/m = m. There is no Pur factor, and the edge factor is dz—z.

4. F — R: this cannot happen. The F step means that the circle vertex is making its

first appearance, but the R step means that it must have appeared before.
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5. For any other step-labelings involving S and H step-labels, both vertices of the S/H
edge must be making middle appearances. Thus, the vertex factor is at most /m.
By Lemmas 3.3.8 and 3.3.9, the Pur factor is at most (24)*. Finally, the edge factor is

4
at most O(%;).

Summing over all possible step-labelings, we get

2 g% _2m
By(B) < Vimd - +2\/_—+m ﬁﬂdz -z (1+04(1)),

provided that m > d. Therefore, we have that with probability 1 — 27971984 || Mg||spec <
(14 04(1))2. O

Bound for M,

We now prove a bound on || My||spec. Figure 3.1b shows the associated shape.

Lemma 3.3.12 (Norm bound for M,). Let m > w(d) and g = Q(log? d). Then with probability

1—2-49/ logd/

12(3d\/%+2m).

[Mal[spec < (1+04(1)) - F,

Proof. Leta be the shape associated with the matrix M,. Similar to the proof of Lemma 3.3.11,
we bound B;(a) by casing on the step-labelings. There are two paths from U, to Vj, 4

edges in total. t

1. In the case of all F or all R, one of the square vertices must be making middle
appearance, hence we get a vertex factor of /m - (v/d)> = d/m. There is no Pur
factor, and the edge factor is (\/LE)4 = %. For the case of all R, by Corollary 3.3.10
we pick up an additional factor of [2] since we assume each R edge from a square

vertex can be identified at a cost [2] modulo those with assigned Pur factor.
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2. If both paths are R — F, then both circle vertices are making middle appearances,
hence we get a vertex factor of \/m - /m = m. There is no Pur factor while we

pick up a factor [2] for the return from the square vertex. Finally, the edge factor is

(L) =&

3. Analogous to Mg, an F — R path cannot happen.

4. For any other step-labelings involving S and H step-labels, there must be at least one
square and one circle vertex making middle appearances, so the vertex factor is at

most /m - v/d. The Pur factor is (2q - Dy)°1) = polylog(d), and the edge factor is
(TR

Summing over all possible step-labelings, we get

1 1 1 o) ,
By («) Sd\/ﬁ-ﬁ+2d\/ﬁ-ﬁ+2m-ﬁ+\/md-q7 < (1—{—0d(1))-ﬁ(3d\/ﬁ+2m).

Therefore, we have that with probability 1 — 27971084, || M,|[spec < (1+04(1)) - % (3dy/m +
2m). O

3.4 Matrix decomposition of R and Positivity Analysis

In this section, we work towards analyzing R and proving Lemma 3.2.11. Recall our

candidate matrix A = [; — R € R?*? from Definition 3.2.1, where

M

I
—_

m
R = ZwiviviT = (M*117> [i] - vjo] .
i=1

1

See Equations (3.2) and (3.3) for a reminder of the definitions of M € R"*™ and 1 € R™.
To analyze R, we begin by obtaining an explicit expression for M~! using the Wood-

bury matrix identity (Fact 3.2.6), as discussed in Section 3.2.3. Recall that we write
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M = A+ UCUT where A is positive definite with high probability by Lemma 3.2.8, and

11
u= \/LH [1m ;7} e R"*2and C = . Restating Equation (3.7), the scalars r,s,u € R
10

are defined as follows,

1A ", 14 T A,

=Ccl+uTau= d d . (3.9)
1 }’]TAillm 1 7’]TA711’]

S u + T - + T

r s

Our next step is to show the following expansion of M~17.

Proposition 3.4.1 (Expansion of M~1%). Let r,s,u € R be defined as in Equation (3.9). Then,

r+s u-+s

My = ATy - AT, 3.10
g s2 —ru T s2 —ru " (3.10)
Proof. The inverse of Equation (3.9) is as follows,
-1
ros 1 u —s
(Cct+utau)t = =—
s u -5 7

Then, applying the Woodbury matrix identity (Fact 3.2.6), we have

1
ru—s

M1t=A"1-

u -—s
SATU ura!
—S 7

1 1,11 1r + 1,17 r
-1 -1 m n ml] nm -1
=A —i——sz_mA (u-—d’”—s-—m g +r-—d )A )

Next, using the above, we have

T A—1 T aA-1
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Plugging in the definition of r, s, u in Equation (3.9), we get

M ly=A"1y+ (u(s —1) —s(u+1))A™11,, + (=s(s—1)+r(u+1))A"y

s2—ru s2—ru
— A1y — S;‘j:u AN, 4 —s? Jsrzrit ;Zr +s LAYy
- s;——lr:u AT = sgjrsu AT,
finishing the proof. O

3.4.1 Inverse of A: Neumann series and truncation

In light of Proposition 3.4.1, we proceed to analyze A~!. Recall from Proposition 3.2.3 that
A = I+ My + Mg+ Mp + %Im. A useful tool to obtain inverses is to apply Neumann

series (a.k.a. matrix Taylor expansion of %), which allows us to write

(I-T)' = i T*
k=0

for || T|lspec < 1. In our case, let T := —(My + Mg+ Mp + 1), then || T|[spec < 1 is

guaranteed by Lemma 3.2.7. Thus, we can write

o0

A=Y TE= Y (<) y QQ2 Qk-
k=0

k=0 (Ql/-ka)G{MMM,BIMD/%IM}I(

With the norm bounds from Lemma 3.2.7, we can truncate the series, i.e., capping the
number of occurrences of M,, Mﬁ, Mp and %Im by certain thresholds, such that the error

is small.
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Definition 3.4.2 (Truncated A~1). We define thresholds 71 = 1, = O(logd), 3 = 3, and

14 = 1, and define the truncation of A= as

To= Y  (-1ftth Y QiQy- - Q. (3.11)
klr]’§2/<1(3/kélv/§N (le-u/Qk)G{MmMﬁ/MD/%Im }k
iST, V1

i-th matrix occurring k; times

In the next lemma, we upper bound the truncation error.

Lemma 3.4.3 (Truncation error of A~1). Suppose m < cd? for a small enough constant c. Let
To be the truncated series defined in Definition 3.4.2 with thresholds Ty = 7, = O(logd), 173 = 3
and Ty = 1. Then, with probability 1 — 04(1), the truncation error E = A~ — Ty satisfies

logd
IElspec < O(Z5)%

Proof. From Lemma 3.2.7, we know that || My |spec, || Mg |spec < 0.1, [[Mp||spec < O(y/logd/d),

and || %ImHSpec = %l with high probability. We can bound the contribution of || My ||spec in

the truncation error by

00 00 i+i . 1.
3 3 (TF7) - UMl (UMl + 1M g + 5
i=7+1j=0
< Z 22i+j ' HMt’éHépec ’ (0'1 + 0(1))]
i=1,+1j=0

< (2| Mallspec) ™ - O(1).
Similarly for Mg, Mp and %Im. Therefore, we can bound the total truncation error:

| E|spec < ((ZHMIXHSPeC)TlH + (2||1\/Iﬁ||szoec)T2+1 + (2|“\/ID’|S;%C)T3Jrl + (2/d)%* 1) - 0(1)

< o<1°§”’>2

by our choice of thresholds 1, &, 13, 4. ]
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3.4.2 Decomposition of R via truncated A~!

We shift our attention back to R = Y/ ; w;v;v]. Using the expansion of M~ 17 in Proposi-

tion 3.4.1 (Equation (3.10)) and the truncation of A~!, we decompose R as follows.

Proposition 3.4.4 (Decomposition of R). Suppose m < cd? for a small enough constant c. Let

Ty be the truncated series of A~! defined in Definition 3.4.2. Then,
R=Ri1+Rr+Egr,

where

L r+s 1 T
R gl E (on)il-uel,
—Uu-—-:
Rz = 2 _ru ie%l](:rolm)[l] 0;0 1 ’

and ||Eg||spec < 0(1) with probability 1 —04(1).
We first state the following claim which is needed for the error analysis.
Claim 3.4.5. With probability 1 — e™%, || =11 00 ||spec < (14 04(1))%.

Proof. We can write Y, v;v] = VVT where V € R¥" hasi.i.d. N'(0, d) entries, and note
that || 2”1 0;0] ||spec = Omax(V)?. Since we assume m > w(d), by standard concentration
of the largest singular value of rectangular Gaussian matrices [?], we have that omax (V) <

14+04(1 " with probability at least 1 — e~ 7. O
(1+04(1)) /% with p y

Proof of Proposition 3.4.4. Recall that R = Y;c(,)(M~'y)[i] - v;v]. Unpacking the expres-
sion of M~ 17 in Proposition 3.4.1 and pluggingin A~} = Ty + E, wehave R = Rq + R, +
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Er where

(Elil ) - 5

ET\’, = Z (5iviviT, 51' = 52 <E[l],1m> .

iem] -

We first upper bound |J;| for all i € [m]. First, observe that |(E[i], )| < [|E||spec - ||17]]2
and [(E[i], 1m)| < ||E|spec - [|[1m|2. By Claim 3.2.9 and lemma 3.4.3, we have ||E||spec <
O(%)2 and ||77]]2 < O(\/%) with high probability. Moreover, by Lemma 3.2.10, we have
thatr = @(%), |s| < O(Vd) and —1 < u < —1/2, hence s? — ru > Q(™). Thus,

2

QU

5] < 0(1%8

)

5

as we assume that m < O(d?).

Finally, Claim 3.4.5 states that || Y./.; v;0] [|spec < O(%}). Since

— Z |(51‘|UZ‘ZJZT'_< ER = Z |(5,‘|ZJI'TJZ'T,

i€[m] i€[m]
2
we may conclude that [|ER ||spec < O(%}%) -0(%) < O(lo\%d) asm < O(d?). O

3.4.3 Overview: each term is a dangling path of injective gadgets

By writing A~! as a truncated series (Definition 3.4.2) and the decomposition of R (Propo-

sition 3.4.4), we may view R and R, as linear combinations of d X d matrices of the forms

Yo (QQ2 - Qu)[i] -vo] and Y (Q1Q2- -+ Qilm)[i] - viv] (3.12)

i€[m] i€ [m]

respectively, where Q1, ..., Qx € {Ma,Mﬁ, Mp, %Im} are m X m matrices.

Using the machinery of graph matrices, we can systematically represent these matrices
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as shapes (with underlying input {vy,...,v,,} € R?). For starters, the off-diagonal part

7

of the matrix Y1, v;v! is represented by the shape in Figure 3.2a; it serves as the “base’
for other matrices in Equation (3.12). Each matrix in Equation (3.12) can be represented
by attaching “gadgets” (Figure 3.2b) to the square vertex in the middle. For the case of
Ry, since ij = ||vj||3 — specl = ya_, ha(vilal]) for j € [m] (see Equation (3.2)), each shape

has an extra h; attached at the end. Figure 3.2c shows an example of such a shape.

Q. O

]
Q. O

O+—O0—10 ]
(b) Left: M, gadget. Middle:

(a) Off-diagonal part of Mp gadget. Right: final h; gad- (c) Off-diagonal part of
Y viv]. get. Ly (MeMgn)[i] - vio] .

\8}

Figure 3.2: Examples of graph matrices in the decomposition of R. Recall that
square vertices take labels in [m] and circle vertices take labels in [d]. Unlabeled
edges have Hermite index 1.

In the following, we formally define such shapes which we call dangling shapes.

Definition 3.4.6 (Injective gadgets). We call each shape in { M, Mg, Mp, %Im} an injective

gadget in the dangling shape.

Definition 3.4.7 (Dangling shapes). We further separate the matrices in the decomposition of R

(Equation (3.12)) into diagonal and off-diagonal terms:

1. For the off-diagonal terms, we start with a path from U to V (each containing a circle vertex

receiving labels in [d]) passing through a middle square vertex that receives a label in [m].
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2. For diagonal terms, we have a double edge (that shall be distinguished from an hy edge as the
double edge here stands for v;[a]?) connected to a middle square vertex that receives a label

in [m].

For each term, we specify a length-k > 0 dangling path that starts from the middle square vertex

such that
e forany k > 0, each step comes from one of the following gadgets in { My, Mg, Mp, %Im b

o The dangling path is not necessarily injective, that we may have each vertex appearing at
multiple locations along the path. However, since it is a walk along the above gadgets, the

path is locally injective within each gadget.

For matrices from R4, there is an additional n factor. Thus, we attach an hy gadget (Figure 3.2b)
to the end of the dangling path. We call this the “final hy gadget”.

Definition 3.4.8 (Gadget incursion). Let A, B be two gadgets along the dangling path. We
call it a gadget-incursion if there are unnecessary vertex intersections between V(A) and V(B)
beyond the “necessary intersection”: when A, B are adjacent, V4 = Up is the necessary boundary
intersection, any intersection in V(A) \ V4 and V(B) \ Up is a gadget incursion; similarly, when

A, B are not adjacent, any intersection in V(A) and V (B) is a gadget incursion.

Vertex and edge appearance Recall that we bound the norm of a graph matrix by
analyzing length-2g “block-walks” of the shape and bounding the vertex/edge factor of
each “block-step”. To this end, we need to consider both global and local appearances of
a labeled vertex. We remind the reader that a labeled square (resp. circle) vertex is an

element in [m] (resp. [d]), and a labeled edge is an element in [m] X [d].

Definition 3.4.9 (Local versus global appearance). Given a block-walk, we call each labeled ver-
tex’s appearance within the given block a local appearance, and each vertex’s appearance throughout

the walk a global appearance.
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Moreover, we say that a labeled vertex/edge is making its global first/last appearance if it is the
first/last appearance of that labeled vertex throughout the walk. Similarly, we say it is making its

local first/last appearance if it is the first/last appearance within the given block in the walk.

We also need the following definition, which is a special case that we need to handle.
The term “reverse-charging” will be clear once we describe our edge charging scheme in

Section 3.4.4.

Definition 3.4.10 (Reverse-charging step /edge). For a given walk, and a block in the walk, we

call a step u — v reverse-charging if
1. the underlying edge is making its last global appearance throughout the walk;
2. the underlying edge’s first global appearance is also in the current block;

3. (Reverse) the first appearance of the underlying edge goes from v to u.

Further set-up for step-labeling and edge factor scheme

Our argument for tight matrix norm bounds requires assigning each edge (or step) a step-
label that represents whether it is making first/middle/last appearance, and assigning
edge factors based on the edge type (recall our edge factor scheme in Section 3.3.2).
However, further care is warranted for dangling shapes when an edge appears with
different Hermite indices in the walk (e.g., appears both as an h; and hy edge). In this
case, it is no longer true that an /; edge needs to appear at least twice in the walk for the
random variable to be non-vanishing. For example, suppose an edge appears as hy, hy,
and h; in the walk. Then, even though &y only appears once, this term is non-vanishing

under expectation:

Exvionsa(n(0)2a(x) =  [2(2 - )| =E[+!] - H —2. 6n)
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The matrices that arise in our analysis may contain hy, hy, h3, hy edges. For i < 4, we

treat an /1; edge as i edge-copies in our edge factor assignment scheme.

Definition 3.4.11 (Step-labeling scheme for mixed edges). For each step regardless of the

Hermite index, assign a step-label to all its edge-copies as follows,
1. Assign an F step if it is making its first appearance;
2. Assign an H step if it is making its middle appearance
3. Assign an R step if it is making its last appearance.
We next describe our edge factor assignment scheme.

Lemma 3.4.12 (Edge factor assignment scheme). For any graph matrix of size at most Dy
that contains hy, hy, h3, hy edges and walks of length 2qg > Q) (log d), we can assign values to each

edge-copy among the edge’s appearance throughout the walk such that

1. Each edge-copy of an hq, hy edge with F /R step-label gets assigned a value %.

2. Each edge-copy of an edge with step-label H and any edge-copy of an h3, h4 edge gets assigned

32&]DV
\/a .

a value

3. In the case of a random variable appearing as hy, hy, hy (in an arbitrary order), it gets assigned

value of % in total, in particular, each edge-copy of the hy edge gets assigned a value %.

Proof. We first note that E, (0,1 /4) [he(x)?] = %. For k = 1,2, if an Iy edge only appears

twice and no other Hermite index occurs, then it must have 2k edge-copies with step-labels

F and R, giving an edge factor of (%)Zk = 22#, which is larger than % fork =1,2.
Next, we consider the case when I3, hy edges are involved or when an edge appears

more than twice, i.e., some edge-copies are assigned step-label H. Let a; be the number
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of times hy appears in the walk, and let t := ) ;- k - a be the total number of edge-copies.

Applying Cauchy-Schwarz twice and Fact 3.3.4,

Ey a1/ ] [ 7(x)%]| < (4t/d)"/2.
k<4

We next show that the edge factors assigned to the t edge-copies upper bound the above.
/s

Let tg be the number of edge-copies that get assigned i

. We must have 0 < ty < t and

to < 4. Then, the assignment scheme gives

21/4

( 326]DV
Vd

Vd

)to . ( )tfto > dft/2(32qu)t7t0 )

Since the length of the walk is 2 and the size of the graph matrix (shape) is < Dy, we have
t < 8¢Dy. Thus, if t < 8, then clearly (32gDy)!~fo > (4t)!/?; otherwise, t — tg > t/2 and
(32gDy)!~*0 > (4t)!/2. This shows that the edge factors correctly account for the values

from the Hermite characters.

For the special case when an edge appears as hy, hy, hy, the factor d% follows from

Equation (3.13). This completes the proof. O

3.4.4 Local Analysis for R

Lemma 3.4.13. For some constant € > 0, forany q < d€, the block-value function for R is bounded

by
1

< .

We first state our vertex factor assignment scheme (with redistribution) which assigns

vertex factors to labeled vertices according to their global appearances.
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Vertex factor assignment scheme

1. For each labeled vertex i making its first or last global appearance, assign a factor
of \/weight(i);

2. For each labeled vertex i making its middle global appearance, assign a factor of
1 if it is reached via an R step, otherwise assign a factor 2q - Dy as well as its

corresponding O(1) Pur factors.

We next describe the scheme that assigns edge-copies to vertices. In most cases, we
charge edge-copies (on the dangling path) to the vertex it leads to, unless it is a reverse-
charging edge (Definition 3.4.10). Recall that we define a step u — v to be reverse-charging
if it is making its last global appearance and if its first global appearance is also in the

current block going from v — u.

"Top-down" edge-copy charging primitive

1. Assign both edges on the U — V path to the first square vertex in the middle;

2. For any step u — v before the final /1, gadget, assign the edge to v unless this is

a reverse-charging edge (Definition 3.4.10), in which case we assign to u;

3. For the final hy gadget (if any), we reserve its assignment from the current

scheme.

See Section 3.4.5 for an illustration of the above scheme. We next show the following

invariant throughout the walk,
Proposition 3.4.14. We can assign each edge-copy to at most one vertex,
1. for a circle vertex, it is assigned 1 edge-copy if it is making first/last global appearance, and

2 edge-copies if both;

2. for a square vertex on the dangling path, it is assigned 2 edge-copies if it is making first/last

global appearance, and 4 edge-copies if both;
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3. for any square vertex’s global middle appearance yet local first appearance in the block, it is

assigned at least 1 edge-copy;
4. no surprise/high-mul step is assigned to any vertex’s global first/last appearance.

Proof. We start by giving the argument when U # V, and then show it can be modified

into an argument for U = V.

Charging vertices outside U U V and the final h; gadget. The above scheme applies
immediately to vertices that appear in the current block while not in U U V' or the last
square vertex as well as the final circle vertex it connects to in the h; gadget.

It follows by observing that any circle (resp. square) vertex that makes its first global
appearance is the destination of 1 (resp. 2) edge-copies that are not reverse-charging, in
which case the edge-copies are assigned to the particular vertex. This holds analogously
for vertices making the last global appearance but not the first global appearance in the
block, since the edges are not reverse-charging. We note that this is true for the first
square vertex as well since we assign both edges on the U — V' path to the first square
vertex.

On the other hand, for vertices making both the first and the last global appearances,
consider the assignment until the final /1, gadget, the charging above gives us 1 and 2
edges for each such vertex when it first appears locally. Furthermore, notice that each of
these edges need to be closed, and they are assigned to the destination vertex, i.e., the
particular vertex in inspection, and this completes the proof of our assignment restricted

to vertices outside U U V and the final /; gadget.

Charging the final gadget and finding "block-reserve". The goal is to identify an
edge-copy as block-reserve, and assign vertex factors to corresponding edges in the final
hy gadget (if any). We first consider the case when there is no final /; attachment, i.e. the

term from S;‘jrsuA’llm. Recalling our bounds from Lemma 3.2.10 that s* — ru = Q(%),
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and s = O(v/d), |u| = O(1) (here the weaker bound on s suffices), we observe that

S i=o b =0,

and the normalizing constant can be regarded as an edge-copy. This is assigned as the
block-reserve factor if there is no final h, gadget, and there is no vertex factor involved
when there is no final h; gadget since this may be the last appearance of a square vertex
while its factor has already been assigned to the edges that first lead to this vertex in the
current block.

We now proceed to assign edges from the final 1, gadget to vertex factors involved in
the final /1, gadget, moreover, we will identify one edge-copy of assigned factor at most
V2

Vi as "block-reserve" that allows us to further charge verticesin UU V.

For the vertices in the final /1, gadget, we observe the following,

1. in the final gadget, the last square vertex cannot be making its first global appearance
yet it may be making its last appearance (since it is on the gadget boundary, we
consider it appears in both the final h; attachment gadget and the gadget that

precedes it);

2. the last circle vertex may be making either its first or last global appearance but it
cannot be both;

3. the hp edge in-between has not yet been assigned, and we can split it as two edge-

copies, each of weight % if F/R under the global step-labeling.

We now observe the following,

1. If the final h; attachment is not a reverse-charging edge assigned to the source square
vertex, the square vertex has also been assigned by 2 factors if making its first/last

global appearance, and 4 if both, in the current block by the previous charging. In
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this case, note that we can reserve one of the two edge-copies, that is a factor of at

1/4
most 2

VGE,
e If the circle vertex is making first/last appearance, we either have both edge-

copies receiving F/R labeling, or a mix of H, R labeling. In the first case, we
21/4
Vi

appearance, and another to the block-reserve. In the second case, we have a

have two assigned factors of Assign one to the circle vertex’s first/last

mix of H, R edges, that we at least have the underlying random variable appears
twice as /11 edges and at least once as an i, edge, by moving O(1) polylog factors
to the second appearance of the underlying random variable locally, we have

again two edge copies of value %, and the assignment follows from above.

o If the circle vertex is making a middle appearance, we may assign related Pur

factors and vertex-factor cost to one edge-copy such that one edge-copy is of
21/4
WK
O(\/LE) to the middle appearance factor and assign the edge-copy with factor

value (j(\/%;) while the other is still at most assign the edge-copy with

21/4 f
= for block-reserve.
Wi or block-reserve

2. If the final attachment h; edge is a reverse-charging step that corresponds to an edge
whose F copy leads to the final square vertex, we assign both h; edges to the final
square vertex as the square vertex may be making its last global appearance. Note
that if the square vertex makes its first global appearance in the current block, it has

already been assigned 2 edges.

This leaves the last circle vertex potentially uncharged as it may be making its last
appearance as well. Furthermore, we need to find one more "reserve" edge-copy for

the block which would then be used to charge U U V.

3. Finding critical edge: we now give a procedure to identify the critical edge, that is,

an hy edge assigned to a circle vertex in the above top-down charging process. The
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process maintains a current circle vertex and its current gadget along the top-down
path. In particular, the gadget considered is an Mg gadget throughout. The process
starts from vertex s, that is the circle vertex involved in the final &, attachment, and
the gadget considered is the one in which s opens up the F step of the current edge
e*, the hy edge in the final gadget. Note that this is an Mg gadget. We now case
on the step-labeling of the top half of the Mg gadget in inspection, in particular, the

edges leading to the circle vertex s in that particular gadget,

e This is an F, non-reverse-charging R, or H step assigned to s, this is the critical
edge we aim to find, as we have two edge-copies assigned to a circle vertex, and

the process terminates.

e This is a reverse-charging R edge: update the circle vertex to be the top vertex
of the current Mg gadget s, and update the edge e* to be the h; edge in the
top half of the current gadget, and repeat the above process. Note that the
updated gadget must appear, and additionally, on top of the current gadget in

the dangling path.

We now observe that this process ultimately terminates since each time we move up
towards the top of the dangling path. Once the critical edge is found, note that it
contains two edge-copies, assign one to the vertex’s factor, and another to the block-
reserve. In the case of H edges involved, locally assign the edge-value as Nz and
O(\/LH), and assign the copy with \/LH for block-reserve, while the other for vertex’s

factor.

Reserving surprise/high-mul step from vertex-factor assignment outside UUV We
tirst observe that in the above assignment, it is clear that the edges assigned to vertex’s

tirst appearance cannot be surprise-visit nor high-mul step. That said, it suffices for us to
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consider the assignment for vertex’s last appearance factor (whose first appearance is not
in the same block). Consider such vertex’s first local appearance, they may either be H/S
edges if not R under the global edge-labeling. If so, since the vertex is making the last
appearance in the current block, each corresponds to an R-step in this block. Moreover,
observe that any such R-step is intended for "reverse-charging" if the vertex in inspection
is making both first and last global appearance in the block, and thus it is not assigned to
the vertex factor of the source vertex. That said, it suffices for us to swap the H/S step
with the R step so that no surprise/high-mul step is assigned to vertex’s (polynomial)
factor.

At this point, for a block with U # V, we have assigned

1. 1or2 edge for each vertex’s first/last appearance in the current block outside U, U V,

depending on the vertex’s type;
2. 1 edge-copy of value O(\/La) has been identified as the block-reserve.

3. it is also straightforward to observe that any edge assigned for vertex’s first/last

appearance cannot be a surprise visit nor high-mul visit.

Charging circle verticesin UU V

Proposition 3.4.15 (Unbreakable U — V path). There is always a U — V path such that each

edge along the path is of odd multiplicity. Call this path Psyge.

Proof. It suffices for us to restrict our attention to paths of only h; edges. By our gadget
property, each vertex except U, U V, is incident to an even number of /; edges, while only
vertex copy in U, U V,, is of odd degree. Suppose the path is broken, consider the (maximal)
component Cy; connected to U, (but not V,), we first observe that the edge-multiplicity of

E(Cy, V(a) \ Cy) must be even, as otherwise, some edge is of odd multiplicity, and the
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edge is included inside Cy; as opposed to be across the cut. That said,

Y deg(v) =2-mul(E(Cy)) + mul(E(Cy, V(x) \ Cu)).
veCy
Observe that the LHS is odd as any vertex copy except U, has even degree, and we
have exactly 1 odd-degree vertex copy. On the other hand, RHS follows as each edge-
multiplicity in E(Cy;) contributes a factor 2 to degree of vertices in Cy; while edges across
the cut contribute 1 for each multiplicity; since E(Cy, V(«) \ Cy) is even by connectivity

argument above, the RHS is also even and we have a contradiction. O

Corollary 3.4.16. There is at least one vertex v* making middle-block appearance, i.e. it is a vertex

that appears in previous blocks, and is appearing again in future blocks.

We recall our charging so far that we have one edge-copy reserved, while we have
two circle vertices in U U V uncharged. And we now show that the single-edge copy is
sufficient. i.e., at most one vertex factor is picked up among these two vertices.

Consider the path Ps,¢, and observe that it passes through both vertices in U U V.
Take v* to be the first vertex on the path that pushes out an F/H/S edge. In the case
v* = U, note that it suffices for us to assign the reserve factor for the vertex in V; similarly,
assign the reserve factor for U for v* = V. In the case v* ¢ U U V, note that the previous
scheme assigns at least one edge for v* if it is a circle, and 2 if it is a square when v* first
appears in the current block, and this is in fact not needed since v* is making a middle
appearance. That said, we have at least 2 factors, 1 from the reserve factor, and 1 from
the edge-assignment for v* in the previous scheme, we now assign these two factors for

uuv.

Remark 3.4.17. v* is picked such that it is either reached by an R edge, or it is the boundary vertex

Uy. In other words, no factor is needed for specifying v* of the block.
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and this completes the proof to our proposition when U # V.

Analysis for U =V We now consider the case when U = V.

Definition 3.4.18 (SQq: first square vertex in R term). For each R term, call the first square

vertex on top of the dangling path the SQ; vertex.

Remark 3.4.19. This vertex is an exception from any other square vertex as its first appearance
might be the destination of two edge-copies that correspond to the same underlying random variable.
This happens when an edge making its first and last appearance at the same time for the U = V

term.

For U = V, the charging for vertices outside is identical except for the first square
vertex SQp: since the two edges assigned to it now correspond to the same underlying
edge-copy, and may now receive F, R-labeling. That said, both edges are now assigned
to the first square vertex. If the square vertex is making either first/last appearance but
not both in the current block, the current assignment is sufficient. However, there are no
reverse-charging edge copies protecting SQq, and that warrants a further analysis.

We follow the previous strategy in identifying block-reserve: even though for U =V,
the vertex U = V is by definition not contributing any vertex-appearance factor, we now
intend the block-reserve factor to pay for either additional Pur factor due to the dormant

step stemming from U = V, or the last appearance factor of SQ; but not both.

1. SQ; makes both first and last appearance in the current block: in this case, the edges
assigned to SQ; in the beginning of the top-down charging process are assigned
to the first appearance of SQ;. That said, it remains for us to identify two extra
edge-copies for the last appearance factor.

Charging for terms without final /; attachment: these terms come with a normal-

ization of |S’2"f:u| = O(%), and these are two edge copies that we assign to the last
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appearance of 5Q;.

Charging for terms with final /i, attachment: we first note that any edge incident to
SQp must be closed, and further case in whether there is any surprise visit arriving

at SQp throughout the dangling path.

(a) Suppose that there is no surprise visit arriving at SQ; throughout the dangling

path.

Consider the final departure from SQj, and note that it pushes out at least two

edge-copies.

o If thisis an Mg gadget, let r be the circle vertex it connects to via an 1, edge.
Suppose the random variable corresponding to (SQq,7) first appears as an
hy edge, in this case, the circle vertex has been assigned two edge-copies
the first time it appears as it is reached using h; edge, that said, we can
reserve the other two edge copies from the final attachment for the missing

last appearance factor of SQq;

e If this is an Mg gadget, yet the random variable (SQ1, 7) first appears as an
hy edge in the current block. Note that there is at least one more edge-copy
of h; edge thatis currently assigned an H-label, observe that we can replace
its label to be R, and assign both F /R copies to the vertex factor of the circle
vertices. We now relabel the final /1, step to be H*, and note that these two
edges get assigned a value at most 2, and assign them both to the missing

last appearance factor of SQ;.

e To see that H* does not require extra Dy - g factor, we observe that this is a
circle vertex traversed before in the block, and for each block, H* is unique.
That said, it suffices for us to use a special label in [2] when H* first appears

in the block to identify the edge. Moreover, note that swapping H* with
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the R step does not add to Pur factor of the destination circle vertex as this

edge no longer appears;

o If this is an M, gadget, let r1, 2 be the circle vertices the square vertex is
connected to. Note that for each r;, there must be at least two more edge-
copies of random variable of (SQg, ;) that receive H label, i.e., we have a
factor of O(%). That said, we may reassign the factors and extract one full
factor of \/LH (with the remaining being O(\/LH), and since we have two of
them that combine to a factor of %, assign it to the missing last appearance

factor of SQ.

(b) There is a surprise visit arriving at SQ;. We first observe this must be either
an hy edge, or a pair of distinct /1; edges. The surprise visit must be closed
already, and their underlying R copies are intended for reverse-charging in the
top-down charging scheme for the last appearance of SQ;. In this case, the

factor for the last appearance has already been assigned edges.

2. Finding"block-reserve'" for U = V: SQ; isnot making both first and last appearance
in the current block, we first note that the departure from U U V is special as this
is the only vertex that can appear on the boundary again without being reached by
any edge, and this is not a dormant gadget Mp. That said, the most recent departure
may contribute Pur factor to the vertex in U U V, and we now identify an edge-copy

for this factor.

(a) Charging for terms without final /1, attachment: for A~'1,, term where the
final i, gadget is missing, we pick up a normalization constant of O(}) and we

designate this as the block-reserve.

(b) Charging for terms with final /1, attachment: for terms with the final /1, gadget,

the analysis of finding block-reserve from the case U # V applies identically for
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finding an h; edge that gets assigned to a circle vertex in the top-down traversal
process. In particular, we may designate one edge-copy among the two copies
of the identified h, edge as a block-reserve to charge the corresponding O(1)

factors from Pur.

Remark 3.4.20. Note that the edge identified from the above process is in fact stronget,
as it carries a factor of O(\/LH) as opposed to O(\/La). That said, since for U # V terms,

the block-reserve is only assigned for O(1) factors from Pur, either is sufficient.

3.4.5 [Illustration via diagrams

@ : .

: :
O () )
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b R ;
: :

: 2
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This figure illustrates the charging scheme. The light blue edges are F edges and
we assign their factor to their destination. The dark blue edges are R edges whose first
appearance is in a different block. We also assign these edges to their destination. The
red edges are reverse-charging R edges whose first appearance is in the current block. We
assign these edges to the destination of the corresponding F edge (which is generally the

source for this edge).

Note that two edge factors are missing from v. We obtain these factors from the two

green edges pointing towards t.

b/
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3.4.6 Pur bound for square vertices in R

The prior Pur bound does not apply well for square vertices in R, in particular, it should be
pointed out that even before non-trivial intersection within each block along the dangling
path, the Pur argument based on 1-in-1-out (or its slightly generalized version of 2-in-2-
out) falls apart in the analysis for R.

In particular, one may consider a walk on Rg with the square vertex along the U — V
path fixed throughout the walk. It is easy to verify the the fixed square vertex may have
growing unclosed F edges without any surprise visit/high-mul step. That said, it is not
sufficient to use the slack from such factors to offset the potential confusion due to R edges.

In this section, we give a new argument to handle the Pur factor in the vanilla setting
of R when there is no non-trivial intersection along the dangling gadget-path, and then
extend it for the general cases of R where each block is not necessarily injective due to

intersection across gadgets.

Gap from square middle appearance For starters, we observe that a vertex may only

push out unforced returns if it is making a middle appearance given that it maintains
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a list of incident edges, including the additional information which are closed. When
it is making the last appearance, any currently unclosed edge needs to be closed, and
therefore shall be pushed out, giving us a fixed set of edges being pushed-out (where we
momentarily ignore the question whether one needs to distinguish among the edges in

the edge-set). This immediately renders us the following bound on Pur readily,

Lemma 3.4.21 (Pur factor via middle appearance: beginner version). For any vertex v, let

MidApp(v) be the number of middle appearances of v throughout the walk, we have

Pur(v) < 3 - MidApp(v)

provided each square vertex pushes out at most 3 edges in each block throughout the walk, and each

block is vertex-injective.

With the above Pur bound, it may not be meaningful if we cannot obtain a slack from
MidApp. Fortunately, this is indeed the case for our setting, and we first observe this in the
vanilla setting where there is no gadget-incursion within each block, (in particular, this

already applies immediately if the edges are injective witin each block),

1. We have assigned each square vertex at least 1 edge when it is making a middle
appearance: to see this, the top-down charging scheme assigns each square vertex
2 edges when the square-vertex appears for the first time in the block; in the case
of charging U UV, 1 edge may be re-routed from a square vertex making a global
middle appearance. That said, at least 1 edge is assigned to each square vertex when

it makes a middle appearance.

2. Note that for a fixed vertex v in a given block, its local first appearance at the given
block may be corresponding to a global middle appearance, and such mismatch is the

source of our slack;
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3. Observe that each middle-appearance corresponds to a mismatch described above
(provided each block is injective), and each such mismatch of local-global first ap-
pearance assigns a vertex making global middle appearance one edge-copy, that is

1.
a factor of O(TE)’
4. However, since each vertex’s middle appearance does not get assigned any vertex

A
Vid

to the particular global middle appearance, that is

factor in our scheme, we may use the —= gap to offset the 3 Pur factors corresponding

O(72)- (- Dv)* = au(1).

Extension to gadgetintersections Tohandle dangling paths with potentially intersecting
gadgets, it should be pointed out the Pur bound goes through as stated while we do not
necessarily have a gap from middle-appearance. In particular, it is possible now that in a
given block, a square vertex appears for various times and only has 2 edges assigned to it
for its first local appearance, as any of its subsequent appearance in the given block follow
via closing some F edge that gets opened up earlier in the work, and thus assigned to the
destination as opposed to the given square vertex.

Towards generalizing the prior argument, we consider a specific subclass of global

middle appearance of a vertex through the block walk,

Definition 3.4.22 (Middle appearance for a square vertex). For a given walk and a given

block-step BlockStep;, we say a labeled vertex v € [m] makes a middle appearance in BlockStep; if

1. v makes appearance at BlockStep;;

2. v makes appearance at some BlockStep; for j < i, and at some BlockStepy for j' > i.

With some abuse of notation, we continue to let MidApp(v) denote the number of

middle appearances of v. Note that this is clear when we are working with blocks that
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do not have block-injectivity, while it is equivalent to the previous definition in vertex-
injective blocks.

In particular, we emphasize that following the above definition, in the case of a la-
beled vertex first appears at BlockStep;, and appears multiple times in various gadgets in
the dangling-path of BlockStep;, it is not considered as making a middle appearance at

BlockStep;.

Lemma 3.4.23 (Pur bound for square vertices). For any square vertex v that does not push out

dormant gadgets, at any time-t,

Pur¢(v) < Py(v) < 3 - MidApps(v) + 3(st(v) + ht(v))

where we define

Pi(v) == #(R steps closed from v by time t) + #((unclosed edges incident tovatt)) —4.

In other words, by assuming at 4 possible return legs to be fixed each time a vertex is on the boundary,

the number of unforced returns from a vertex by time t is at most 3 - MidApp; (v) + 3(s¢(v) + he(v)).

Proof. The first inequality is definitional as we assume each vertex may have 4 edges
being fixed, which incurs a cost of [4] for each vertex each time it pushes out an R step.
Analogous to previous Pur bounds, the base case is immediate when vertex first appears
in the walk. In particular, we note that the above bound can be strengthened for the

BlockStep; in which vertex v makes (globally) its first appearance.

Claim 3.4.24. For any square vertex v, for the BlockStep;, at any time-t within the BlockStep; ,

Pi(v) < 3(s¢(0) + he(v)) — 2.

148



Proof. Notice this is immediate when vertex v first appears, as it is incident to 2 edges,
and thus we have Pt(l) = —2 (as we have a —2 term since we maintain 3 edges to be fixed
instead of just 2). The invariant holds as any subsequent departure opens up at most 2
F edges, and any subsequent arrival either closes both edges, or either arrival is along
a surprise/high-mul visit, and give a net-gain of at most 3 in the number of unclosed F

edges. This proves our claim. O

It remains for us to consider the appearance of v in subsequent blocks, in particular,
we start with the locally first appearance of the subsequent block. Let ¢ be the time-mark
in which v is making its first local appearance in the current-block. Notice at time f when
the vertex first appears, it may be arrived via a single edge (as opposed to 2 due to the

U — V path), and therefore it may push out at most 3 edges.

Appearance at the second block If not, this is currently the second block in which v
appears: applying the claim on the first block, and observe that the most recent departure
opens up at most 2 F edges, while the current arrival closes 1 (unless H or S, in which case

a net-gain of 3 suffices), we have
Pi(v) < 3(s¢(v) + he(v)) =242 —1=3(s¢(v) + ht(v)) — 1

where the 42 corresponds to the 2 F edges opened up at the most recent departure, and
the —2 term corresponds to the term in the hypothesis on first-block, and the —1 comes
from the current arrival closing at least one R edge.

For any subsequent appearance of v in the current block, if any, the following is
immediate,

Py(v) — Pr(v) < 3(sp(v) — s¢(v)) + 3(hy(v) — he(v)) + 1
as we observe that
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1. The departure from the first vertex may open up at most 3 edges instead of 2;

2. Any subsequent departure and arrival closes 2 edges, and opens up at most 2 edges,
hence the previous argument applies, giving a net-gain of +1 due to the extra

opening in the first departure.

That said, for any appearance of v in the second block at time t, we have

Py (0) = Pyo) + (Pe(0) = Pr(v)) < 3(sp(v) + hy(0))

Appearance at the future blocks For any block, let g be the local first appearance, and

t1 be the local final appearance, applying the above argument gives
Py (0) = Pry(0) < 3(st, (0) — sty (0)) + 3y (0) — iy (0)) +1.
That said, it suffices for us to bound P;,(v). This is bounded by
Py(v) < 3 MidApp;(0) + 3(s¢(0) + hi(v))

Consider the base case when v appears at the third block, the most recent departure opens
up at most 2 new F edges. To offset this, we use the gain in MidApp;(v), as the appearance
of v in the second block is now counted as a middle appearance once v appears in the
third block, which gives a +3 on the RHS. The bound extends to any subsequent block

immediately. This completes our proof of Pur bound.

Extension to dormant gadgets To capture the Pur change due to dormant gadget, we
note that for each square vertex at each block, we can assume one dormant edge it pushes
out being fixed while assign a Pur factor for any other dormant gadget it pushes out at

that block. Notice this is a cost at most 2 for each square vertex throughout the walk, as
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we may need to assume 1 dormant edge for its first appearance, and another for its last
appearance. For any middle appearance, it suffices for us to assign a Pur factor for any
dormant edge it pushes out, as opposed to all-but-one in the case of first/last appearance.

This prompts to define the following counter,

Definition 3.4.25 (Dormant-excess). For each square vertex v, at any block BlockStep;, let D; be
the number of dormant-gadgets it pushes out at this block, define D;(v) := D; — 1|first/last appearance at i,

and additionally, the counter function is defined for the whole walk by taking

D(v) = Y. D;(v).
i:v appears in BlockStep;
Remark 3.4.26. By using an extra additive constant of 2, each return using dormant leg is either

forced or accounted for in D(v).

Claim 3.4.27. Each dormant-excess gadget corresponds to a circle vertex reached using an h; edge,

and gets assigned a factor of at most O(\/LE) in the combinatorial charging argument.

Proof. Note that in the combinatorial charging argument, we have assigned both h; edges
to the circle vertex’s vertex factor, unless the square vertex is potentially making its first
and last appearance at the same block, which is not ruled out by the definition of dormant
excess. That said, for the circle vertex, it gets assigned at most a factor of v/d in our
scheme, while both edges assigned at least O(\/LE) each, and combining the above yields
the desired. O

Corollary 3.4.28. By assuming at most 6 return legs to be forced, the number of unforced-return

from v throughout the walk is at most

Pur(v) < 3-MidApp;(v) + 3(s¢(v) + ht(v)) + D(v) .
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This allows us to effectively ignore Pur factor in the block-value analysis, as each Pur
factor can be distributed among surprise visit, high-mul visit, or middle appearance such
that each is assigned at most 3 Pur factors. Moreover, since each comes with a O( \/LH) factor,
combining with the assigned Pur factor contributes an 0;(1) term provided \”’/—2 = 04(1),

which is sufficient for us as we set g = d° for a small enough constant e. O

3.4.7 Wrapping up

Given the edge-assignment scheme to vertex appearance, we now show why this imme-

diately gives the desired bound on B(R): we have the following factors,

1. Each circle vertex gives a factor of v/d for their first/last appearance; the assignment
gives each vertex one global F/R edge-copy each, that is a factor of Lg, giving a

bound of

V2 _ 5.
\/E-ﬁ—ﬂ,

2. Each square vertex gives a factor of \/m for their first/last appearance, and the

assignment above gives global F /R each two edge-copies each, that is a factor of

3. Each square vertex that makes a global middle appearance gives a O(1) factors of

Pur, while each such vertex appearance is assigned one edge, that is a factor of

(29- Dy)°W .0 <%> < 1.
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Corollary 3.4.29. For each vertex’s appearance and edges assigned to it, we have a factor of at most

(14 04(2)) - Vd - % 12 < (1+04(1)) - 6v/2

for a circle vertex, and
2 12\/m
(14 04(1) -6 V- > < (14 0,(1)) 2

for a square vertex where the factor 6 for each vertex comes from our bound that each vertex arrived

using a forced R edge can be specified at a cost of [6].

Proof to lemma 3.4.13. By our edge-copy charging scheme and Proposition 3.4.14, we ob-

serve the following,

1. Treat the U — V path as a gadget, and we have 2 choices depending on whether
U = V for the upcoming block;

2. For each gadget-step, we sum over the edge-labelings;
3. For each gadget along the dangling path, we pick up at most the following factor,

e M,: it gives 2 circle vertices and 1 square vertex, which is a factor of at most
Bui= (140,(1)) 3% - Vi - 6*;

e Mp: it gives 1 circle vertex and 1 square vertex, which is a factor of at most
Byi=(1+04(1)) 3" 2 V/md-62;

e Mp: it gives 1 circle vertex, which is a factor of at most (1 + 04(1)) - 3% if it

is the first Mp gadget of the block with the factor 3 counting the step-label
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A

of the edge-copies in the gadget, or a factor of at most Bp = O( 7

) for any

subsequent Mp gadgets.

4. For the U — V path, the square vertex SQ; gives a factor of at most

m

(1+04(1))-6- 7

and the circle vertex combined gives a factor of at most
(1+04(1) - (V2)*-6

where the factor of 6 comes from at most one circle vertex being reached using R

edge.

Therefore, combining the above bounds, we have

2 1
B(R)§(1+od(1))-6(,/%-6-\/§)-32- [T  (Bu+Bs+Bp)<;
<polylog d gadgets
provided
1
B“, Bﬁ < E
and

1
6(,/%6~\/§2)-3z<E

It can be verified that it suffices for us to take m < 55505 - 4 though we do not emphasize
upon the particular constant as we believe a more careful argument by tracking our above

bounds can render an improved constant without much work. O

Lemma 3.4.30 (Restatement of lemma 3.2.11). With probability at least 1 — 2% for some
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constant € > 0,
1

IR |lspec < 5

Proof. This follows by setting g = d° for some constant € > 0, and combines with our

block-value function for small enough constant c. O
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Chapter 4

Switching Matrix Norm Bounds: An

Application to Random Regular Graph

4.1 Introduction

It is well-known in random graph theory that random d-regular graph denoted as G4(n)
and Erdés-Rényi random graph G(n, %) share various phase transition thresholds at least
in the leading order, eg. connectivity threshold, independence/chromatic number (see
[FK15] for more examples) . For algorithmists, one intriguing question to ask is whether its
algorithmic variant holds: for average-case computational problems (of both algorithms
and hardness), can the result and the analysis be transferred from one distribution to
another under some general condition? Crucially, this question remains unclear in various
situations as analysis of average-case problems (eg. [HSS15, MW19, JP24] and see more
examples in [AMP20]), especially those appealing to a spectral reasoning, is usually brittle
in the presence of correlation of the underlying input.

Motivated by the above question, we study the certification question of independent

sets in sparse random graphs. In general, a certification question refers to the algorithmic
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task of finding an efficiently certifiable upper bound on the given input. Via moment

methods, the largest independent set have its size tightly concentrated at @(nlzgd)

on
both distributions of Erd§s-Rényi and d-regular. However, on the algorithmic side, the
best known algorithm [HH70] employ spectral techniques, and for both distributions
yield a bound of O(\/LE) which is essentially off by an O(v/d) factor from the ground-
truth. It is a major open question whether the gap of O(v/d) may be closed, and the
independent set problem has been serving as a prototypical example of information-v.-
computation gap in the statistics inference community. In this context, Sum-of-Squares
semidefinite programming hierarchy arises as a testbed for algorithmic intractability for
average-case problems as the general theory of NP-hardness does not apply. Capturing
spectral techniques that give the sated O(\/LH) bound, SDP hierarchy is a natural candidate
to turn to for a possibly improved upper bound. The Sum-of-Squares hierarchy of SDP
relaxations [Las00, Par00] is a hierarchy of increasingly powerful families parameterized by
the SoS-degree: it captures the best known algorithms for many worst-case combinatorial
optimization problems [GW94, ARV04] and yield improved and even optimal algorithms
for statistical inference problems in the average-case setting [BRS11, GS11, HSS15, MSS16,
RRS17,KSS18, HL18, KKM20, Hop19, BK21]. Asaresult of the power of Sum-of-Squares in
algorithmic design, establishing lower bounds against it for statistical inference problems

has been a major research direction, and such hardness is usually seen as strong evidence

for algorithmic intractability.

Starting from the seminal work of [BHK ™ 16] that resolves the planted clique problem
within the Sum-of-Sqaures framework in the last decade, there is a line of work that
continues to investigate the limit of these algorithms on random graphs [MRX20, PR20,
Pan21, JPR"22, JPRX23, KPX24]: specifically, our work is directly inspired by [JPR*22,
KPX24] that study the independent set problem on G(#, %), and a concrete question we

ask is whether one can switch Sum-of-Squares lower bounds from Erd&s-Rényi to random
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regular graphs.

The particular aforementioned results do not extend to the d-regular graph setting and
it is cast as an explicit open question whether one may obtain similar results in G;(n).
Despite several results for basic SDP on random d-regular graphs [BKM19, DMO"19] and
such results being anticipated given the results on Erdés-Rényi, not much is known for
higher degree Sum-of-Squares in the regular graph setting (beyond degree-4). In fact, it
was far from clear prior to this work how existing techniques from the i.i.d. setting may
translate for the regular graph distribution, and what kind of new technical obstacles may
arise. For example, it takes considerably technical efforts to improve the original result of
[BHK"16] to satisfy the clique-size constraint exactly [Pan21], and it is conceivable that
similar challenges may appear for the regular graph setting.

From this perspective, our work completes the missing piece in the paradigm of Sum-
of-Squares hardness by extending its coverage to random regular graphs, and develops
tools to enable a smooth transfer within the known framework for applications in contexts
beyond max independent set. In particular, we believe our norm bound result would
also enable a smooth transfer for applications outside Sum-of-Squares lower bounds by
considering spectral algorithms for average-case problems, and we leave this direction for

future work.

Works for Low-Degree Polynomial Hardness and Level-2 Local Statistics Closely re-
lated to works in Sum-of-Squares lower bounds, low-degree polynomial framework is
also another active platform for examining average-case hardness [KWB19a, Wei20, SW22,
GJW22, RSWY22, KVWX23]. Random regular graphs have been investigated in this model
[BBK20], however, as far as we understand, a general theory for regular instances in the
low-degree framework remains mostly at large due to the absence of an explicit orthogonal

basis. That said, the recent work of [KY24] considers a close variant of our problem in the

158



local statistics hierarchy of degree LoSt(2, D), and asks explicitly for results of hierarchy
of higher degree LoSt in regular graphs. On a high level, the local-statistics hierarchy may
be viewed as an adaptation of Sum-of-Squares hierarchy to distinguishing problems, and
LoSt(2, D) may be seen as a hybrid of hardness against degree-D polynomials and the
basic SDP (which is itself captured by degree-2 SoS). Our result addresses their question

in the context of independence number.

Previous Works for Graph Matrix Norm Bounds The notion of graph matrix is first for-
mally coined in [BHK™19] where its norm bounds are given in [BHK"19] and generalized
in [AMP20] for the dense setting for random variables with bounded Orlicz norm. In the
sparse random graph setting, for random graphs of average degree at least polylog(n),
rough norm bounds are studied in [JPR*22] and [RT22]. More recently, our previous work
[KPX24] optimizes the subpolynomial dependence of the norm bounds which are crucial
for the sparse setting, and gives almost tight bounds in the setting of bounded average
degree. Our work showcases the versatility of the framework in [KPX24] by adapting it
to the regular graph setting. We believe that following our analysis here, a careful combi-
nation of some analog of the main lemma from [Sar23] in the sparse regime (implicit in
[Bor19]) and [KPX24] would yield norm bounds for the sparse regime for d = O(1) (albeit

in a slightly different model for random regular graphs), and we leave this for future work.

Distribution of Random d-Regular Graphs G;(n) The spectrum and the spectral norm
of random regular graph is an important topic in random matrix theory, and there have
been a long line of works spanning over decades (eg. [HH70, BS87, Fri03, TVW13, BLM15,
TY16, Bor19, HY21] and we refer reader to see references therein). Before we dive into
technical analysis for Sum-of-Squares, let us first make clear the specific distribution of

random regular graphs G;(n) that we are working with throughout this work. We start
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by considering the set of all graphs on 1 vertices such that each vertex has degree d. Since
such set is non-empty whenever nd is even and 0 < d < n, we may then impose a uniform
measure on this set, and define G;(n) the uniform distribution of graphs drawn from this
set.

Our choice of distribution is slightly different from the usual choices of configura-
tion/lifting model studied in the previous works for low-degree polynomial analysis.
Interestingly, these two alternatives are usually used for the ease of moment calculation
as it is possible to employ direct probabilistic calculations in these models. However,
we believe such distinction is rather technical and should not be conceptually significant:
both distributions are both contiguous to the uniform distribution of random d-regular
graphs. In fact, our specific choice is picked so that we may adopt the moment calculation
from previous works in a blackbox manner, while we believe similar calculation on either
model is true, and can be extracted so that our results for norm bounds may be plugged in
mechanically again. That said, to keep the presentation of our work concise, and to main-

tain the focus on our switching analysis, we opt to restrict our attention to the distribution

Ga(n).

4.1.1 Informal Statement of Our Results

We now give a quick overview and an informal statement of results. We give matrix norm
bounds for random d-regular graphs. The results are two-fold.

On the one hand, we identify the "crucial" combinatorial structure of the underlying
shape that dictates whether the input distribution of Erd§s-Rényi matters, i.e., when the
same norm bound holds on both distributions. On the other hand, we identify the tight
(up to lower order dependence) dependence of graph matrix norm bound for shapes that

have different spectral norm upper bounds in these two distributions.
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Theorem 4.1.1 (Informal of theorem 4.1.3). For shapes T that do not have any edge “floating”,
i.e., edge-component not connected to the left/right matrix boundary , the same graph matrix norm
bound (in [JPR*22]) for Erdés-Rényi continues to hold with high probability for the random d-
regular graph distribution G4(n).

For shapes T that have some floating component that is additionally tree-like, the graph matrix
norm bounds for Erdds-Rényi no longer hold in G;(n), and our norm bound for G;(n) gives a /n

factor blow-up over the prior norm bound is for each such component .

4.1.2 Main Theorems of Graph Matrix Norm Bounds on Random d-

Regular Graphs

For some 6 > 0 and for any shape 7 with |V (a)| < n°, and Gy(n) the distribution of

random d-regular graphs for any log'®n < d = o(n) and p = % , we obtain the following

theorems,

Theorem 4.1.2 (User-friendly version for shapes without floating component). For a shape

T without floating component, we define

S:separator for T p

|E(S)]
By(T) =  max (v - q) VNS ( 1- P) , ﬁII(T)\ - (Crorm) E()

for some constant cnorm,¢ > 0 and I(T) the set of isolated vertices in T. For any € > 0,

there exists some large enough constant ¢ > 0 such that for any q = Q(|Uz||log n) and

g < min(d'/10,n009)),
Egcyon) |[Tr((McMT)7)| < (1+€) - By(7))™

Theorem 4.1.3 (Full version for shapes containing floating component). For a shape T
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possibly containing floating components, we define

float(T\ S) = I Vn - 1[C; is tree-like]
C;: floating component not connected to S
for any S C V() where 1[C; is tree-like] is the indicator for whether edge-induced component C;

is tree-like, and define

|E(S)|
B(t):= max (vn-q)VO\Sl. ( 1—_}?) Vsl float(T\ S) - (Cnorm ) ET

S:separator for T p

for some constant cnorm, ¢ > 0 and I(T) the set of isolated vertices in T. For any € > 0 and for any

g = Q(|Uz|log® n) and q < min(d'/10, 100)),

EGnc,(n) [Tf<(MrMTT)")} < ((1+¢) - By(1))™

Let us now unpack the above norm bounds for clarity. Towards the end, we recall the
norm bound from [JPR*22] for the i.i.d. setting as

E(S)
O( max V@Sl @ =P

S:separator p

The main difference between the norm bound for shape with and without floating compo-
nent is the extra factor captured by float(7 \ S), that is each tree-like floating component
disconnected from the separator S requires an extra factor of /7 in the candidate upper
bound. Despite the difference incurred by floating component, the candidate bound stated
above are essentially identical as that for the i.i.d. setting in [JPR"22] up to subpolynomial
dependence.

As a corollary, we obtain the following matrix norm bound that holds with probability

atleast 1 — 0, (1), | Mc|| < (1+04(1)) - By(T).
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4.2 What’s the Same and what’s Different?

A natural starting point for our work is to build upon our machinery for input from i.i.d.
input of sparse random graphs as discussed in the first chapter. For concreteness, we recap

our definition for graph matrix while adapted to the setting of random regular graphs.

4.21 Definition of Graph Matrix via the Basis for Erd§s-Rényi

Let us now start with the formal definition of graph matrix. Usually in the case of i.i.d.
input, graph matrix is defined using the corresponding orthogonal basis for the null
distribution, which is the p-biased basis for the Erdos-Renyi distribution G(n, %) The

specific basis is defined using the following Fourier characters,

Definition 4.2.1 (Fourier character for G(n, 9)). Let x denote the p-biased Fourier character,

x(1) = \/?% \/g,
N

For a subset of edges S C (7), we denote its corresponding basis element as xs(G) = [T,es Xe(G).

we have

and

Throughout this work, we use p and % interchangeably unless otherwise specified.

To see that this forms the an orthogonal basis for Erdgs-Rényi G(#, %), it is straight-
forward to verify that each edge is independent of each other, and each edge character
has mean 0 and variance 1. In this work, even though we are working with input coming
random d-regular graph, we define the underlying edge-character as the above Fourier
character for Erdés-Rényi graph of G(n, %) Crucially, we want to point out that that the

edge characters are no longer, even though close to being, orthogonal. From this point on,
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we will use G to refer to the graph input in general, and as we use the same edge character,
we shall not make the distinction of the distribution from which G is sampled.
Next, we are ready to introduce shape, a representation of structured matrices whose

entires are polynomial functions of the underlying graph input G.

Definition 4.2.2 (Shape). A shape T is a graph on vertices V (T) with (possibly multi-)edges E(T)
and two ordered tuples of vertices U (left boundary) and Vi (right-boundary). We denote a shape
Tby (V(7),E(7), U, Vo).

We remind the reader that V; should be distinguished from V (), where V; is the right

boundary set, while V(7) is the set of all vertices in the graph.

Definition 4.2.3 (Shape transpose). For each shape T, we use T to denote the shape obtained
by flipping the boundary Uy and Vy labels. In other words, t1 = (V(7),E(7), Ut = Vo, Vor =
Uz).

Definition 4.2.4 (Embedding). Given an underlying random graph sample G, a shape « and an

n! n!
X
n—[Ux|)! = (n—|Va|)!

injective function p(a) : V(a) — [n], we define My, to be the matrix of size (
with rows and columns indexed by ordered tuples of [n] of size |Uy| and |V, | with a single nonzero

entry

My (W), 9Vl =TT xc (@), ().

and 0 everywhere else.

Definition 4.2.5 (Graph matrix of a shape). For a shape a, the graph matrix M, is

M, = ) M (n)-

injective P:V (a)—[n]

When analyzing the Sum of Squares hierarchy, we extend M, to have rows and columns indexed

by all tuples of vertices of size at most % by filling in the remaining entries with 0.
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In words, for a graph matrix of shape 7, its entry of M.[S, T| for set S, T agreeing
with the boundary condition of 7 is given by the summation over the injective labeling of
middle vertices in V(1) \ Ur U V7.

Before we state our main result for graph matrix norm bounds, we make one further
definition for graph matrix that will crucially reflect the difference of norm bounds for the

ii.d. distribution and for the regular graphs.

Definition 4.2.6 (Isolated vertex). For a shape T and a vertex v € V(7) \ Uy U Vi, we call
it isolated if it is not incident to any edge. However, vertices in U U V. are never considered

isolated.

Definition 4.2.7 (Floating component). For a shape T, and an connected component C induced

by edges, we call C floating if there is no path from C to U, U V.

Importantly, observe that an isolated vertex of degree 0in V(«) \ U, U V, is not floating
as we consider edge-induced component in the above definition. Finally, we make clear
of the definition of a component being tree-like even though it may already be clear as its

name suggests,

Definition 4.2.8 (Tree-like component). We call a connected component C with vertices V(C)
and edges E(C) tree-like if V(C) = E(C) + 1. In other words, there is no cycle in the connected

component.

Trace Moment Method: Same Machinery yet with a New Focus Again, we apply trace
moment method here to study the spectral norm of random matrices.
Taking the expectation over the randomness of the underlying input G, and reorganiz-

ing the terms on the righthand side by grouping steps by their underlying labeled-edge,
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we can write the expected trace as

T T T
]EGtr<(MTMT )‘1) = Ec y M[Sy, Ty)M{ T4, Sa] ... M] [T, 1, S1]
Sl/T1/S2/~~~/Sq71/Tq71
S;:labeling of left boundaries of T
T;:labeling of right boundaries of T

=Eg Z H XG(e)mulp(e)

P €E(P
shape-walk of length g e€E(P)

where we use mulp(e) to denote the multiplicity of labeled-edge ¢ in the walk P. In the

ii.d. setting, the above quantity further factorizes over edges as

Ec Y. IT xc(e)™i» = Y. [T Eclxc(e)y™t©],

€E(P) €E(P)

P e P e
shape-walk of length g shape-walk of lengthg

and a crucial observation at this point is that for each walk to give non-zero contribution,
each labeled edge needs to appear in at least two steps, as otherwise the expectation of

the walk factorizes over the edges and edges appearing a single time gives mean 0.

Noting that such immediate factorization is not true in our setting of random regular
graphs, however, we will proceed with the i.i.d. setting to describe the machinery of
obtaining matrix norm bound from block-value bound from [AMP20, JPR 22, HKPX23,
KPX24] , and then outline challenges and solution posed by regularity in the subsequent

section.

In particular, our norm bound techniques may be viewed as a showcase for the versa-
tility of the machinery developed in [KPX24] with simplification as we do not optimize
over polylog dependence which is the main target of their work, and with adaptation to
random regular graphs. On a high level, we are able to apply the combinatorial compo-
nent (bound on vertex-factor) from our prior machinery in an essenly blackbox manner,

while our focus is on the edge-value component.
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4.2.2 Bounding Walk Value: putting in the regularity

Before we consider how the edge-value may be factorized into each BlockStep, a crucial
starting point is to understand what the edge-value bound globally for a whole walk. In

particular, we want to find an upper bound of edge-value for E¢..¢,(») Ixc ()™ 1P () for
ecP

/

::edgevglfscaled(P)
a "not-too-large" subset of edges P C (3) with various multiplicities in a random regular

graph.

Fortunately, such question is well-understood in the context of random regular graphs,
and we use result from the previous work of [Sar23] in the context of the spectral gap for
random d-regular graph. Before we state the known result, we first make the following

additional definitions,

Definition 4.2.9 (Surprise step/visit). In a shape walk, we call a step a surprise visit if it leads

to a vertex that has already been visited/explored in the walk.

Definition 4.2.10 (Singleton step/edge). In a shape walk P, we call a step along labeled edge e
(of the underlying randomness) a singleton-edge/step if e appears only once throughout the whole
walk.

On the other hand, we call a step using along a labeled edge e that appears more than once a

non-singleton step and the underlying edge a non-singleton edge.

We are now ready to recall the previous known bound, which bounds the unscaled

value of a walk P of length-24 in a random d-regular as the following.

Lemma 4.2.11 (Restated edge-value bound from Corollary 3.6 in [Sar23]). Letlogn < q <

dV/10, and d < cn for some constant ¢ > 0, define

d

edgeval, st (P) = [ [ (G(e) — Tymulp(e)

eeP n ~

'

unscaled character
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where G(e) is the 0/1 indicator variable for edge in graph sample G, the following bound holds

“EGNGd(n)edgevalunscaled(P)| < (2 + 0(1)) ’ (Zq)Z-\surprise(P)L

(P(l _ p)/n)\singleton(P)l/Z(p(l _ p))|NonSingleton(P)|

where surprise(P) is the set of surprise visits in the walk P, and Singleton(P) is the set of
singleton edges (i.e., edges that appear only once in the walk), NonSingleton(P) is the set of edges
that appear at least twice, and importantly, |NonSingleton(P)| denotes the number of such edges

(not counting multiplicities).

At this point, we shall emphasize that the most important aspect of the above bound is
the factor of (p(1 — p)/n)lsngleton(®)/2 yhich accounts for the change that we are working
in a non ii.d. setting, and each edge appearing only once no longer has zero expected
value as in the i.i.d. setting. This lemma does not follow from an immediate magnitude
bound, and requires a careful analysis using cancellation of the terms that appear in the
moment expansion which is arguably the main technical component of [Sar23]: compared
with magnitude bound, it comes with an extra \/Lﬁ decay for each singleton edge without
which our spectral norm bounds would degrade into a trivial Frobenius norm bound for
various shapes.

Before we combine this edge factor with combinatorial counting, let us switch back

to the Fourier basis in which edge has their character given, and note that the scaling is

mul(P)
1
edgevalscaied (P) = edgevalunscated (P) - p(1-p)

where mul(P) := Y _,cp mulp(e) is the total edge multiplicity of walk P, and mulp(e) is the

picked such that

multiplicity of edge e in P. Combining with the magnitude bound for the unscaled value,
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‘]EGNGd(n)edgevalscaled(P)‘
< (2 + 0(1)) . (zq)2~|surprise(P)| . (p(l _ p)/n)|singleton(l’)|/2 . (P(l _ p))\NonSingleton(P)\
mul(P)

p(1—p)

With the above bound for the walk value, we arrive at our edge-value assignment
scheme that assigns factors from the above upper bound to each edge’s multiplicity in the
walk. We follow the notation in previous works and label each edge’s multiplicity (i.e.
step) as the following,

At this point, it is crucial for the reader to distinguish a Singleton step and an S step of
surprise visit. In fact, we advise for the readers to skip upon S step of surprise visit as
they only concern for subpolynomial dependence of the final norm bound which we do

not optimize in this work.

Proposition 4.2.12. The following step-value assignment scheme gives an upper bound for the

edge-value up to a factor of O(1):

1. For singleton step/edge, assign a value of 1/ p(ln_p) ] p(llfp) = \/%;

2. Foran F/S/R step of an edge that appears more than once, assign a value of \/p(1 — p) -

1 1.
p(l-p) L;

3. For an S step, i.e., the underlying edge is non-singleton and appearing for the first time wile
the step leads to a visited vertex in the walk, we additionally assign a value of (2q)>. That

said, an S step of a surprise visit gets assigned a value of (2q)? in total;

4. For an H step of an edge that appears more than twice, assign a value of 4/ 1777’.
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Let f(s) be the assigned value of step s in according to the above scheme,

(2+0(1)) H ’f(s)| > ’edgevalscaled(PH

s€P:step

In words, up to the factor of (24 0(1)), the above step-value assignment scheme assigns the upper

bound factor of the walk to each step.

Proof. We first observe that the factor , / ﬁ gets assigned to each step regardless of label,

o : T O .
which is consistent to the fact that we have , [ oi=p) in the original upper bound.
Additionally, for each edge that appears more than once, we pick up a factor of p(1 — p)
and this is distributed among the F/ /R steps of the edge. For edges that appear only
once, the whole factor is assigned to the singleton edge. For the factor of (2q)lsuPrsie(Pl),

we assign them to the S-step in which the edge is making the first appearance. O

4.2.3 Explicit Application of BlockValue Machinery

In this section, we apply the above machinery to the explicit graph matrices of line graph
(see following for diagrams) to familiarize readers with our described scheme, and show
one can easily recover the O(1/1) bound for centered adjacency matrix, which is equivalent

to a O(v/d) bound for the spectral gap of a random graph.

uO O v

Ua Va

Figure 4.1: Line-graph
Miine [u/ U] = XG (u/ U)
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Lemma 4.2.13. For the line-graph 1y;;,,, we have

B(Tiine) < O(v/1),

as a corollary, we have || M. || < O(y/n polylog(n)) w.h.p.

Proof. We first take g = polylogn. To apply block-value bound, fix a traversal direction
from U; to Vz, and given current boundary at U, we start by casing the step-label. If this

is an F-step
1. V¢ is making a first appearance and a factor of \/n - g is assigned;
2. U is making a middle appearance and at most a cost of g is assigned to the vertex;
3. The edge is non-singleton and making the first appearance, which gets value 1;
4. This combines to a value of /% - g in total.
Similarly if this is an R-step,

1. Vr is potentially making a last appearance and at most a factor of 1/ - g is assigned

(a factor of g for middle appearance);
2. U; is making a middle appearance and at most a cost of g is assigned to the vertex;
3. The edge is non-singleton and making the first appearance, which gets value 1;
4. This combines to a value of /7 - ¢ in total.

If this is an S/ H-step, we have at most a vertex factor of g2 in total, and an edge-value

of 1 or in the case of H-step, a value of ,/ I_Tp ~ \/g . This gives a total factor of 4> and
I=p . 2
p T
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Lastly, if this is a singleton-step, we have vertex factor of at most 7 in total when the
left vertex is making a last appearance and the right vertex a first appearance. Crucially,

the singleton-step gives a decay of Ln, and therefore we have a combined bound of /n.

Summing over the above step-labels, we have

1— -
B(t) <2 Vi q*+q*+ 7’9~q2+ﬁ§0<ﬁ>

as we take g = polylogn. O

4.2.4 Connecting back to Vertex Separator

The crucial quantity governing graph matrix norm bounds is the notion of vertex separator,

defined as the following,

Definition 4.2.14 (Vertex separator). For a shape T, we say S C V() is a vertex separator for

T if any path from U to Vi passes through some vertex in S.

In the previous analysis, the notion of vertex separator pops up as each edge needs to
appear twice in the walk, and therefore, there is always some vertex in a given BlockStep
that is making a middle appearance. However, this is no longer true for us as we may
non-zero value walk that contain singleton edge and a priori, it is not at all clear whether
vertex separator continues to control matrix norm bound in the regular setting.

To relate the block value to vertex separator, we start with a step-labeling of edges in the
given block 7. In fact, we restrict to step-labeling that does not involve singleton-step first.
This would enable us to recover the usual graph matrix norm bounds. For concreteness,
assume this is an T block (as opposed to T ) and we are traversing from Uy (left boundary)

to V¢ (right boundary). Importantly the vertices in U, are already specified for us.
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Building the Separator from BlockStep-Labels For a block of T traversing from U, and
Ve, and let L : E(t) — {F, R, H, singleton} be a step-labeling of the given block, we build

Sp the separator for the given block as the following,

—

. Include any vertex in U, N V¢ into Sg;
2. Include any vertex incident to H-step into Sp;
3. Include any vertex incident to both F, R edges into Sg;

4. Include any vertex in U; incident to some F/S-step (note that S is a surprise step as

opposed to a singleton-step) into Sp;
5. Include any vertex in V; incident to some R-step into Sp;

6. Additionally include any other vertex making middle appearance into Sg in the

given block.

At this point, it is not clear whether Sg built from the above process is a vertex separator
for any block-labeling, not to mention whether it governs the matrix norm. In fact, it is
possible in our case that Sp is not a vertex separator for 7 at all. That said, we first consider
the case where there are no singleton-steps, and in this case, one can see the set Sp built
from above is indeed a vertex separator. This in part explains why matrix norm bounds

are connected to vertex separator in the previous works for i.i.d. setting.

Claim 4.2.15. In the absence of singleton-steps, Sp is a vertex separator, i.e., any path from U to

Vi passes through some vertex in Sp.

Proof. To show Sp is a vertex separator, it suffices for us to show any path from U, to V;
passes through some vertex in Sg. Consider any such path, we first observe that if the path
is trivial (i.e., no step is involved), such path is blocked by U N V; C Sg. For the non-trivial

path, such path cannot contain any H-step, as any H-step has both its endpoints included
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in Sg, and therefore blocked by the separator. Similarly, since each vertex incident to both
F and R-steps are included into the separator, any path from U to V; must be of either all
F or all R-steps.

In the case of a path being of all F-steps, let u be a vertex in which path intersects Uy,
this is a U vertex incident to F-step and therefore included into the set Sg. Analogously,
an all R-step patg passes through some vertex in V; incident to an R-step and included
into Sp. Therefore, any path from U; to V; passes through the set Sp, and Sp is indeed a

vertex separator. [
From the above proof, we can also arrive at the following corollary immediately,

Corollary 4.2.16. In the presence of singleton-steps, Sp is not necessarily a vertex separator,

however, any path not blocked by Sg is all-singleton.

Observation 4.2.17. Any vertex included into Sg in the above process is a vertex making a middle

appearance in the given block.

With the connection between vertex separator and step-labeling established, we are
now ready to bound the block-value of a given step-labeling, and see why it is indeed the

norm bound given by vertex separator in the previous works.

4.2.5 Deducing Block-Value from Step-Labeling

In this section, we combine the edge-value assignment scheme and our vertex-factor
assignment scheme introduced earlier to bound the block-value of a given step-labeling .
On a high-level, we first consider the case where there is no singleton-edge, and show in
this case we recover the usual graph matrix norm bounds.

However, as we show in the last section, a step-labeling in the presence of singleton-

edges is not necessarily a vertex separator, therefore it is not quite sufficient to consider
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step-labeling free of singleton-step. To handle such discrepancy, we show that any step-
labeling L with singleton-step, we can construct an alternative BlockStep-labeling L’ that
is singleton-step free, and furthermore we have the BlockValue bound B(L) < B(L’).
Therefore, we show that for the sake of maximizer of the block-value (and thereby of the
matrix norm bound), it suffices for us to consider L that is free of singleton-step, and for

these step-labelings, we have a "genuine" vertex-separator as usual.

Lemma 4.2.18. For a shape T, for any step-labeling L of T that does not contain singleton-step, let

S be its associated vertex separator built from the prescribed process, we can bound its block-value

by

B(L) = vtxcost(L) - edgeval(L)

[E(S)I
/11— T _
< (Vi - g7) VNS Tp . \/ﬁ“( )l .qITV(S)\UrﬂVr\ ,max(llqlTE(T)\E(S)l |V(T)\V(5)\)

With some abuse of notation, we also write B(S) := B(L) defined as above as we observe the RHS

quantity only has dependence on L through S.
Proof. The bound follows from observing the following,

1. By our vertex factor assignment scheme, any vertex outside the separator is making
a first or last appearance in this block but not both since L is free of singleton-step,

and gets assigned a vertex cost of \/ngr < \/n-q;

2. Any H edge gets assigned an edge-value of , /ﬁ ~ \/Z, and any such edge is

|E(S
inside the separator, therefore, we have at most a factor of \/g in total;

3. Any excess edge gets assigned a factor of g, in its F/R-step, therefore we have a
[E(O\E(S)[=|V (TS|

factor of g, in total;
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4. Any vertex inside the separator other than |U; N V;| is making a middle appearance
and gives a factor of g, where we notice that a factor is spared for |U; N V| as no

encoding is needed for such vertices.
O

Lemma 4.2.19. For a shape T, for any of its step-labeling L that contains singleton-step, if T does
not contain any floating component, there exists a separator S whose corresponding block-value
bound that at least matches the block-value bound of L. In other words, there exists vertex separator
S such that

[E(S)]

1-— _
B(L) < B(S) = (\/ﬁ.qr)W(L)\SL g P ,q\TV(S)\UmVT\ .max(l,qlTE(T)\E(S” \V(T)\V(S)I)

Proof. For starters, notice that our block-value bound factorizes over connected compo-
nent, and it suffices for us to consider a single connected component. We first observe
given a step-labeling, we can decompose T into singleton-components by only considering
singleton-step edges in 7.

We now case on whether S(L), the candidate vertex separator built from L containing

singleton-step, is a vertex-separator for L. If so, it suffices for us to verify our previous

bound of

E(S)]
1-— T —|V(t
B(L) < (v - go) VNS /TP VOV o (1, g EOEGI-IVOW )]y

continues to hold for the given block when we take S = S(L) even in the presence of
singleton-step. To see this, notice the previous argument bounding vertex factors in
identical way for vertices outside the separator that are not making both first and last
appearances, and therefore, it suffices for us to focus on the "new" vertices making both

first and last appearance due to the non-repetitiveness of singleton-edges. Any such vertex
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is a non-isolated vertex (otherwise if isolated, its double factor has already been accounted
for in the previous proof by the factor of /n |I(Tm), and each such vertex gives an extra
factor of \/n. Call such vertex a flip vertex, and unflipped otherwise. That said, we can
restrict our attention to these vertices and note that are all incident to some singleton edge
that comes with an extra \/Lﬁ decay. Therefore, the task is to assign a singleton edge for
each such vertex that is making both first and last appearance in the block.

Consider the graph induced by singleton edges, we observe that any flipped vertex has
a path of singleton edges to an unflipped vertex in the case there is no floating component
since it has a path to U, U V,. Therefore we may consider a BFS to traverse flipped vertex
from some unflipped vertex via singleton edges, and assign the singleton edge to the

vertex it leads to, and observe that

1. Each singleton edge, if non-excess, comes with a value —-- and gets assigned to the
NG

destination vertex, which is indeed the target we start off with;

2. Otherwise, if an excess edge (i.e. a singleton edge that is also a surprise step leading
to visited vertex), we incur g°(!) factor but it has an unassigned \/Lﬁ factor as there
must be at least another edge that is assigned to the destination vertex: if the vertex
makes first appearance in the block, either it is not flipped and an extra /n factor is
not needed , or it is a flipped vertex but the extra \/n factor has been offset by the

first singleton step that explores it,

and this completes the proof for the case S(L) remains as a separator for T.

On the other hand, if S(L) is not a separator for 7, it suffices for us to construct a
separator S and go through the above argument to show the desired block value bound of
B(L) < B(S). Towards this end, observe that there must be a path from U to V that does
not intersect S(L). By our construction of S(L), any such path must be all singleton-step.

Consider all such singleton-paths from U; to V; and let the union of all such paths be T.
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Let X be the MVS for T and now we consider S := S(L) U X as the new candidate vertex
separator.

Observe that S = S(L) U X is indeed a vertex separator now as any path not blocked
by S(L) is in T while any such path in T from U to V- is blocked by X. It now remains to
verify the block S value of S upper bounds the BlockValue of L.

Note that as the block-value bound factorizes over connected components, the factors
of vertices/edges connected to S(L) can be bounded by the previous argument, it suffices
for us to focus on factors on the singleton path from U; to V;. Towards this end, we first
consider a BFS from X using the singleton-step in L to keep track of the change of factors

in the BlockValue due to the addition of X.

1. We start by observing for any vertex in X, it may either come from U;AVz, or it
is outside U, U V;. Any such vertex cannot be in U; N V7 since such vertices are

automatically included into S(L) already;

2. Any vertexin X \ (U U V) is making a first and last appearance in L, which gives a
factor of n . However, it now gives a factor of /7 in the bound on the RHS by being

a vertex outside the separator, and this is a deficit of ln ;

3. Any vertex in X N (U;AV7) is making either a first or last appearance in L (but not
both) which gives a factor of \/n. Similarly to the above, it gives a factor of 1 in the

block-value bound of B(S), which gives a deficit of \/Lﬁ ;

4. As we consider the BFS from X using singleton-step, any such singleton-step cor-

responds to a gain of /7 as it gives value 1 for block-value bound of B(S)while a

factor of \/Lﬁ to B(L);

5. Any vertex outside Ur U V; reached by a singleton-step gives a factor of n in B(L),

while a factor of /1 to B(S) Combining the change of vertex factor with the edge
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assigned to it, this is a change of

6. Any vertex in U;AV; reached by a singleton-step gives a change of /n to both
bounds, therefore there is no change in the vertex factor restricted to these vertices.
Importantly, since it is still reached by a singleton-step, we pick up a change of \/n

on these vertices;

7. Combining the above, notice for any vertex iv € X \ Ur U Vi, we can assign at least
one vertex in U¢ \ V¢ and V; \ U reached by a BFS from v without passing through
any other vertex in X. As otherwise, X \ {v} continues being a separator of T while
this contradicts with the minimality assumption of X to start with. With at least two

vertices in U U V; assigned to each vertex v, we have a total change of

8. Similarly, for any vertex v € X N (U:AV;) (W.L.O.G. consider v € X N Uz) ,we can
assign at least one vertex in V; reached by the BFS via a singleton-step from v without
passing through other vertex in X, as again otherwise removing v from X preserves
a separator for T while contradicting with the minimality. This is a change of

1

ﬁ-\/ﬁzl.

This proves that the block-value bound B(S) > B(L) for S = X U S(L) for step-labeling

L ]

To wrap up, we have shown that any step-labeling has its block-value bounded by some
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separator, therefore, using a loose bound to crudely bound the number of step-labeling,

the final bound follows as

By(1) = ) B(L) = ) vtxcost(L) - edgeval(L)
L: step-labelings for E(T) L: step-labelings for E(T)

< clE@I. max Br4(S)

S:separator

for some constant ¢ > 0, and we introduce the short-hand B+ 4(S) to refer to B(S) for shape
T when the dependence on shape T may be unclear from the context.

One may then observe that c/E(V)| . B, ;(S) are indeed the norm bound given for graph
matrix in the i.i.d. setting by [JPR*22], and in particular, the polynomial factors in Bz 4(S)
match exactly with the polynomial factors in the SMVS bound therein. Since the c/E(7)|
factor is dominated by the factors of g (i.e. polylog factors in the B, bound) in the B(S)
bound, we have shown that these two bounds match up to lower-order dependence.

However, as introduced in our technical overview, such comparison no longer holds for
the scalar example and potentially more. We next show that these are the only examples
that a blow-up is incurred in the norm bounds. Formally, we show that a \/n blow-up
is incurred for each tree-like floating component, i.e. edge-component not connected to
neither of the left/right boundary.

Before we get started, we first point out how floating component captures the scalar
illustrated by the scalar random variable p(x) = Y_; ey Xc({7,j}) . This can be viewed
as a shape with U; = V; = @ and E(7) = p(x). Thus, with the boundary condition
being empty, we indeed have a floating component and it is easy to see that is additionally
tree-like.

We are now ready to augment the previous lemma to take into account of floating

components.
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Lemma 4.2.20. For any shape T, for any step-labeling L, there exits a separator S whose corre-
sponding block-value bound upper bounds that of L. In other words, there exists vertex separator

S such that for some constant ¢ > 0,

E(S)
B(L) < (Vi qo) V05 T2l O eV 018)

- max(1, gEEGOIIVOWE VNNV e

where | floate.(V(T) \ S)| is the number of tree-like floating components not connected to S.

Proof. The key of this lemma is that each floating component gives at most a /1 blow-up.
Again, we start with the observation that our block-value bound factorizes over connected
components, and it suffices for us consider C a floating component. In particular, it suffices
for us focus on the components not connected to S and those that are of all singleton-steps,
as otherwise the previous proof applies: the component of vertices that make both first
and last appearances are connected via singleton-step to vertices that are not making both

appearances.

It now suffices to bound the block-value restricted to all-singleton floating components,

and its value is given by n!V(C)! . \/L;E(C)‘ by our vertex-factor and edge-value assignment

scheme. Notice in the case of tree-like floating components, we can bound it by

1 IE(C

2 < < WO R

AV

and in the case of |E(C)| > |V(C)|, we can simply bound it by (y/7g:)!V(©)l. Note that
each bound on the RHS is the block-value factors in B(S) associated with such floating

component C, and this proves our desired lemma. O
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4.2.6 Wrapping Up

We are now ready to conclude by completing the proof to our main theorem.

Proof. By lemma 4.2.20 , we have

<Y B(L) < cE max B (S)
T S

By design of our block-value function (and grouping the extra factor of 2 from edge-

value to the cost of identifying start of the walk), we have
q
EGey(n) tr(MTMTT> < O(nltly . B, (1) < O(nltel)B(7)2

To obtain concentration of the matrix norm bound, we then appeal to the following
proposition and this completes our result of matrix norm bounds for random regular

graphs. O

4.3 Application to Switching Sum-of-Squares Lower Bounds

In this section, we show the same construction from i.i.d. setting continues to work in the
regular setting. The main observation of our switching is the insight that as the matrix
for ii.d. case is largely based on moment method, and in the previous section of graph
matrix norm bounds, we have shown the moments of these two distributions are largely
the same (up to floating components), we can now plug in the new norm bounds to the

existing analysis with some more care on the blow-up incurred by floating components.

Our Results For our application we observe that it suffices for us to focus on shapes

that do not have any floating component (in the dominant term) for the analysis of higher-
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degree Sum-of-Squares lower bounds, and therefore we can essentially plug in the new
norm bound to the existing SoS analysis. To motivate our results, it is most helpful for
us to recap the SoS formulation for the independent set problem and recap the previous

result for Erdos-Renyi random graph.

Definition 4.3.1 (Pseudo-expectation of degree dsos ). For any dsos € IN, a degree-dsos
pseudoexpectation in variables x = (x1,xy,...,%,) (denoted by E) is a linear map that that
assigns a real number to every polynomial f of degree < d in x and satisfies: 1) normalization:
E[1] = 1, and, 2) positivity: E[f?] > 0 for every polynomial f with degree at most dsos . For
any polynomial g(x), a pseudoexpectation satisfies a constraint ¢ = 0 if E[f - g] = 0 for all
polynomials f of degree at most dsos — deg(g).

Definition 4.3.2 (Axioms for independent set). Let G be a n-vertex graph. The following

axioms describe the 0 — 1 indicators x of independent sets in G:

Vi € [n],x? = x; (Booleanity);

V(i,j) € E(G),x;x; =0 (Independent set) .

Working with the above set-up, the existing result reads as the following,

Theorem 4.3.3 ([JPR*22]). With high probability over G sampled from G(n, %), there is an
absolute constant cq € IN such that for sufficiently large n € N and d € [(logn)?,n°>], and

parameters k, dsos satisfying

n 1
k< — —————
~ /d dsos®-logn’

there is a pseudo-expectation of degree dsos for independent set with objective value
E[Y x] > (1—o(1))k.
i€[n]
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We are now ready to introduce our main result of switching the input distributions,
which states the main result of theorem 4.3.3 holds with essentially the same parameter

for inputs from G;(n) (up to lower order dependence of dsos).

Theorem 4.3.4 (Switching to Lower bounds for G;(n)). With high probability over G sampled
from the regular graph distribution Gy(n), there is an absolute constant ¢; € IN such that
for sufficiently large n € N and d € [(logn)?,n%°], there is a pseudo-expectation of degree

dsos < d'/19 for independent set with objective value

E[Y x> (1-o(1))k.

i€[n]

for
n 1

k < Vi dsosfilogn”

Remark 4.3.5. Verbatim, our result for the regular graph distribution may seem to require an
extra assumption of dsos < d*/10, however, we point out that produces makes minimal effect to the
strength of our lower bounds in comparison the i.i.d. one as it is offset by the implicit poly(dsos)
dependence of the objective value. In other words, the extra assumption can be dropped taking a

slightly larger constant ¢ > cq for co promised in the i.i.d. bound and set the objective value to be

marginally smaller by poly dsos factor.

4.3.1 Technical Overview of Application to SoS Lower Bounds

For higher-degere Sum-of-Squares lower bounds, the framework of "pseudo-calibration +
PSD analysis" pioneered by the seminal work of [BHK™16] has been by now a standard
(if not the only known) route, and has been proven successful in several different contexts.
Therefore, with its success in related problems, pseduo-calibration is a natural starting

point for us.
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"Just Use Pseudo-calibration" Fails Again The recipe of pseudo-calibration, and closely
related to it the framework of low-degree polynomial hardness, calls for a pair of null
and planted distribution, and an explicitly known orthogonal basis for null. To show
that algorithm or analysis may be transported from the planted distribution to the null
distribution, the low-degree polynomial framework show that it suffices to study the
change of measure in the Fourier basis for the null-distribution basis. And this is the
beginning for various low-degree polynomial analysis and higher-degree Sum-of-Squares
lower bounds. However, this is also where one immediately runs into trouble. Unlike the
prior scenario in [JPR™22] where the difficulty is to find a quiet planted distribution, the
regularity of our null distribution poses challenge to what an explicit Fourier basis would

be for the regular graph distribution.

To address the absence of an explicitly known Fourier basis for the regular graph
distribution, we settle with the closest known orthogonal basis we know, the p-biased
Fourier basis for G(n, %) In fact, we make further compromise by recycling the moment
matrix constructed for G(n, %), and plug in the input from random regular graph. In
words, the candidate moment matrix construction in [JPR"22] shows that there exists a

matrix-valued function
A : Graph — SoS Moment Matrix of degree-dsos

such that for typical graph sample G comes from G(n, %), A(G) is a valid pseudo-
expectation of large objective value. However dangerous a move it may seem, we continue
to apply the same matrix-valued function on graphs coming the regular-graph distribution,
and observe that the independent-set constraints and large-value constraints continue to

hold. We then defer further possible complications to the PSDness analysis.
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Applying the Approximate Factorization Machinery We briefly recap the overall idea
of PSD analysis from approximate factorization here while we refer the interested reader to
[JPR*22, ?] for a more thorough treatment of this topic. In general, the machinery applies
when the Fourier coefficient factorizes over edges and vertices, which also applies to our

moment matrix construction as we borrow the candidate matrix from the i.i.d. setting.

To get started, the machinery starts by factorizing the target matrix as M = LQLT
for some graph matrix L (left-shapes), Q (middle-shapes) and LT (also viewed as right-
shapes). The intention of the decomposition is that A may have various eigenspaces
corresponding to large eigenvalues and L serves as projection matrix to each eigenspace
of large eigenvalues. The PSDness then amounts to showing the middle matrix Q is
PSD. However, it turns out that the definition of Q is less explicit due to intersection
terms that arise from three-way product of L, Q and LT, and therefore, Q needs to be
defined in a recursive manner. Despite the technicality of constructing Q, specifically in
further factorizing intersection terms, the up-shot of the decomposition remains the same
that Q is a matrix that does not contain large non-trivial eigenvalues. In particular, for the
application to independent set, Q may be seen as a perturbed identity matrix and showing
its PSDness amounts to showing Q — Id, in particular, via a decomposition into a sum of

graph matrices, having spectral norm o(1).

Handling the Discrepancy from Switching: Graph Matrix Norm Bounds for Regular
Graphs The PSDness analysis of Q is usually where moment method and spectral norm
bounds comes into play as the proof strategy, and where the bulk of our switching work
rests. To enable a smooth transfer via moment method, one natural idea is to show that
if the low-degree moments do not differ much between these two distributions , and one
may then establish similar spectral norm upper bounds for graph matrices for both input

distribution by using polynomial approximation for the spectral norm upper bound. Since
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most of the prior analysis rely primarily on spectral norm upper bounds, existing analysis
with the new norm bounds would follow with ease if we can show comparable spectral
norm upper bounds for input from the regular graph distribution.

A technical caveat of the above strategy is that not all the bounds are the same for these
two distributions. In particular, low-degree polynomial can easily distinguish whether a
graph comes from Erdés-Rényi or the regular distribution. In fact, even degree-1 polyno-

mial suffices to distinguish such.

Example 4.3.6 (Low-degree distinguisher for Erdés-Rényi and Regular Distribution). Con-
sider the degree-1 of a single edge in the p-biased basis, p(G) = ¥ ixe(n Xa({i,7})xc({k, j}),
one can bound w.h.p. |p(G)| < O(\/ﬁ3) easily in Erdds-Rényi however, as a result of the non-
orthogonality of the p-biased biases in the regular distribution, the scalar in regular distribution

has typical magnitude Q(\/ﬁ4) ignoring potential poly(—d) dependence.

Remark 4.3.7. We do not give a direct proof for this lower bound in Gy(n), while we give a
heuristic argument based on the distribution G(n, %) conditioned on vertices having degree exactly

d. It can be verified by direct moment calculation that a blow up of at least O(/n poly(—d)).

Surprisingly, the existence of such low-degree polynomial distinguisher does not rule
out the above strategy of showing comparable spectral norm upper bounds for graph
matrices for both distributions, and applying prior PSD analysis. Analogously to the
well-known example of adjacency matrix in both distributions having roughly the same
norm bound, we show that comparable norm bounds continue to for a large family of
graph matrices, i.e., those of shapes that do not contain floating components. We defer the
formal definitions to the subsequent section, but in short, the polynomial deviation for the
scalar bound is then reflected in our spectral norm upper bounds through the discussion
on floating components.

For our application, the only tight case (in poly(7) order) comes from shapes that do
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not have floating components. On the other hand, as a result of our specially chosen
truncation rule of connected truncation, floating components only appear at intersection
terms where we show a more careful control of the coefficient allows us extra slack to
tolerate the increase in the spectral norm upper bound compared with that of the i.i.d.

setting.

Moment matrix construction To get started, we formally define our moment matrix
as given by the following moments via the connected truncation for the vanilla pseudo-

calibration.

Definition 4.3.8 (Moment matrix for independent set with connected truncation). We

define the moments to be

~ k
E[xs] = Y (E)\V(R)US\ (- %)E(R)I - xr(G)
RC(3)
Rconnected to S
|V(R)US|<Dy

for any S C [n] s.t. |S| < dsos. We follow the notation of xr(G) = Tleer Xe(G), and

Dy = dsoslogn is a truncation parameter to be specified later.

Preliminaries for PSD Analysis We refer the reader for the prior work of [JPR22] for the
full analysis while we strive to give a brief introduction to highlight the main lemmas that
employ moment methods, and illustrate the necessary changes due to floating components.

We start by recalling the following notations,

Definition 4.3.9 (Moment matrix in the graph matrix basis). The moment matrix defined

above as a linear operator can be equivalently written as

~ - M,
A= Z Ay—t
w:connected,|V (a)| <Dy |Aut((x)|
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where we define

s k IV(a)I‘ 5 IE@)
T \n 1—p

and |Aut(w)| is the size of automorphisnm group defined for shape « used to ensure each edge-set

contributes once in the decomposition.

For convenience, instead of working with A directly, we usually work with a rescaled
|Ua

7

version of it obtained by left/right multiplying a diagonal matrix with entry being \/%

and we will primarily work with the rescaled coefficient defined as

|Ua |+ Va| |V(D¢)‘_‘M
Atx = \/E — E : . (_ P )|E(tx)\
k n 1— p

Definition 4.3.10 (II independent-set indicator). Let I1 be a diagonal matrix for appropriate

dimension for dsos with entries T1[S, S| = 1[S is an IS in G].

At the backbone of the PSDness analysis is the notion of middle shape defined as. the

following,

Definition 4.3.11 (Middle shape). T is a middle shape if U, and V; are the Minimum-Vertex-
Separator of T, i.e., for any separator S C V(7) that separates paths between U, and Vi, we have

S| = |Uz| = [Vzl.

Before we dig into the PSDness analysis, we first verify that this continues to give valid
pseudo-moments when the underlying graph comes from random d-regular graph. We
note that several proofs are in fact identical to the i.i.d. case while we re-verify them with

the regular graph distribution for completeness.
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4.3.2 Verification of Moment Constraints

Claim 4.3.12 (Satisfying independent set constraint). For any set S with |S| < dsos , if S is
not an independent-set in G, we have

]E[JCS] =0

Proof. Note that for any set of edges R outside S, we may group together the edges inside

Elxs] = y (E)\V(R)US\ (= [P ERI . 5 r(G)
R " by

R:connected to S
|V(R)US|<Dy

- v Ewwos o P e @) [T (- [ ()
re(\() " L

R:connected to S
|V(R)US|<Dy

— Y (S)V(R)Us (= %)‘E(R” - xr(G) - ;S -1[Sis an ind-set in G]
Re(D\() ’

(1-p6
R:connected to S
|V(R)US|<Dy

where we observe that subset of edges inside S group to be a multiple of independent-set

indicator of S. [

Claim 4.3.13 (Large-value). W.h.p., the pseudo-moment matrix gives objective value } ;c/y] E[x;] >
(1—0(1))k.

Proof. We highlight the observation that most calculations can be reduced to moment-

calculations and our new norm bounds, in particular, graph matrix norm bounds for
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shapes T with U; = V7. Notice this is equivalent to be bounding

Au M,

D

i€[n]

~ k
B—-L 2|
1 ag”
E(a)#Q: con2r1ected to i
[V(a)u{i}|<Dy

- - Vand A, = (£)" P ) E()
for a viewed as a shape with U, = V, = {i} and A, = (E) (- W) Yl the
unscaled shape coefficient of «. Crucially, we want to point out that in the calculation
of the above, each shape a dose not containing any floating component, thus the norm

bound applies in an identical way as that of the i.i.d. setting. We first switch the unscaled

coefficient to the scaled coefficient of

([Ual+[Val)
n ~
Ao = \ﬁ e

Since U, = V, = {i}, we have

. k
DD SR YN . Y Ml = o)
i ag(g) a:|Uy|=|Vy|,connected,|V («)| <Dy ,E(a) #D
E(a)#Q: connected to i
[V(@)u{i}[<Dy
where the last equation of - £ Y| Uy | = |Va| connected, |V («)| < Dy, E(x) 20 | AaMa|| = 0(1) is proven

in our main lemma for PSDness concerning middle shapes in the subsequent section. [
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Chapter 5

Smooth Trade-off for Tensor PCA: An

Application to Hypergraph Input

5.1 Introduction and Our Results

In this work, we study the tensor principal component analysis (PCA) problem. In this
setting, the input is a tensor T obtained by adding a “noise" tensor G to a symmetric rank-1
tensor (the “signal") on a boolean vector v € {£1}". Every entry of G is an independent

centered Gaussian random variable with variance 1.
T=G+A-0%.

The central algorithmic question is to understand the minimum A — a measure of the
signal strength — at which it is possible to distinguish T from the background “noise" G
and, more generally, recover the planted vector v.

The first interesting case of r = 2 is the classical single-spiked Gaussian PCA problem,

which, in addition to being the fundamental question in algorithmic statistics, has also been
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of great interest in statistical physics. A celebrated result [BAP05] establishes the famous
BBP sharp phase transition for this model: the planted signal is efficiently recoverable

for any A > -L1 and informationally-theoretically impossible to recover when A < \/Lﬁ

/i
This phenomenon is often described as the existence of a sharp algorithmic threshold (the
minimum strength at which the planted signal can be detected/recovered) for the PCA
problem.

The case of r > 2 has been extensively studied as a canonical problem in statistical
inference, starting with the work of Montanari and Richard [MR14]. On the one hand,
the planted signal is information-theoretically detectable? whenever A 2 n~"% . The best
known polynomial-time algorithms[HSS15, HSSS16] (which in fact run in near-linear time!)
, however, are known to succeed only when A > /logn - n~"/4. This potential gap (which
arises only for r > 3) between the signal strength required for information-theoretic and

efficient detection/recovery is a major topic of study in average-case algorithm design.

[PWB16, ZK16, LML 17, MNS18, BBH18, JLM20]

Can the minimum signal strength be improved? Whether there are algorithms for
tensor PCA that succeed at a lower signal strength has been a central question in average-
case algorithm design. Indeed, investigations of this question have already led to new
techniques that have profound consequences for algorithm design and beyond. About a
decade ago, researchers [BGL17, BGG16, RRS17] found higher order spectral methods
that run in subexponential-time algorithms and improve the above algorithmic results. In
their landmark work, Wein, Alaoui, and Moore [WAM19] introduced spectral methods
based on Kikuchi Matrices to substantially simplify algorithms and their analyses. Kikuchi

matrices have since had a deep impact on algorithm design and beyond [GKM22, HKM23,

In particular, this threshold is a factor 1/2 smaller than the spectral norm of the noise matrix G, a finding
that may be surprising at first.

2We use 2 to denote an inequality that holds up to a multiplier that is an absolute constant independent
of n but may depend on r.
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AGKM23, KM23, KM24].

Theorem 5.1.1 ([BGL17, BGG 16, RRS17, WAM19]). Forany1 < ¢ < n, thereisa 1O _time
algorithm for detection and recovery in tensor PCA model that succeeds with probability tending

to 1 whenever

AZ /lOng'Tl_r/4'£1/2_r/4,

for an absolute constant C > 0.

On the flip side, lower bounds in various restricted models provide evidence that
no algorithm could improve the guarantees on A above by more than a polylogarithmic

factor[PR22, KWB19b, DH21, MR14, AGJ20].

Smooth tradeoffs: can higher polynomial times help? The best polynomial-time guar-
antee for tensor PCA is currently achieved by a near-linear time algorithm. Does allowing
higher polynomial time help? If true, such a result establishes that there is no sharp
algorithmic threshold for tensor PCA for r > 2 unlike the case of r = 2 and other well-
studied statistical inference problems such as community detection in stochastic block
models [DKMZ11b, Abb17b, GJJ*20a, Wei22, BBK*21b].

While such a smooth trade-off has been suspected by researchers for half a decade
now, rigorously establishing it has proved challenging. The key technical difficulty is in
the analyses of the spectral norms of highly correlated random matrices that arise in the
spectral methods for the problem. Even with the simplifications offered by the Kikuchi
matrices, proving sharp bounds has proven difficult. Indeed, in their original work that
introduced these matrices, Wein, Alaoui, and Moore [WAM19] conjectured an improved
bound on the minimum signal strength that incurs no logarithmic loss. The significance
of this result and its consequences for establishing a smooth trade-off in algorithmic

thresholds for tensor PCA was recently highlighted in a conjecture of Bandeira. We state
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his conjecture below and refer the reader to the accompanying blogpost for a more detailed

discussion of the context.

Conjecture 5.1.2 ([Ban24a, Ban24b]). For any even r and { > 5 and any n, let A, be the

threshold given by the spectral norm of the Level-{ Kikuchi matrix. For any fixed r, one has
nr/ 4. /\r,é —0

as £ — oo (crucially noting that this is after one has taken n — o).

In addition to being a question of central interest in statistical inference, establishing
such a smooth trade-off has consequences for establishing potential quantum speedups.
Indeed, a recent work [SOKB25] shows a quartic (i.e., a factor four improvement, in contrast
to the expected “Grover-search type" factor two improvement, in the exponent) speedup
in estimating the top eigenvector of Kikuchi matrices for tensor PCA over the classical
power iteration. Their result suggests tensor PCA as a candidate example for quartic
quantum speedups provided one could establish that higher polynomial running times

strictly lower the signal strength required for success of the Kikuchi spectral methods.

Spectral Norm Bound for Random Matrices as the Bottleneck. Let us describe the key
technical barrier in establishing the conjecture above in more detail now. At a high-level,
the main issue is that the level ¢ Kikuchi matrix defined as following has size ®(n%) but
only O(n") independent bits of randomness. When ¢ > r — the previously unexplored

setting — this matrix has highly correlated entries.

Definition 5.1.3 (Kikuchi Matrix for Even-r. See definition 5.2.2 for the definition for
odd r). For even r, and any £ € IN, and given tensor G of order-r, My is the Kikuchi matrix of
size n(8) x n(?) for level-{ indexed by subsets I,] C () with entry My(G)[I,]] = Giaj for

|IA]| = r, and 0 otherwise..
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We usually drop the dependence on G when it is clear. For the bulk of our work, unless otherwise

specified, we will be working with G being a random symmetric Gaussian tensor of order-r.

Example 5.1.4. For indices I = {v1,v2,v3,04,05,06}, ] = {v1,v2,v3,v4,07,08}, in the case of

r =4 and { = 6, we have the corresponding entry of the Kikuchi matrix be
ML J] = Giaj = Gos,v6,07,05 -

More precisely, the analyses of the Kikuchi spectral method for tensor PCA relates a
high probability estimate on the spectral norm of the Kikuchi matrix built from G to the

threshold signal strength at which detection is possible as follows:

Claim 5.1.5. For a given upper bound B(G) on a random tensor G that holds with high probability,
one has a distinguishing algorithm for
B(G)

In the original line of work establishing the "coarse" thresholds, the spectral norm

bounds for Kikuchi matrices all suffer a loss of polylog factors, yielding bounds

Bfolklore(G) = Or(l) 't Er/4+1/2 ©/ logn ,

as an immediate application of black-box matrix concentration bounds (eg. Matrix Bern-
stein).

Let us make two comments about the above bound. First, note that the \/@ factor
dominates the effect of increasing ¢ so long as it is bounded by an absolute constant.
Thus, one cannot rigorously infer a smooth trade-off in polynomial time regime of the

algorithm. Secondly, the dependence of ¢ should also be tightly controlled apart from
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the \/logn factor - restricted to the dependence of ¢, a bound of 0(¢7/?) is necessary to
establish any trade-off between ¢ and A.

It is important to point out that controlling the dependence on the two key parameters
simulataneously — logn and the ¢ — turns out to be difficult. For example, the recent
work of d’Orsi and Trevisan [dT23] introduced an IharaBass-type formula that yields
sharper spectral norm estimates for the basic spectral algorithm in the random k-xor
setting. However, while their bound does get rid of the log n factor, their analyses, when
run for larger ¢ has a worse polynomial dependence on /. In retrospect, their strategy
relies on analyzing the non-backtracking walk matrix and is tied to the setting where the

input tensor is sparse. In contrast, our input tensor is fully dense.

Recent Progress and Barriers in Free Probability. A series of works [BBvH23, BCSvH?24,
BLNNvH25] introduce techniques from free probability to prove sharp bounds on corre-
lated random matrices via improved noncommutative Khintchine inequalities. These
works have used Kikuchi matrices arising in tensor PCA as a testbed for applications. In

particular, a recent work [BCSvH24] makes non-trivial progress on conjecture 5.1.2.

Theorem 5.1.6 ([BCSvH24]). For any even r and any 5 < ¢ < 3, let G be a random symmetric
tensor of order-r as defined above, and let My(G) be the Kikuchi-{ matrix, with high probability

||M£(G)||sp < Or(l) ,nr/4£r/4 .
=B/, (G)

For even r (they do not analyze their algorithm for odd r that often tends to be similar
but more technically challenging), they prove the conjecture for all £ < 3r/4.

The bound above is based on non-asymptotic techniques in random matrix theory
from free probability. In particular, the techniques end up establishing not only a spectral

norm bound as above but also a semicircular shape of the spectrum as in Wigner random
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matrices. This property is called intrinsic freeness. In their work[BCSvH24], the authors

suggest that intrinsic freeness is likely false for the Kikuchi matrices above when ¢ > r.

(Remark 3.4) When / is large compared to r, the dependence structure of M,
is so strong that it is unclear whether it could be accurately modeled by (the

corresponding free matrix) Mgee.

That said, if the matrix is indeed intrinsically free, its spectrum would have a small
deviation to that of Mg, predicting a norm bound of Bs,. As we will see, along the
way to our main result, we confirm their suspicion and show that an additional v/ factor
is necessary via a lower bound for the expected high trace, establishing the the matrix
does not exhibit semicircle spectrum. We highlight the lower bound construction below
lemma 5.2.9 with formal verification in section 5.4.

In an incomparable improvement on the above bound, a recent work of Bandeira and
Nizic-Nikolac shows the following bound that removes the logarithmic factor for all ¢
but has a worse polynomial dependence on ¢. As we discussed above, finding a proof
strategy that simultaneously eliminates the logarithmic factor while preserving the right

dependence on ¢ has proven challenging despite significant efforts.

Theorem 5.1.7 ([BNN25]). In the same set-up as above except now for any £ € IN,

[Me(G)llsp < O(1) /A /2

J/

—B,e(G)

To summarize, the first bound By, (G) establishes a smooth trade-off but only for
running time regimes where /2 < ¢ < 3r/4. The second bound By, on the other hand,
removes the additional constraint on ¢ at the cost of a worse dependence on ¢ and does
not imply a smooth trade-off between running time and signal strength for tensor PCA in

polynomial time.
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In this work, we prove a sharp bound on ||[M(G)|| (for both even and odd r) for all

¢ < n™V) and as a special case, resolve conjecture 5.1.2.

5.1.1 Our Results

We are now ready to describe our main result. Firstly, we state our main result on sharp
spectral norm bounds for Kikuchi matrices, and defer the formal definition of the odd-r

case to the subsequent section.

Theorem 5.1.8 (Improved Spectral Norm Bound for Kikuchi Matrix for Even-r). For any
even v > 2, and G a random symmetric tensor of order-r with entry Gs ~ N(0,1) forany S € (7),
let My(G) be the level-£ Kikuchi matrix of G defined in definition 5.1.3, there exists some constant

8 > 0 such that for any £ € N such that { < n®, with probability at least 1 — 0,,(1),
r/2
[Me(G)llsp < On(1) - (V- €) - VE.

where O, (1) hides constants independent of n and ¢ but possibly depending on r.

As noted before, the prior bound of[BCSvH24] worked only when ¢ < 3r/4 and was
established only for even r. The case of odd r has been challenging in all analyses of

Kikuchi matrix method [GKM22, HKM23, AGKM23, KM23, KM24].

Theorem 5.1.9 (Improved Spectral Norm Bound for Kikuchi Matrix for Odd-r). For any
odd r > 2, and G a random symmetric tensor of order-r in the above normalization, let M;(G) be
the level-¢ Kikuchi matrix of G defined in definition 5.2.2, there exists some constant 5 > 0 such

that for any ¢ € N such that £ < n®, with probability at least 1 — 0,(1),

M) sy < OA(1) - (V)
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Remark 5.1.10. Our bound works to { = n° for some constant § > 0 and gives stronger
concentration bound that holds with error probability at most exp (n®) as opposed to the polynomial

tail bound from black-box non-commutative Khintchine.

From our improved norm bounds for Kikuchi matrices, we show that the Kikuchi
hierarchy gives a smooth trade-off for the Tensor PCA problem in the full polynomial-

time regime, proving the conjecture of [Ban24b].

Theorem 5.1.11 (Smooth Tradeoff for Tensor PCA). There exists some constant & such that for
any £ < n®, there is an algorithm with runtime n°") that solves the detection problem of Tensor

PCA with probability at least 1 — 0,(1) for
A > Cr . nfr/4 . gl/zfr/él

for some absolute constant C, that depends solely on r.

Concretely, there is an algorithm f(T) : R" — {0,1} running in time n©") that satisfies
Prg[f(G) = 1] = 0,(1) if A = 0 and G is a random symmetric tensor, while Prg ,[f (G + A -
v9") = 1] =1 —0,(1) if A > C, - n~"/* . (/27774 and v is a uniformly chosen boolean vector

{£1}.

Tightness of Our Bounds: Kikuchi Matrixis NotFree for/ >> r. Besides the algorithmic
applications, we also give a lower bound for the trace calculation to demonstrate the

tightness of our spectral norm bounds.

Lemma 5.1.12. For any even r > 2, there exists some constant 6 > 0 such that for any ¢,q € N
and ¢,q < n’, and G is a random symmetric tensor of order r with normalization prescribed as

above,

ETe[(M)%] > (Z) (©,1) Vw7 w72 ﬂ)zq.
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with probability at least 1 — 0, (1) where ®,(1) hides constants solely depending on r but indepen-
dent of n,q and /.

Remark 5.1.13. Since we allow ©,(1) slack in the above, this does not pose a conflict for the bound
Bf,(G) for the regime £ < r. Moreover, this bound is most interesting for first picking r and then

choosing ¢ > C - r for some large constant C.

As a by-product of our techniques, by ruling out the semicircle spectrum, this lower
bound confirms the suggestion of remark 3.4 in [BCSvH24] that Kikuchi matrix of larger-¢
is not intrinsically free. To highlight this discrepancy, observe that By, does not contain the
extra factor of v// in our final norm bound, while as we will show in the technical sections,
this extra factor in fact admits an intuitive combinatorial interpretation. Moreover, our
technique also explains why the additional factor of v// is absent for the small-¢ regime of
L <r.

Furthermore, we showcase that in the case the underlying tensor drawn from i.i.d.
Rademacher distribution, the above lower bound on the expected trace is sufficient to

imply a lower tail bound for spectral norm.

Lemma 5.1.14. For any even r, and for G a random symmetric tensor with each entry being i.i.d.

from Gg ~ {£1} for S € (), with probability at least 1 — 0, (1),

IM]|sp > ©,(1) - V2 /2. /7.

5.2 Technical Overview: Challenges from Hypergraph In-
put

In this section, we start with some technical preliminaries and set the stage for the second

half of this section that serves as a technical overview of our work. We will be primarily
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focusing on the even-r case to showcase our techniques. As Kikuchi matrices are the
primary focus of our study, let’s begin by formally introducing them. To make our
technical analysis intuitive, we will also introduce the diagram perspective of the Kikuchi

matrices.

5.2.1 Kikuchi Matrices: Definitions and Diagrams.

For completeness, we reiterate the definition for Kikuchi matrix for even-r.

Definition 5.2.1 (Kikuchi Matrix for Even-r). For even r, and any ¢ € IN, and given tensor G
of order-r, My is the Kikuchi matrix of size n() x n(i) for level-{ indexed by subsets I,] C (})
with entry My(G)[I, J| := Gyaj for |IA]| = r, and 0 otherwise..

We usually drop the dependence on G when it is clear. For the bulk of our work, unless otherwise

specified, we will be working with G being a random symmetric Gaussian tensor of order-r.

For odd r, albeit less straightforwardly, one may still define Kikuchi matrix in the
following way as inspired by the "Cauchy-Schwarz" trick that is standard in this line of

works.

Definition 5.2.2 (Kikuchi Matrix for Odd-r). For odd r, and any ¢ € IN, and given tensor G

of order-r, we let My denote the corresponding Kikuchi matrix indexed by subsets 1, ] C (};) with

entry
ME[II ]] = Z Z Z G51UT1U{f} ’ GSQUTzU{t}
te[n]\(SUT) 51,52 T1,To
partition of S\T partition of T\S
151]=(S2] ITa|=[T2|

for |IA]| = 2r — 1, and 0 otherwise.

As a sanity check, Kikuchi matrix is striaghforwardly a graph-matrix as defined in
prior sections- one can view the two oval on the left and right as row and column index

for the corresponding matrix entry, and each circle inside the oval as an index in [n]. In
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this walk, we will refer to them as step-boundaries in the walk as they can be viewed as start
or destination of some step in the walk. Moreover, we represent the underlying (hyper-
)edge ® (random variable) via the orange rectangle (in the case r = 4), and the dotted line
connecting two vertices in the row and column index that share the same index in [n], i.e.

any gray vertex is a vertex from the intersection of the row and column indices.

GIAJ

(a) Kikuchi Matrix for (r =4,¢ = 6) (b) Kikuchi Matrix for (r = 3,/ = 5)

5.2.2 Trace Moment Method and Spectral Norm Bounds

Our starting point is again the trace moment method, the classic technique from random
matrix theory for understanding the spectrum of random matrices. Specializing to our

setting of Kikuchi matrix for even-r and taking expectation on both sides, we have

2
Ec Tr(M/) = ) Ec | [T Me[Si, Sita]
P:closed-walk of length-2q ic[2q]
P:(Sl,Sz,...,qu:vl)
sie(?)

Since each hyper-edge corresponds to a Gaussian random variable with odd-moment

being 0, one can also infer that each hyper-edge must appear for an even number of times

3With some abuse of notation, we will not distinguish between hyperedge and edge in our technical
analysis.
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in the walk (i.e. used by an even number of steps). Therefore, any closed walk with

non-zero contribution in the summand admits the following combinatorial description.

Definition 5.2.3 (Trace-walk for even-r). A trace-walk P for Kikuchi matrix of level-¢ at length-

2q + 1is a sequence of {-sized subsets S = {S; }yc[p441) Such that
1. S; € (y) forany i € [2q];

2. |SiAS;i 1| = rforany i € [2q], and the i-th step is along the hyperedge (equivalently viewed

as the random variable) Gg s, , ;

3. (Closed-walk) S1 = 52q+1;

4. (Evenness) Each hyper-edge appears in an even number of steps.

Equivalently, we view it as a walk of length-(2q) such that at each step-t, we move from the left

boundary Uy = S; to the right boundary Vy = Sy = Upy.

For intuition, the following example is a snippet of a trace-walk restricted to the
tirst 3 steps for r = 4. This example also highlights a property of working with matrix
indices being subsets as opposed to order-tuples-adjacent steps may not be incident to any
common vertex. It prompts us to make the following definition for the each step of the

walk.

Definition 5.2.4 (Vertex Status for a Given Step). For any step in the trace-walk in which we

move from Uy = Sy € () to Vi = Syyq € (7), we call
1. each vertex in Sy11 N Sy = Uy N Vy dormant;
2. each vertex in S;11AS; = U;AV; active.

In particular, we additionally call each active vertex in Sy1 \ St incoming-active, and each
vertex Sy \ Sy+1 outgoing-active. In short, we also refer to each such vertex as “incoming” and

“outgoing”.
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Figure 5.2: Snippet of a Trace-Walk

In the above diagram, each gray vertex is a "dormant" vertex in both of the adjacent
steps, while a vertex is green if it is "active" in either of the adjacent steps.
Additionally, for each walk P, we additionally refer to its corresponding expected value

as walk-value as the following,

Definition 5.2.5 (Walk-value). For each walk P = {S1,5>,..., S2q-1,S2g = S1 }, we define its

walk-value as

wl(P) .= Eg [H MZ[SirSi+1]] = I Ecl(G)m™»©].

i€[2q] e=(I,])€E(P)

And a crucial observation at this point is that there are two kinds of factors one needs

to control when trying to upper bound the expected trace,

1. Combinatorial (Vertex) Factor: this keeps track of the factor that arises from counting

the walks (i.e., the cost of identifying each vertex’s label in [1] throughout the trace-

walk).

2. Analytical (Edge-value) Factor: this corresponds to the walk-value, i.e., the expecta-

tion of random variables traversed through the walk.
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Recovering the Folklore Bounds for Rademacher Tensor. To shed light on the local
factor-assignment scheme that we will be working with, we start with a lightweight
application in this fashion that allows us to recover the vanilla bound of B folkdlore(G) =
Oy(1) - n'/% . /4172 . flogn. Undoubtedly, this bound can be readily obtained by a
straightforward application of anyone’s favorite matrix concentration bound, while we
resort to the heavy machinery of the trace moment method with the hope that we may
identify what needs to be improved when we seek a tighter bound that shaves off the log

factor.

Claim 5.2.6. For any even-r > 3 and { € IN , and G a random symmetric tensor such that
Gs ~ {£1} i.id., let M = M,(G) be the associated Kikuchi matrix, and any q = ©({logn),

with probability at least 1 — 0,(1),

Ml < O(1)- \/ ("7 ) () - VE: Vioen.

Before we describe the precise factor-assignment scheme, we make the following obser-
vation. Since we are working with Rademacher random variables as opposed to Gaussians,
one convenient simplification is that we can effective ignore the analytical factor that comes
from the walk-value: for any walk P in which each hyperedge is traversed an even number

of times, we have

Eclval(P)] = B[ T] (Go)™ie] =1,
ecE(P)

and 0 otherwise where mulp(e) is the number of times edge e appears walk P, i.e., the
number of times the walk traverses along the edge e. From now on, it suffices for us to
focus on the combinatorial factor that arises from walk-counting.

We next observe the following. Given any index S € (}), it has at most ('1724 ) ( rf2)

neighbors in the Kikuchi matrices. Therefore, at time-t in the walk in which we move
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from S; to S¢11, we have at most (’;7; ) ( er) choices for identifying the hyper-edge, and
equivalently, the destination S;.1. Moreover, in the case that the hyper-edge has been
traversed in some previous step of the walk, such an (hyper-)edge can be more efficiently
specified at a cost of at most 2q. This culminates in the following bound that accounts for

the "global" contribution of a hyper-edge to the combinatorial counting,

Proposition 5.2.7. In the global combinatorial factor of the walk, for a hyper-edge e appearing in the

walk for mulp(e) times, it incurs a total cost of at most Bgjopar (Ge) < (2’7;) : (rfz) - (2q)mutp(e) =1,

With the above observation, we are now ready to describe the factor-assignment
scheme that assigns the factors of each hyper-edge to individual steps that traverse along

the particular hyper-edge.

(Combinatorial) Factor Assignment Scheme for Hyper-edges
Each hyper-edge appears at least twice in the walk, and the first time it appears, a cost

of (7;722 ) - ( er) is sufficient, and a cost of 24 is sufficient for any subsequent appearance.

1. Assign a factor of (';72/ ) - ( er) - /24 for the first and the last® step in which the

hyper-edge appears in the walk;

2. Assign a factor of 2q for any step in which the edge is making a middle (non-

first/last) appearance.

fequivalently, the final

We start by showing that this is a complete scheme, and each (combinatorial counting)

factor in the global bound is accounted for via the local assignment.

Proposition 5.2.8. For any hyper-edge e that appears in the walk, let By, (e) be the total factor
assigned by the above scheme to this hyper-edge e throughout the walk across its various appear-

ances, we have
Blocal(e) > Bglobal(e) :
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Proof. By our assignment-scehme, we have
y

Biocar(€) = \/<nr;2€) : (rfz) .2q- \/<”r;2€) . (rfz) :2q | - (2q)™Ir@)72

~ -\ ~ ~ Middle
First Last

Since each hyper-edge appears at least twice in a contributing walk, we have mulp(e) > 2
And notice that in the base case of mulp(e) = 2, the inequality holds as Bgjepa(€) <
(’;7; ) - (rfz) - (2q). Moreover, any increment in mulp(e) gives a factor of 2q to the both

sides. This completes the proof to our proposition. O

This then allows us to complete the naive bound with ,/¢log n-factor for Kikuchi

matrix of random Rademacher tensor.

Proof to claim 5.2.6 . Since each step uses exactly 1 hyper-edge, for « € {F, H, L}, let B;(«)
be the local bound for each individual step using a hyper-edge that appears for first (F),

middle (H), and last* time (L). By construction of the above scheme, we have
n—1~{ l
By(F) = By(L) = \/( ) (a) 2

By(H) = 2q = 0(1) - (B(F) + B(L)).

and

provided g < (77;) : (rfz).

Summing over all possible choices for a given step gives us a local bound of

By(My) < Bq(F) + Bg(H) + By(L) = (2_'_0”(1))\/(”7;;) ' <rf2) d

‘equivalently, the final time
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By construction of our factor assignment scheme, this yields
E[Tr (Mﬁ”)] <n'-(By)X.

Finally, plugging the chosen value of ¢ = ©(/ - logn), taking 1/2g-th root of the above
and applying Markov’s then gives us a norm bound that holds with probability 1 — 0,,(1)

of

[Mellp < (1€) - By = O(1) \/ ("7 ) (1) 2

_ o<1)\/(”r;2€) . (jz) V- \/logn.

Let us now pause to examine a key bottleneck in the above scheme: where exactly
does the extra polylog factor arise in the global accounting? The culprit is the factor of
2q incurred when an edge appears for the second (and the last) time. For ease of the
discussion, we call it the last-cost. To understand why it suffices to focus on cases where
the second and the last appearances coincide, observe that any other non-first appearance
is treated as a middle appearance in the schemeand such steps are assigned only negligible

local contributions, recalling B(H) = o(1) - B(F) (and analogously B(L)).

For readers familiar with the trace moment calculation for G.O.E. matrix, it is well-
anticipated that the last-cost can be improved: in fact, it may be just 1 as in the case of
G.O.E. or graph adjacency matrix. This is almost correct except that is is also slightly
over-optimistic, and it turns out that we are in an intriguing in-between regime: the cost

can be improved while the last-cost would not just be 1 either!
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Identifying the Target Upper Bound from a Lower Bound. To start with, notice that
suppose last-cost is O, (1), we would obtain final bound of || M|[s, < O,(1) - (’;724) : (rfz).
To rule out this hypothetical bound in the framework of trace moment method, it is
instructive to take a detour into the lower bound and consider the corresponding lower

bound for the expected high trace.

Lemma 5.2.9 (Lower Bounding the High Trace). A factor of ©,(¥) is necessary for the Last-

Cost. As a result,

2q
ETr (M?q) > Matrix-Dimension - <®r(1) . \/ (nr/—2€> (rfz) . \/Z>

L="?

Figure 5.3: Confusion about the Upcoming L-Step

We now give a diagram explanation for the extra factor £ in the last-cost. For simplicity,
assume r is even and r/2 divides ¢. Lett us consider the first 3-steps of some walk as

described in the above diagram,

Question 5.2.10. Suppose that we are at the index Sy and we are to use an edge for the second
(and last) time in the next step, which edge could we be using? Equivalently, what could Ss be if

this is an L-step?
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It’s fairly straightforward to see that in the above example, any edge among the first
three edges can be making a second (and last) appearance in the next step. And more
generally, for larger ¢, this reveals that we would have a last-cost of @(r/%) = O,(¢) at
some particular step. Moreover, this bound in fact holds for a typical step along edges
appearing for the second (and the last) time. Observe that we have a total last-cost for
t = r/iz edges being ;’/LZ! if we arrange them in the manner of 1) first using r/LZ new
edges, and 2) subsequently re-use all of the r/% new edges to return to the start yet in a
potentially different ordering. By Stirling approximation, this gives an individual bound
of(th/* = @(1) -t = @,(¢). We defer the formal verification of the lower bound to
section 5.4 .

Zooming back, the lower bound has identified a clear target for the upper bound, that
is showing a cost of ¢ for each step we are using an edge appearing for the second-and-last

time in the walk.

When is ¢ Sufficient for last-cost? It'd be straightforward if one can establish a worst-
case bound of last-cost being ¢ for any step of any walk. However, that is false. However, it

turns out that at least in the ideal situation below, one can show that ¢ is indeed sufficient.

Definition 5.2.11 (Ideal Last-Step). Suppose at some step-t in the walk, we are walking from S;
to Sy11 along some edge that is promised to be making its last-appearance in the walk, we call the
step from Sy to Sy41 an ideal last-step if some out-going vertex in S; \ Sy C [n] is appearing

for the final time in the walk, i.e., it is not to-be-revisited upon the departure from S;.

Let’s now see why this is sufficient to guarantee a cost ¢ for specifying the destination
of Sy;+1 from S;. Note that throughout the walk, we may can easily keep track of which of
the "seen" edges so far in the walk have made their final appearances by incurring a O(1)

bound per-step,
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Observation 5.2.12. As the walk proceeds, it is a cost of 2 per-step to identify whether the edge

being traveled along at the given step is appearing for the final time.

Therefore, in an ideal last-step, it suffices for us to identify one of the outgoing vertices
from S; that is not-to-be revisited as guaranteed by our assumption. This incurs a cost of
¢ since Sy is an /-sized subset. Once such a vertex is identified, the edge used in the next
step to move to S;;1 is also identified since any such vertex must be incident to a unique

edge that has not made their final appearance.

We have now shown that the cost of ¢ is sufficient under the ideal condition. However,
a crucial question remains: why is it sufficient to bound the contribution in the ideal case
alone? Recall that, in the worst case, the length of the walk can lead to a bound of 2g,

which we aim to avoid.

Final Strategy. We begin by revisiting the factor-assignment scheme used in the vanilla
analysis, which assigns a 2g-factor to steps along edges appearing for the middle time.
However, such middle-time edges can be effectively ignored, as they contribute only
lower-order terms compared to edges appearing for the first or final time. This observation
motivates our final strategy: to design a new factor-assignment scheme that penalizes last-
steps failing to meet the ideal condition. To this end, we go beyond the earlier edge-based
approachwhich uniformly assigned factors to all L-steps regardless of the underlying
edgeand instead decompose the edge-based cost into vertex-level contributions. This shift
to a vertex-based analysis provides the flexibility to prioritize vertices appearing for the
final time, guiding the scheme to favor steps aligned with the ideal condition. We formally

introduce this new scheme in the next section.
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5.3 Sharp Norm Bounds from Factor Assignment Scheme

5.3.1 Preliminaries for Trace-Walk

To facilitate the discussion, we begin by reintroducing several key definitions. While some
of these were previously presented in the technical overview for the special case of even
r, we now restate them in a more general and formal form to ensure that our arguments
can be swiftly extended to the case of odd r as well. For convenience, we will highlight
the distinction each time a definition is reintroduced and generalized.

For starters, let’s reintroduce the definition of trace-walks which would immediately
apply to trace walks of Kikuchi matrices for odd-r as well to incorporate vertices at
each step of the walk getting summed over while outside the left/right boundaries. For
readability purpose, we suggest the reader to focus on the even-r case in the first pass and

simply adhere to the simplified definition introduced in definition 5.2.3.

Definition 5.3.1 (Generalized Definitions of Trace-walk). For any r > 2, A trace-walk for
Kikuchi matrix of level-¢ at length-2q is a sequence of sets (S1, Wy, S2, Wa, ..., S2q, Wag, quH)

such that
1. Walk-boundary sets: S; € () forany i € [2q +1};

2. Intermediate sets : W; C [n] for any i € [2q], and additionally, we assume W; to come with

an two equal-partitions Uy, Up for S; \ S; 11 and V4, Vg for S; \ Sii1;
3. For even-r, |S;AS;i 1| = r forany i € [2q] and W; = @ for any i € [2q];
4. Forodd-r, |S;AS; 1| =2r — 1, and |W;| =1 forany i € [2q];
5. (Closed-walk) S1 = Saq11;

6. (Evenness) Each hyper-edge appears in even number of steps.
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Equivalently, we view it as a walk of length-(2q) such that

1. at each step-t € [2q], we move from the left boundary Uy = Sy to the right boundary

Vi = St+1 = Uy4q with potential intermediate-set Wy;
2. For even-r, each step travers along exactly 1 hyper-edge given by SiAS;11;

3. forthe odd-r, each step travers along 2 hyper-edges given by U U V4 U Wrand Ug U Vg U W,
where we assume that U o, Up are equal partitions for Sy \ Sy11 and V4, Vg for Sp11 \ St as

prescribed by the intermediate set.
4. Each hyper-edge appears for an even number of times.

With the generalized definition of trace-walk, we may now relate the expected trace of

the Kikuchi matrix to the weighted sum of trace-walks as defined above.

Proposition 5.3.2. Foranyr > 3,/ € Nand any g € IN,

E[Tr(M,)*] < Y- val(P) .
P:trace-walk of length 2q

where we recall that

oal(P) =g | [T Mi[Si,Sial| = [T  Ecl(Ge)™ "]
ie[2q) e=(L])€E(P)
We consider the following factor-assignment scheme. For starters, we focus on the
"combinatorial” factor that arises from counting of the walk, and a crucial observation to
get us started is to split the cost of specifying random variables (viewed as hyper-edges)

among vertices, in particular, among the incoming active vertices.

Definition 5.3.3 (Generalized Vertex Status). For any step in the trace-walk in which we move

from Uy = Sy € () to Vy = Si4q1 € () potentially through intermediate vertex Wy, we call
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1. each vertex in Sy11 N Sy = Uy N Vy dormant;
2. each vertex in (S;41AS;) U Wy = (U;AV;) U Wy active.

In particular, we call each active vertex outside Sy incoming-active (i.e. vertices from (Wy U V;) \
U; , and each active vertex from S; outgoing-active (i.e., vertices from U; \ V;). In short, we also

refer to each such vertex as "incoming” and "outgoing”.

As a remark, each vertex from the intermediate set W; is considered active at the
corresponding step by the above definition. With this definition in hand, one can observe
that each random variable (viewed as a hyper-edge) only depends on the active-vertices
while independent of the dormant vertices. And this is precisely why we call them "active"

and "dormant".

Definition 5.3.4 (Vertex-appearance at a given step). For any step-t in a trace-walk in which
we move from Uy := S; € ('Z) to Vi = 85441 € (’Z), we call a vertex in Sy U Sy U Wy making an

appearance at step-t. Moreover,

1. avertex v € S; U Syq U Wy with label in [n] is making a first appearance at step-t if there

is no t' < t such that any vertex that makes appearance at step-t' has the same label in [n];

2. avertexv € Sy U S;11 U W, with label in [n] is making a last appearance if there is no t' > t

such that any vertex that makes appearance at step-t' has the same label in [n);

3. avertexv € Sy U Sy1 U Wy with label in [n] is making a middle appearance at step-t if it

is making neither a first nor middle appearance.

When the step-t is clear, we ignore the dependence of the appearance at t and simply call it a vertex

making appearance.

As a sanity check, we observe that following the above definition, at each step-t > 1

from Sy = U; to Sp41 = V; (possibly through some intermediate set W;, a vertex in the
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(left) boundary-set S; makes an appearance in step-t as a vertex from U;, and also an
appearance in the previous step-(t — 1) as a vertex from V;_1 = S;. Analogously, vertices
in the right-boundary set of step-t 5,11 = V; also make appearances in both step t and

step t + 1.

Proposition 5.3.5. By paying a one-time cost of n’ throughout the walk, we can assume the
following: at each step-t from Sy = Uy to Vy = Sy41 , no vertex in Uy is making a first appearance,

and no vertex in Vy is making a last appearance.

Remark 5.3.6. This is immediate for any step except the left-boundary of the first and the right-
boundary of the final step of the walk following the above discussion. For the special set Sy being
the start and final destination of the walk, we pay a cost of n’ up front which would then allow
us to assume they are not making "first” appearance in step-1 for local accounting purpose (and

similarly "last” appearance in step-2q).

Analogously, we extend the definition of "appearance" for vertices to hyper-edges, and
thereby steps. The partition of steps according to the step-status will later on be the

cornerstone of our local perspective in the factor-assignment scheme.

Definition 5.3.7 (Step-Status/Edge-Appearance). We consider the hyper-edge (or hyoeredges
in the case of odd-r) being traversed along at step-t as making an appearance at the particular
step. Moreover, a hyper-edge is making first appearance if it does not appear in previous steps; and
analogously it is making a final appearance if it does not appear in subsequent steps.

For each step, we define its status based on the edge-appearance of the edge(s) in the current
step. In particular, for even-r, a step-status is equivalent to the edge-appearance of the edge it
travers along, and takes a label in {F, H, L}. For odd-r in which each step is composed of 2 edges,
a step-status is a label in {F,H,L} x {F,H, L}.

With these perliminaries settled, we are ready to describe our final factor-assignment

scheme. In the subsequent subsection, we describe the more lightweight component
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concerning edge-values, and then we describe the most technical component of our work

concerning combinatorial-factor in the subsection after.

5.3.2 Edge-Value Assignment

Recall that in our toy-example showcased in the previous section for {£1} random input,
each walk gives expected value 0 or 1 through the defined quantity of walk-value val(P) .
However, this is no longer true when we consider Gaussian input, more generally, inputs
with higher moments. That said, it can be readily handled via an additional component -

edge-value assignment - in our factor assignment scheme.

Fact 5.3.8. For ¢ € IN(0,1) (and {+£1}), we have E[g] = 0, and E[g?] = 1, and moreover, for
t>2,
[E[g']] < (2t)"/2.

Given the higher-moment bound for edges, we consider the following edge-value

assignment to steps,

Edge -Value Assignment

Each edge (random variable g, that appears for t times in the walks contributes an
analytical value of |E[(g.)!]| < (2t)"/2, and we assign this value to each individual
step that traverses along edge e via factor B, (i, e)-the factor assigned to step-i from

edge-e- as following.

1. For each step i in which the edge e is making the first or final appearance (F/L)

, we assign a factor By (i,e) = 1;

2. For each step i in which the edge e is making a middle appearance (H), we

assign a factor of B,y (i,e) =229 = 44.
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Definition 5.3.9 (Edge-value Bound for Steps). For each step-i, we define

Bey (i) := H Bey(i, €)

e
edge appearing in step-i

where B,y (i, e) is the factor assigned to step-i from edge-e in the above scheme.

We can now verify thatall the analytical factors throughout the global walk is accounted
locally across steps in the walk from the perspective of each edge e that appears in the

walk.

Claim 5.3.10 (Edge-value assignment is complete). For each edge e € ('), let Byy(e) be
the factor assigned to it across its appearances throughout the walk in the above scheme, i.e.,
Beo(e) =TT  iepq B(i,e) , we have

e appears in step-i

Bev(e) > ’E[(ge)t” .

Proof. This is immediate for edges that make 2 appearances, and edges appearing only
once (or more generally odd number of times) is zero. For number of appearances t > 2
with, we have

Beo(e) = (2-2q)"72 > (21)"/2

as we observe that t < 2 trivially, and verify that x*=2 > x*/2 for t > 4. Finally, the claim
is proven as we recall that

[E[g]] < (21)"/

for t > 2 for ¢ € IN(0,1) and {£1}, and noting that for ¢t = 3 the RHS is trivially 0 while
the LHS is 24. O

From the above, it is straightforward to verify that we can upper bound the global

218



walk-value as following once we switch to a step-perspective. This concludes our edge-

value component of the factor-assignment scheme.

Proposition 5.3.11 (Verification of Global Value Bound from Steps). For any walk P, recall

that val(P) = [Eg [Hie[Zq] My[S;, Si+1]} = [Te—(1,))cE(p) Ec[(Ge)™P()], we have

val(P) < T Beole) = J] Beoli).
e€E(P) step-i
i€[2q]

where we emphasize By (e) is the accounting from edge-perspective for edge e, and Bey(i) is the

accounting from the step-perspective for step-i.

5.3.3 Combinatorial-Factor Assignment via Vertices

To identify each step, it is sufficient to identify the following for each edge appearing for

the first time,

1. What are the outgoing active vertices from the current boundary? This is a cost of ¢

for each such vertex.

2. What are the incoming active vertices? Each of them could take a cost of [n] if they

have not been seen, or a cost of O(qg - r) otherwise.

On the other hand, for any edge that has been seen, at most a cost of O,(g) is sufficient
while we note that it can be improved in the ideal-last-step situation to be O, (£). Motivated

by the above observation, we design a factor-assignment for each of the above factors.

Factor of Outgoing Active Vertices

For starters, we note that the factor regarding outgoing active vertices can be rerouted and

split over the edge’s first and last appearance by the following scheme,
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Combinatorial Factor Assignment for Factors of Outgoing Active Vertex in ¢
For each edge appearing for the first time, it incurs a factor of £1"/2) from identifying

the (incidental) outgoing active vertices. We assign them via the following,

1. For the step in which the edge first appears (F), assign a factor of v/ for each of

its incident incoming active vertex on the step-boundary;

2. For the step in which the edge appears for the last time (L), assign a factor of v/¢

for each of its incident outgoing active vertex on the step-boundary;

Remark 5.3.12. Crucially, notice that no /¥ factor is assigned to the intermediate vertex W

for the odd-r case as the vertex is not on the step boundary!

Since each edge is incident to the same number |7/2 ]| of incoming and outgoing active
vertices on the boundary by definition of our matrices, it is straightforward to observe
that we indeed pick up a total of 2 - [r/2] many +// factors for each hyperedge across
its first and last appearance. That is a total of ﬂz'“/” — (l7/2] which is precisely the
combinatorial factor incurred for identifying the outgoing active vertices for each edge

when it appears for the first time!

Factor of Incoming Active Vertices

Next, we focus on the factor from incoming vertex for each edge that appears for the first
time. In fact, our assignment will be more general that allows us to handle factor for edges
making a middle (non-first/last) appearance and edges making last appearance but not

in ideal-condition altogether , as they both involved factors in O,(g) as well.

Combinatorial Factor Assignment for Vertex Factor in  and O(q)
Each vertex requires a factor n to be specified when it first appears in the walk, and

a subsequent factor of O(g) when it appears as an incoming active-vertex of some F
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edge in the walk. We assign its corresponding factor as the following,
1. Assign a factor of /n for the step if the vertex is appearing for the first time;

2. Assign a factor of \/n for the step if the vertex is appearing for the last (final)
time;
3. Assign a factor of O(q - r) if the vertex is making a middle appearance as an

incoming active vertex.

Moreover, for completeness, for vertices incident to some H-edge, i.e. edge appearing
for the middle time, or an L-edge but not in ideal-step condition, assign a total cost of

O,(q) to all the (incidental) incoming active vertices.

The crux of the above scheme is that we redistribute the factor of # for a vertex incurred
up front when it first appears among its first and last appearance, so that we attain the

usual square-root saving that we anticipate for the spectral norm bound.

Ideal last-cost, and Redistribution With the bounds for vertices incident to some edge
making the first appearances, we may now focus on the last-cost, the cost of specifying
an edge appearing for the last time. We formally restate the ideal last-cost bound as
highlighted in the overview, and show that it can be analogously extended to the odd-r
case in which we use a single factor of ¢ to identify 2 edges simultaneously in the analogous
ideal-condition.

For convenience, we recall the condition for an ideal last-step.

Definition 5.3.13 (Ideal Last-Step for even-r). Suppose at some step-t in the walk, we are walking
from St to Sy11 along some edge that is promised to be making the last-appearance in the walk, we
call the step from Sy to Syyq an ideal last-step if some out-going vertex in S; \ Sy+q C [n] is

appearing for the final time in the walk, i.e., it is not to-be-revisited upon the departure
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from S;.

We now re-state our observation earlier, that for any fixed vertex, if it is appearing for

the last time in the boundary, its incident edge can be effortlessly specified.

Claim 5.3.14 (Final-Appearance Edges is fixed for any given Final-Appearance Vertex).
Given any vertex with label in [n] at step-t via some edge making its final appearance, if the vertex

is additionally making its final-appearance, the edge is fixed (i.e., there is a unique edge).

Proof. Throughout the walk, we can keep track of the edges that have appeared yet not
made its final appearance. To do this, for each subsequent appearance of an edge, one
may use a cost of 2 to identify whether this is the final appearance.

With this record, suppose there is any "outgoing"-active vertex making its final appear-
ance in U;, we observe that such candidate "final"-appearance edge is unique given the

"outgoing"-active vertex. O]

Corollary 5.3.15. For even-r, from the Us-boundary at step-t, a cost of £ is sufficient to specify a

final-appearance edge provided some "out-going” vertex of the edge is making its final appearance.

Let’s now extend the above to the odd-r case in which each step now contains 2-edges
by definition of our Kikuchi matrix. We first modify the ideal last-step condition as the

following.

Definition 5.3.16 (Ideal Last-Step for odd-r). For any odd r, suppose at some step-t in the walk,
we are walking from Sy to Sy11 along some edges via some intermediate vertex Wy, we call the step

from Sy to Syyq an ideal last-step if

1. some out-going vertex in S; \ S;y1 C [n] is appearing for the final time in the walk,

i.e., it is not to-be-revisited upon the departure from Sy;

2. the intermediate vertex Wy (incident to both edges) is appearing for the final time in the

current step-t, i.e., it is not to be revisited once we arrive at Sy 1.
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Note that for odd-r, the only distinction in the definition of an ideal last-step is that we
additionally impose the constraint that the intermediate vertex W; is also making a final
appearance. As shown below, this condition is crucial for us to identify both edges of a

single-step via a single factor of O, ().

Proposition 5.3.17. For odd-r, a cost of £ - v = O,(1) - € is sufficient to identify both edges in an

ideal last-step.

Proof. This follows by a double application of claim 5.3.14 as the following. Notice that by
construction of our matrix, and thereby definition of our walks, the intermediate vertex is
incident to both edges. Therefore, it suffices for us to specify the first edge via a cost of ¢
as in the even-r case via applying claim 5.3.14 on some out-going vertex making its final
appearance. Once the edge is identified, the intermediate vertex can be specified again
by a cost of r. Finally, apply claim 5.3.14 again but on the specified intermediate vertex
identifies to us the second edge that is making its final appearance. This incurs a total cost

of r- € =0,(0). O

Finally, analogously to splitting the factor of 4 = /logn equally to the first and last
step in which an edge appears, we redistribute the factor of O, (¢) from the ideal last-step.

Towards this end, we first observe the following bound for number of ideal steps,
Proposition 5.3.18. There can be at most q ideal last-steps in a length-2q walk.

Proof. This bound is immediate for even-r as each edge needs to appear at least twice in
the walk, therefore, at most half of the steps can be last-steps. To extend to the odd case,
observe that we would have used at least 2q + 2 distinct edges if there are > g 4 1 ideal
last steps. However, we use at most 49 edges (counting multiplicities) in a length-2q walk,

and each distinct edge needs to appear at least twice, leading to a contradiction. O

We may now "naively" split the factor of ¢ as following. It should be emphasized that

the cost of O,(v//) is assigned to the whole step as opposed to an edge alone. This does
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not make a distinction for the even-r case, while importantly for odd-r, each step of two

edges gets assigned a total cost of O, (/7).

Last-Step Cost Assignment

For each step that uses some edge making the first or final appearance (F/L) , we

assign a factor O, (v/£) to the whole-step.

Finally, we wrap up this section by recapping our factor assignments and verify that

this is a complete factor-assignment scheme for the combinatorial factor.

Proposition 5.3.19. Let Bgjopai (P) be the sufficient cost to identify the whole walk, and Bjocq (P)

be the cost assigned by our scheme to each step across the walk,
Bglobal(P) = Blocal(P) ’

for
Bjocal (P) := MatrixDimension - H Biocar (i) -
i

In other words, each combinatorial factor for counting the walk is assigned to some local step.

Proof. To start with, notice that we use a cost of 1’ to identify the walk-start in both the
global and local accounting. Next, we prove the the combinatorial factor regarding edges
that make the first appearance, the cost in ¢ for specifying the out-going active vertex is
accounted in section 5.3.3, and the cost of specifying incoming active vertices is accounted
by lemma lemma 5.3.20. For combinatorial cost regarding edges that make H appearance,
or non-ideal L-step, we assign a factor of O,(g) to each such edge in section 5.3.3. Finally,
for each edge making last appearance in the step in ideal-step, a total factor of ¢ is sufficient
and we pick up two //~factors from the first and last appearance according to section 5.3.3.

]
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Lemma 5.3.20. This is a complete vertex-assignment scheme regarding combinatorial factor of
edges appearing for the first time. In other words, for any vertex v, let Bp(v) be the total factor
assigned to this vertex throughout the walk across its various appearances as an incoming active

vertex of some edge appearing for the first time, we have
Br(v) > (n) - (29-1)"")

where we recall that s(v) is the number of steps in which v is specified as an incoming vertex of

some edge beyond the vertex’s first appearance.

Proof. To start with, notice the RHS is the combinatorial factor incurred by F edges that
arise from specifying the label of v. In the case s(v) = 0 and the vertex appears only twice
in the walk via first and last appearance, we have By (v) = (v/n)?> = n. For s(v) # 0,
notice we still pick up # from the first and last appearance v which offset the contribution
of n on the RHS. For the factor depending on s(v), consider each time v appears as an
incoming active edge beyond the first time, we assign to its particular appearance step a
factor of 2¢q - r, which matches the cost assigned to vertex v via that particular edge. Taking

product over all edges that contribute to s(v) gives the desired.

5.3.4 Step-Bound from Factor Assignments

We are now ready to combine the above components and deduce our local bound in the
factor assignment scheme. Before that, we observe the following meta-claim about vertex-
appearance that allows us to exploit the evenness assumption of our walks such that each

edge (i.e. random variable) needs to appear at least twice.

Claim 5.3.21. In the case the edge is via an F (or L)-step, any incidental out-going vertex (or any

incoming vertex) cannot be making last (or first appearance).
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Proof. This follows from the observation that edge needs to appear at least twice through-
out the walk. Observe that it suffices for us to consider active vertices depending on
whether they are outgoing or incoming. For an F-step, if any "outgoing" active vertex
makes the final appearance at step ¢, the edge used by step-t would only appear only once
as otherwise any active vertex of this edge would make a subsequent appearance.
Similarly, for an L-step while any incoming vertex is making a first appearance, the

edge at step-t would have appeared only once throughout the walk. O

Lemma 5.3.22 (Step Bound for Even-r). For some fixed constant § > 0 and let By(a) be cost

assigned to step-t with step-status « € {F, H, L}, we have

and

provided q < n°.

Proof. We case on the step-status from {F, H, L}. For notational convenience, consider the
step-t move from boundary set Uy = S; to V; = Sy41. In the case this is an F-step, we

observe the following,
1. Each dormant vertex in the intersection of U; N V; not contribute any factor;

2. By claim 5.3.21, any outgoing vertex in U; \ V; cannot be making its last appearance.
Moreover, since each such vertex appears in the previous step and thus cannot be
making their first appearance. Finally, note that none of such vertex may be specified
via the middle appearance cost for "incoming" active vertex, hence there is no cost

for any such vertex.
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3. Any incoming vertex in V; \ U; cannot be making its last appearance, while it can
be making its first or middle appearance. In the case this is a first-appearance, we
assign it a cost of \/n; and for any subsequent middle appearance, we assign a cost

of 2q - r via section 5.3.3,

4. Additionally, any incoming vertex in V; \ U} is assigned a factor of v// via section 5.3.3

for the "split" cost of specifying the out-going active vertex of the edge;

5. Therefore, each vertex contributes a cost of

(Vn+10-2g-1)VE=0,1)-Vnl.

6. Edge-value is 1 for each F step via section 5.3.2;

7. Each F step gets assigned a factor of O,(v//) from (potential) ideal last-step cost via

section 5.3.3;

8. Combining the cost for all vertices in this step gives us a bound of
By(F) < O,(1) - (Vnl)"/2- vt

as there are at most r/2 vertices in V' \ U.

In the case this is an L-step, the factor is essentially the same as the F-step except
vertices in U may now contribute as last-appearance vertex (as opposed to those in V

contributing as first-appearance vertex). Formally, we have
1. Each dormant vertex in the intersection of U; N V; not contribute any factor;

2. By claim 5.3.21, any incoming vertex in V; \ U cannot be making its first appearance.

Moreover, since each such vertex appears in the subsequent step, and thus cannot be
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making their last appearance. Finally, note that none of such vertex may be specified
via the middle appearance cost for "incoming" active vertex since such a cost is only
incurred for edges appearing for the first time. Therefore, no cost is assigned for any

vertex in V; \ U;.

. Any outgoing vertex in U; \ V; cannot be making its first appearance, while it can
be making its last or middle appearance. In the case this is a last-appearance, we
assign it a cost of 1/n; and for any subsequent middle appearance, we assign a cost

of 2g - r via section 5.3.3.

. Any outgoing vertex in U; \ V; is on the step-boundary of an edge appearing for the
last time, and therefore assigned a factor of v// via section 5.3.3 for the "split" cost of

specifying the out-going active vertex of the edge;

. Therefore, each vertex U; \ V; contributes a cost of
(Vn+2q-7)-VI=0,(1)-Vnl.

. Edge-value is 1 for each L step via section 5.3.2;

. Each L step gets assigned a factor of O,(1/£) from (potential) ideal last-step cost via

section 5.3.3;

. Combining the above, notice that the factor of 27 is only needed if all vertices from
U\ V are making middle appearance, in which case we do not pick up any final-

appearance v/nf factor. Therefore, we have the total bound of
By(L) < V- ((1+0u()VnO)2 4Vt -29- (Vnt)""> 1 = 0,(1) - (Vnt)/?- V2.

provided g < n for some & > 0.
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Finally, for the case of H-step, it is immediate to observe that all vertices must be
making a middle appearance with no extra vertex-cost as the edge can be specified at a

cost of 2g. Combining with the edge-value gives us a bound of

By(H)< (29) - (29)  =(29)°.
~—~— ~—~—
edge-val combinatorial factor

]

Lemma 5.3.23 (Step Bound for Odd-r). For some fixed constant 6 > 0, for any q < n°, let

B (a) be cost assigned to step-t with step-status « € {F,H, L} x {F, H, L}, we have

By(F x F) = By(L x L) < Oy(1) (W)r ,

and

By(B) < oa(1) <\/n_£>r .

for any step-status p € {F,H,L} x {F,H,L} \ {F x F,L x L}. In other words, we treat any

step other than both edges being simultaneously F or L as a lower-order term.

Proof. The proof is largely identical to the even-r case for the per-vertex factor of each
active vertex except that the number of active vertices differs, except the factor of £ from
outgoing active vertices of an F-edge warrants extra care as discussed in section 5.3.3 .

In the case of F x F status, notice the following change,

. There are at most r incoming active vertices that could be making first appearance,

so we get assigned a factor of at most O,(1) - \/n’

. There are r — 1 incoming active vertices on the boundary, each of which gets an

assigned factor of /¢ from section 5.3.3
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3. Each step gets assigned a total of O,(v/¢) from section 5.3.3 .

r

Combining the above gives us B;(F x F) < O,(1) <\/ﬁ \/Z> .
The case of L x L status also warrants attention on its own,

1. There are at most r outgoingg active vertices that could be making last appearance,

so we get assigned a factor of at most O, (1) - /1’

2. There are r — 1 outgoing active vertices on the boundary, each of which gets an

assigned factor of V/¢ from section 5.3.3 ;
3. Each step gets assigned a total of O,(v/¢) from section 5.3.3 .

Combining the above gives us B;(L x L) < O,(1) (\/ﬁ : \/Z)r . The bounds for other

step-status are lower-order term, and follow immediately from the above discussion. [

Wrapping Up We are now ready to prove our main theorem.

Proof to theorem 5.1.8 and theorem 5.1.9. We focus on the even-r case while the odd-r case
holds verbatim. Let B, be our final step-value bound for each step by our factor-assignment

scheme, summing over all possible step-status, we have
By < By(F) + By(H) + By(L) < On()Vu £V
By construction of our factor-assignment scheme, this gives an upper bound of
[E[Tr(M;)*!] < MatrixDimension - (B;)%!.

Finally, this translates to a matrix norm bound immediately by Markov’s as we consider
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for any constant € > 0.

for some constant ¢ > 0 since our g can be taken as g < n° for some constant § > 0. O

54 LowerBounding Spectral Norm: Refuting Intrinsic Free-

ness

We now complement our upper bound result by a lower bound. For this section, we
restrict our attention to the even-r case and note that an analogous argument extends to

odd-r case.

Lemma 5.4.1.

]E[Tr(M q)] > matrix-dimension - ((26/1* ) (207 - (n f )

2
= matrix-dimension - (@ (1) - Vnr/2.¢r/2. \/Z "

Proof. To give a lower bound, we observe that each term in the expected trace is non-
negative, and therefore it suffices for us to focus on a specific type of walks in the Kikuchi
graph (such that it uses each edge twice so that it has expected-value 1), and then show

that the combinatorial count of such walks is large. Consider the walks of the following
type,
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. It would be useful to consider m := ¢/0.5r = 2¢/r buckets, and consider splitting

the length-2g walk into a walk of 2/ (2m) chunks, with each chunk being a walk of
length-2m.

. For each chunk of length-2m, this is a walk consist of m many F-steps and m many

L steps (moreover, we focus on F-step leading to "new" vertices only).

. For each chunk, there are (,/,,/, f /2...r/2) Ways to bucket r/2 vertices among ¢

vertices, and each bucket will get to walk twice, once via an F-step and the other via

an L-step.

. Observe that we have (222512) many orders to pick which bucket "walks" at each

step, and regardless of the ordering, we are guaranteed to return to the start at the

end of this chunk. In other words, each arbitrary ordering gives a valid walk.

. For each F-step we have the usual factor of (27; ), while notice we no longer have the

factor of ( er) since the bucket has been determined.

Next, we recall the following fact about the center coefficient of multinomials,

Fact 5.4.2. There exists some constant ¢, > 0 such that

log (k:) > ¢k -knlogk

for sufficiently large n.

(

Thus, we have a total count of the length-2m chunk as

14 2m n—0\"
r/2,r/2,r/2....,r/2> ' (2,2,2...,2) = exp(tlog(26/r)) - exp(2mlogm) ( r/2 )
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Taking the 2m-th root gives us the cost per step as

Codilogat/r) . [ L
0(1)-22 m (r/2 ,

Recall that m = 2¢/r, we have

O(1) - (20/r)4 - (20/7) - (”r;zg) |

Recall that our upper bound reads as (per step)

Or(l) . \/nr/Z . gr/Z—l—l’

this is tight up to the hidden constant in O,(1). O

Next, analogously to lower bounding spectral norm of a Wigner matrix, to deduce the
concentration of || M,|| within @,(1) - Vn'/2 . (172 . \/{, we use the usual relation between
the spectral norm and trace to lower bound [E[||M;||?]. For simplicity, we focus on
the setting when G is a random symmetric {+1} tensor, while note that the analogous
bound can be extended to Gaussian via more complicated usage of Gaussian concentration

inequality. Crucially , since || M||sp is sub-gaussian, we can further deduce

Corollary 5.4.3. For G an random symmetric tensor of Bernoulli input,
E[[[Me(G)llsp] = ©:(1) - Vr/2- 0r/2. V2,
and moreover, with probability at least 1 — 0, (1),

IMy(G)llsp = @4(1) - Vnr/2- 0772 /1.
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Chapter 6

Singular Value Lower Bounds for

Polynomial Decomposition

This is based on the joint work with Mitali Bafna, Tim Hsieh, and Pravesh Kothari. We opt
to include a rough overview of the analysis for singular-value lower bounds analysis to
highlight the application of graph matrix. We defer interested reader to the original paper
for the full algorithm for power-sum decomposition of random polynomials [BHKX22],

and for the full combinatorial analysis that carries out the below strategy.

6.1 Technical Overview for Singular Value Lower Bounds

A two-line strategy Before we delve into the “real” challenge of what might come up in
our analysis, for the sake of exposition, let’s recall our G.O.E. toy example A € R™*" for
m < n. To obtain a singular value lower bound for A when m < n, we notice it can be
reduced to showing

ATA~ (1+o0(1))n-1d,

which amounts to checking
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e Large diagonal: diag(AT A) = (1+0(1))n;
e Small off-diagonal: ||off-diagonal(AT A)||s, < o(n).

For the above example, one may find both components rather immediate as the large
diagonal follows via standard Gaussian concentration. While establishing a small spectral
norm bound for the off-diagonal block might require slightly more work, there are several
techniques to establish the nearly optimal bound of O(+/m+/n) on its spectral norm. That
said, we may hope to carry out the above strategy on potentially more complicated matrices
(with correlated entries), and let’s dig into one example that arises in our analysis for the

simplest setting in our main result for decomposing cubics of quadratic.

Example of structured random matrices To describe the matrix, let A4,..., A, be ran-
dom matrices of size n x n with each entry i.i.d. IN(0,1). We will describe a new matrix
whose entries are functions of A;s. Let A;[i] € R” denote the i-th column of matrix Ay,

and let S C [n] be a subset of size ¢ ~ \/n. Finally, let G be the matrix defined by:

G = |ali) e alj)| e RGP

In other words, each row of G is indexed by (t,1,j) for t € [m] and i # j € [¢] with the
corresponding row vector be A;[i] ® A¢[j]. And a question we would like to answer is the

following,

Question 6.1.1. What is the largest m for which G is full (row) rank with inverse-polynomially

bounded smallest singular value?

For starters, m ~ n is a natural upper bound as G becomes a roughly square matrix

when we have mf? ~ n%. Let’s now implement the above strategy. The diagonal entry
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(t,i,j) of GG is given by || A;[i] ® A¢[j]||2 ~ n? by standard Gaussian concentration, and
the two-step strategy now prompts us to bound the spectral norm of the off-diagonal part
of GG', i.e. the spectral norm of GG ' — n? - Idm(g), by o(n?).

Observe that easy estimates such as the maximum ¢; norm of any row do not give a
useful bound: we expect the off-diagonal entries to have typical magnitude n and that
can be “charged” to the diagonal entries only if m(ﬁ) -n < n?orm < O(1). However, in
this very case, one may notice that we are ignoring the potential cancellation from the
signs of the entries (as each entry is a mean 0 random variable) and we can hope to obtain
a tighter bound by exploiting this kind of cancellation. Towards this end, we appeal to
the trace moment method to obtain tight bounds for these structured random matrices, and

on a high level, for ease of our spectral analysis, we adopt graph matrix decomposition to

systematically represent such random matrices of correlated entries.

Application of Graph Matrix Decomposition The theory of graphical matrices generally
applies to a matrix whose entry is a polynomial of some underlying input. In our case,

the off-digonal part of GG is described as:

GG [(s,4,b), (t,c,d)] = (Aslal, Ailc]) - (As[b], Adld]) = ) Asli, a] Adli, c] Aslj, b A¢lj, d]
ijeln]
for (s,a,b) # (t,c,d). For illustration, we restrict to the case for s # t € [m] and a,b,¢,d
distinct elementsin [¢], and we remark that in general these cases warrant a careful analysis.

Notice we can further decompose the above polynomial entry as

GG'[(s,a,b),(t,c,d)] = .#Z;[ }As[i, a)A¢li, c| Aslj, b] Aelj, d]
i#je[n

+ Y AdiaAdi Al bAd,d)
i=jen]
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depending on whether i,j “collide” with each other. Pictorially, each term in the above

matrix corresponds to one of the following diagrams using graph matrix language:

each vertex in the left/right orange oval corresponds to a variable in the row/column index for the
matrix;
and each vertex in the middle (outside the orange ovals) corresponds to an indeterminate in the

summation with each hyperedge corresponding to a random variable in the polynomial.

[’O Ai, ] Ali,d) O 7

Figure 6.1: Diagram for GG ' [(s,a,b), (t,c,d)] = Yitien) Asli, al Aeli, c] As[j, b Ar[j, d].

Figure 6.2: Diagram for GG ' [(s,a,b), (t,c,d)] = Yijeln) Asli, al Ali, c] As[i, b] A[i, d].

Once these diagrams are drawn out, we can apply off-the-shelf matrix norm bounds
for graph matrices. Therefore, our job for spectral analysis is essentially estimating the
combinatorial quantity for each of the diagrams that may arise in the decomposition. In
the setting above, a direct application of this idea in a black-box manner gives us a spectral
norm bound ||offdiag(GG ") ||sp < O(Vml2n2) = o(n?) assuming mf?> < n2 and £ ~ \/n,

giving us the m ~ n bound as we anticipate in the beginning.

6.2 Singular value lower bounds for analysis of V

Recall that given By, . .., B;; which are degree-2 homogeneous polynomials in ¢ variables
with i.i.d. standard Gaussian coefficients, the matrix V € R%Dp >0 g the matrix whose
columns represent the polynomials B:(y)Py;, - - - yj,, for t € [m] and ji,...,jop € [€].

m
2

Furthermore, recall the matrix N € ]R( )xmtap defined in Definition 4.20 of [BHKX22] that
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satisfies VN = 0, i.e. each row of N represents a collection of m degree-2D polynomials

(p1,--., pm) such that

m
> Bi(y) pi(y) =0,
=1
and for row index (s1,s3) of N, pi(y) = Bs,(y)P if t = s1, —Bs,(y)P if t = sp, and 0

otherwise.

Proof of Lemma 4.21: rank of N

Lemma 6.2.1 (Restatement of Lemma 4.21: Rank of N). Let m,¢,D € IN such that m <
(p—olyfog( i) )?P. Let N € R(2) %m0 be the matrix defined in Definition ??. Then, with probability
1—¢00),

o) (N) 2 Q(¢P).

2

Proof. We will show that NNT € R(2)%(3) is full rank and that Amin(NNT) > Q(#2P).
Notice that the columns of N are indexed by (t,1) where t € [m] and I € [{]?P is a
multiset. By Fact ??, we can delete some columns of N and prove that the resulting matrix
N’ satisfies Amin(N'N'T) > Q(£2P), which implies Amin(NNT) > Q(¢2P). Thus, we will
assume that the matrix N only consists of columns (t,I) where I is a set (no repeated
elements), i.e., each row consists of multilinear polynomials.

We decompose NN ' into diagonal and off-diagonal components.

Diagonal entries. The diagonal entry at s; < s, can be written as

NNT[(s1,52), (s1,82)] = Hmultilinear(Bs[i)H2 + Hmultilinear(Bg)Hz,

where we take the multilinear parts of Bg and Bg because we deleted the columns
corresponding to non-multilinear monomials. This however does not change the norms

up to constant factors, hence by Claim 3.8, the diagonal entries are Q(¢2P).
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Off-diagonal part. NN '[(sq,s2), (t1,t2)] is zero when s1, sy, t1, t are all different, and

if s; # t; but sy = t (for e.g.), then

NNT[(s1,52), (t1,£2)] = <multilinear(Bg), multilinear(Bf?))

=0(1) % Sym(B3,P)[1] - Sym(B;;) 1]
Ie[0)?P

=0(1) Y. Y BIP)-BIP[x(D)].
€Sy 1e[¢)?P
all distinct

We view the above as a summation of graphical matrices, each corresponding to a permu-
tation 7. We then apply graphical matrix norm bounds to bound the spectral norms of

them. Given 7, the shape that arises can be described as the following,

1. A tripartite graph with exactly 2D circle vertices (iy), . . ., (2p) in the middle (that take
labels in [/]) ,i.e., V(&) \ (Uy U Vy);

2. Uy, Vy both have two square vertices (that take labels in [m]): Uy = {[ s || « [} and
V, = {, }, where | u |is in the intersection U, N Vj;

3. On the left, we add hyperedges in order: (, (i), (2)), (, (i3, (i), and so on; on the

right, we add (, , ), (, , ), and so on.

Now we analyze the minimum vertex separator. Observe that for every (i) in the
middle, there is a path — () — . Thus, any vertex separator of such shape must
contain either , , or all of the circle vertices. Clearly, when m < 2P the minimum
weight vertex separator is {| s |} or {{ + |}. Thus, we get a norm bound of O (W >

Therefore, we can write

NNTT = Q(¢*P) - 1d + of fdiag(NN "),
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where |lof fdiag(NNT)|sp < O(y/mtP) = o(£*P) given that m < (m)w. Thus, the

diagonal dominates, and we have Apin (NN ") > Q(£2P), hence 7 (N) > Q¢P). O

240



Chapter 7

Sum-of-Squares Lower Bounds for
Independent Set in Ultra-Sparse Random

Graphs

7.1 Owur Results

In this work, we prove that for every d € IN, constant degree sum-of-squares strengthen-
ing of the independent set axioms fail to certify a bound of o(1/+/d) on the maximum
independent set with high probability when G ~ G(n,d/n). To formulate this precisely,
let us recall the notion of pseudo-expectations consistent with a set of polynomial equa-

tions:

Definition 7.1.1 (Pseudo-expectation of degree-dsos). For any dsos € IN, a degree dsos-
pseudoexpectation in variables x = (x1, Xy, ..., %) (denoted by Eysos) is a linear map that assigns
a real number to every polynomial f of degree < d in x and satisfies: 1) normalization: E[1] = 1,
and, 2) positivity: E[f2] > 0 for every polynomial f with degree at most ds0s ' For any polynomial

¢(x), a pseudo-expectation satisfies a constraint ¢ = 0 if E[f - ¢] = 0 for all polynomials f of
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degree at most dsps — deg(g).
We can now describe the sum-of-squares relaxation for independent set in a graph G.

Definition 7.1.2 (Independent Set Axioms). Let G be a n-vertex graph. The following axioms

describe the 0-1 indicators x of independent sets in G:
YVoeV, x% = Xy (Booleanity) ;

V(u,v) € E,xyxy =0 (Independent set)

The degree dsos-sum-of-squares relaxation for independent set in G maximizes E[Y; x;] over all

pseudo-expectations of degree dsos satisfying the above two axioms.
More precisely, we prove:

Theorem 7.1.3 (Main result). There is a c > 0 such that for every d € IN, with probability 1 —
0,(1) over G ~ Gy, 4/, there exists a degree-dsos pseudo-expectation satisfying the independent

set axioms (Definition 7.1.2) and

Y E[x]>(1 —0(1))m~

ie[n]

Remark 7.1.4. We note that our techniques likely allow improving the dependence on dsos in the
denominator to a linear (instead of quartic) bound. We believe that removing this dependence

altogether is possible but requires new ideas.

Our construction of the lower bound witness (aka pseudo-moment matrix) is based
on pseudo-calibration. Informally speaking, pseudo-calibration provides a guess for the
pseudo-expectation with a certain “truncated" probability density function of a planted
distribution (a distribution over graphs containing a large independent set) that is indis-

tinguishable for low-degree polynomials from G(n,d/n). However, as observed in prior
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works [JPR"22], natural planted distributions are not low-degree indistinguishable from
G(n,d/n) when d = O(1). Nevertheless, it turns out that one can use a certain ad hoc
truncation that drops certain carefully chosen terms to obtain a pseudo-expectation that
allows us to prove theorem 7.1.3 above. Our truncation strategy is an upgraded variant of
the connected truncation first utilized in [JPR"22].

In the ultra-sparse regime, our analysis needs to separately consider the vertices that
have too high a degree. This trimming of the graph inevitably introduces non-trivial
correlations in the graph matrices —a significant challenge — that we show how to overcome

in our analysis.

7.2 Moment matrix construction

7.2.1 Trimming the graph

Let G be a random graph on n vertices sampled from G, ;,,,, instead of working directly
with the graph sample, we work with a nice subgraph of G of n’ vertices that is obtained
by removing "not-too-many” o(n)vertices, and show that SoS continues to think there is
an independent set of size 0(\’}—/3 ), we can translate the lower bound for G to a lower bound

for the untruncated graph G. Let’s start with the definition of our “trimmed” subgraph.

Definition 7.2.1 (Trimmed subgraph). We call G the trimmed subgraph of G obtained by
removing any “ultra-high degree” vertex, i.e. a vertex that has degree at least cjoq - d in G. For

this work, we set ¢ 0 = 10.

By standard Poisson concentration, we have the following bound on the probability of

a vertex begin degree-bad.

Proposition 7.2.2. Each vertex is degree-bad with probability at most exp <—cf1 eg’ d).
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Gluing pseudo-distributions for the whole graph Let Eirimmea b€ a degree-dsos pseudo-
expectation for independent set of size k for Gyimmegq On 1’ vertices, and let vg be an
(integral) coloring assignment for Gp, we note that they can be merged into a degree-dsos

pseudo-expectation Eg for independent set of the whole graph G on 1 vertices.

Definition 7.2.3. For S = Sg U Sy C [n] where Sy is the set of high degree vertices and S¢ the

vertices in the trimmed graph, we define

]EG [Xs] = 1AE/ltrimmed [Xs]

for SN Sy = @, and 0 otherwise.

Claim 7.2.4. Eg is a valid independent-set pseudo-expectation for G at degree dsos of value k.

Moreover, Eg gives an independence number of G at least % > (1—o0(1))- %
Proof. The constraints for independent-set pseudo-expectation are immediate, and the

value of the independent set size follows from n — n’ = o(n). O

With this reduction, the bulk of our work boils down into constructing Eirimmed for
the graph restricted to the nice vertices. From this point on, we will drop the subscript

”trimmed” and refer to it simply by . Let’s now proceed to its construction.

7.2.2 Constructing pseudo-expectation for the truncated subgraph

Pseudocalibration for Independent Set Similar to previous works, we consider one of

the most straightforward planted distribution D), for any independent set of size k in

Gn,d/n:
(1) Sample a random graph G ~ G, 4/,;

(2) Sample a subset S C [n] by picking each vertex with probability £;
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(3) Let G be G with edges inside S removed, and output (S, G).
It can then be computed that we have

Lemma 7.2.5 (Lem 4.4 in [JPR"22]). Let x7(S) be the indicator function for T being in the

planted solution i.e. T C S. Then, forall T C [n] and a C ([g]),

[E(@)]

]E(S,G)NDp,[xT(S) xe(G)] = (S)V(a)uTl (_£)2

Non-dangling truncation: an upgrade from [JPR"22] A major insight from [JPR"22] in
designing moments for sparse random graph is that one may employ the rule "connected
truncation”, and ignore any graph (or more precisely, "shape") that is not connected to S.

On a high level, the connected truncation removes polynomial distinguisher based on
subgraph-statistics, and a natural question is whether their that alone is sufficient here in
the ultra-sparse regime should one ask for an independent set lower bound. Surprisingly,
it is not! At least not within the current framework of analysis.

We now recall the definition of dangling vertex from our prior discussion for tight

matrix norm bounds.

Definition 7.2.6 (Dangling and non-dangling vertex). For a given shape «, we call a vertex
v € V(a) a "dangling” vertex if it is not on any simple path from Uy to V,; otherwise, we call the
vertex "non-dangling”. Equivalently, any dangling vertex is a vertex of degree at most 1 outside

SZU,XUVDC.

It can be verified that without removing dangling shapes, some shape indeed has large
norm, and break apart the charging strategy in their analysis. Therefore, removing such

shapes turns out to be surprisingly necessary within our current framework.

Definition 7.2.7 (Truncation of E). Let T(S) be the set of graphs with labeled vertices S C [n]

s.t. for any graph o € T(S),
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1. (Size-constraint) |V () US| < Dy;

2. (Connectivity) Any vertex in V («) is reachable from S;

3. (Non-dangling) Any vertex in V(«) \ S has degree at least 2;
for Dy = ctrunc - dsoslog n for some absolute constant cirypc > 0.

Remark 7.2.8. When it is clear, we also drop the dependence on xg and let S be the set of shapes

(or ribbons) that appear in our moment matrix Erimmed-

This lands us at the following definition of the moment matrix in the language of

linear operator, as we will defer the matrix’s language to the latter section after formally

introducing ribbons,

Definition 7.2.9 (Pseudo-expectation for Independent-Set as a linear operator).

Elxs])(G) = ), Ep, [xs-xa] x«(G)
a€T(S)

_ ZS) (S)IV(K)UQ ' (_ L)|E(D¢)| a(G)

aeT( 1- p

Definition 7.2.10 (Setting objective value k). Throughout this work, we will pick k = m

for some absolute constant ¢, > 1.
Formally, we define our candidate moment matrix for E as the following.

Definition 7.2.11 (Moment matrix A). We define the moment matrix as

where we remind the reader that |Aut(a)| is the size of automorphisnm group used to ensure each

edge-set contributes once in the decomposition, and S is the set of shapes such that
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1. (Size-constraint) |V (a)| < Dy;
2. (Degree-constraint) |U, U V| < dsos;
3. (Connectivity) Any vertex in V(a) is reachable from S;

4. (Non-dangling) Any vertex in V(«) \ S has degree at least 2.

7.2.3 Everything but PSDness for Independent Set

Since our truncation is largely inspired by the "connected truncation”, it continues to
inherit several nice properties from connected truncation that allows us to readily verify

the non-PSDness properties of .

Claim 7.2.12 (Independent-set constraint). Forany S C [n],,
]E[XS] =0

if S is not an independent set in G.

Proof. This follows by grouping the subgraphs contributing to E[xs] according to the

independent-set indicator in S as

Blxs] = ¥ (S)'V(M'-(— L)'E(“”-xa(@

eT(S) I-p

i\ [V (@)us |E(a)
- (3 (i) wo| & i
KET(S)E(x)=0 p He (V) p

Proposition 7.2.13 (Independent-set indicator). Fore € {0,1},1— /15 - x(e) = 15(1 —
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e); furthermore, for any set of edges H C (3),

m
Z<_ %) xr(6) = e [10 -0

TCH p (1=p)" eq

Combining the above proves our claim. O
Claim 7.2.14 (Normalization). For any graph G, E[1] = 1.

Proof. This follows immediately by connected truncation, that the only shape contributing

toS=Q,ie, E [1], is the emptyset, which comes with coefficient 1. O
Claim 7.2.15. The candidate moment matrix of A is S0S-symmetric.

Proof. This follows by observing for a fixed S = U, U V,, the coefficient does not depend

on the partition of S into U, and V. O

Claim 7.2.16 (Large independent set (Lemma 4.11 in [JPR"22])). With probability at least

1 —0,(1), we have

E[Y xi] > (1-o(1))k

7.3 PSDness Analysis from Norm Bounds

As foreshadowed in our overview, this section follows the PSDness analysis strategy as
[JPR*22], and we refer interested reader to it for a more thorough exposure to the approx-
imate factorization machinery for proving high-degree Sum-of-Squares lower bounds. In
this work, we build upon the technical analysis from [JPR"22] to give a more delicate
combinatorial analysis to control the lower-order dependence of norm bounds unique to

us.
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7.3.1 Decomposition of the SoS moment matrix into the graph matrix

basis

With these technical definitions ready, we can now observe that the SoS moment matrix

we define earlier can be rewritten as

- Ay - M,
A = —_—
L TAct)]

shape €S
where we define

~ o\ V@) P
— (X (— |E(a)]

and recall that S is the set of ribbons/shapes under our truncation rule.

Definition 7.3.1 ((Scaled) Shape coefficient). Given a shape a, we define its shape-coefficient

(K e L
: n 1-p

For convenience, it is convenient to work with a rescaling of the above matrix A that can
be obtained by left and right multiplying a diagonal matrix with diagonal being \/E‘ |,

giving us the matrix

Aa * Ma
A= Ao Va
L Tact()]

x€S:shape

7.3.2 Recursive factorization overview: decomposition

Recall that our goal is to show

A=Y XMy =0

xesS
Towards this goal, we will decompose each shape & into ¢ o T 0 0’7, for o, 0’ € LeftShape

some left shape, and T € MidShape some middle shape based on Minimum Vertex Separator
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(MVS), which corresponds to writing the matrix (modulo intersection terms)
MO( ~ MUMTMO-/T

Analogously, we will also factorize the coefficients of A,, and with the decomposition in

hand, we can simply write

A=( Y AM) Y AMI( Y AgrMyr) = LQLT

o€leftShape T€MidShape o'TcLeftShape

Our goal now reduces to showing Q > 0, and this would allow us to restrict our attention
to the middle shapes. Unfortunately, the above is an over-simplification as the equality
only holds in an approximate sense, in which we hide out terms arising from ribbon

intersection that warrants some extra care.

Consider ribbons of shape ¢, 7,0’ intersect into some shape { we follow the usual
strategy of recursive factorization and factor out v, 94’ s.t. 7y is the leftmost MVS separating
U, and V; UInt(P), and «y/ the rightmost MVS separating V,,r and U,r U Int(P), i.e., we
decompose

M@ ~ M(a—’y) MTPM(U/Tf’y’T)

to further handle the intersection terms. The recursive factorization will create more
intersection terms, however, the key is to notice the leftmost/rightmost MVS will move
closer towards U, and Vi after each intersection, and hence this process would terminate.
Another technical detail that we ignore so far is the truncation error, and we defer this to

a later section. To summarize the above, our decomposition strategy can be captured by

A= L(QO_ Ql +Q2+"'+stos)LT

:( Z )‘UMU)( Z ArMr + Z /\TPMTP)( Z AU’TMU/T)

o€lLeftShape TEMidShape Tp€lnt o’ €LeftShape
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+ Truncation

At this point, a natural next step is to show Q = Qo — Q1 + - - - + Qgsos ~ 0. To this
end, we observe that there is a trivial identity component in Q which may be pulled out

and serve as our PSD mass, and the subsequent goal is to show

Z ATMT+ Z )\TPMTP

TEMidShape TpElnt

to be of small norm (after appropriate factoring out the kernel due to indicators).
Concretely, we follow the previous works and adopt a two step strategy, we first identify

the matrix norm of each shape that arises in the above, and then combine it with the given

coefficient and show that it can be charged to the appropriate diagonal with a charging

argument.

7.3.3 Main lemmas for PSDness

Lemma 7.3.2 (Independent-set indicator is PSD). Consider 11 the diagonal matrix indexed by
any subsets S such that |S| < dsos with I1[S, S| = 1[S is an Independent Set in G|,

IT>=0

Proof. This is a diagonal matrix with non-negative entries. O

Lemma 7.3.3 (Middle shape is bounded).

1
QO = Z /\T ° M’r j EH
TE€MidShape
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Lemma 7.3.4 (Intersection is bounded).

1

Z Qizz Z /\Tp‘MrijH
0<i<dsos i tp€Elnt;
where Int; is the set of intersection shapes of level i.
Lemma 7.3.5 (Truncation error).
truncation error < n~dsoslogn)q

Lemma 7.3.6 (Left-shape is well conditioned).

T
( Y AUM(T)( Y- AUMU> = Oldses)TT,

oE€LeftShape o€LeftShape

Assuming the above lemmas, we are able to complete the proof to our main theorem

by filling in the missing piece about PSDness from previous section,

Proof of main theorem. Following our recursive factorization, we have

A= L(QO_ Ql +Q2+"’+stos)LT

=L-T1"?(Id + Qo + }_(~1)'Q:)IT/?- LT + truncation
i

T
tQ(l)( Z /\UMU> < Z /\0M0> + truncation

o€lLeftShape o€LeftShape

Y

(Q(l) . n—O(dsos)>H

=0

where the first psd inequality we plug in the norm bound for the middle shape and
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intersection term, and then apply the bounds from singular value lower bounds and

truncation error bound. O]

7.3.4 Bounding the middle shapes

In this subsection, we show we can charge the middle shape MidShape the set of canonical
middle shapes with the corresponding diagonal. We restate the main lemma of the section
below,

We first identify what a middle shape is that arises in the approximate factorization

machinery based on minimum vertex separator.

Definition 7.3.7 (Middle shape). A shape a is a middle shape if U, and V, are both minimum

vertex separators for a.

Overall strategy for middle shape Recall that the ultimate goal of this section is to show

1
Qo= 2 Ar - Mz = E
TEMidShape

(ignoring the kernel from independent set indicator), we factorize out edges in E(Ut N V)

as they form a corresponding independent-set indicator in our context, captured by a

diagonal matrix I, landing us at

)\TMT - Hl/z . < Z )\T . MT) Hl/z
T:middle shape
E(UNV7)=0

= I1'/2. (Id+ Y AT-MT>H1/2
7: middle shape
E(UNV7)=0
non-trivial

T€MidShape

At this point, the PSDness of the above matrix boils down to the following lemmas,
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Lemma 7.3.8 (Charging non-trivial middle shape).

1

Ar - M || < —

| £ aemsg
middle shape
non-trivial
E(UNV7)=0

Overview of middle shape charging

1. For each middle shape, it can be charged to the appropriate diagonal (via sec-

tion 7.3.5);

2. For each diagonal, there are not “too-many” middle shapes charged to it. A naive
triangle inequality and union bound does not work well here, and we appeal to the

grouping via active-profile of shapes(via section 7.3.6 ).

We first give an argument for charging a particular middle shape with certain gap, and

then combine it with our counting of middle shapes.

7.3.5 Charging a single middle shape
The heart of this section is to show

Lemma 7.3.9. For any middle shape T,

A I Me || < (c)lV @ (L vl

dsos?

where we defer the specific 0(1) slack for counting at the moment. Recall from our
graph matrix norm bounds,
Proposition 7.3.10. For each shape w, it has norm bound

E(S)|
[ M| < choitl- max \/E‘V(T)\S| : ( 1_Tp> - float(a) - dangling (&)

S:separator
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Furthermore, recall that our middle shape coefficient is given by

_ Uz |+|v7]
. (E)V(” ; -(17- L)Em
n 1—-p

Combining the above gives us

r T\ ) £()
Ae- [Mel| < chorm - ()17 max WW\SI.( _P> .(,7. L)

S:separator

- float(a) - dangling(«)

Proof. Momentarily, let’s ignore the dependence of dsos factor: the core of the argument
relies upon the observation that we are able to assign a % factor for each vertex outside
the separator from the shape coefficient via a decomposition into left/middle/right part

according to MVS,

V(1) || U]
)

1. We have a total vertex coefficient (% ,and U is by construction the MVS of

k) V(TS| < <k> V(DU

T while S is a separator, so |S| > |U¢| and hence we have (E - ;

2. By connectivity of middle shape, we can consider a BFS from S, and we note the %
vertex coefficient shown from above is sufficient for charging the factors on vertices

outside S;

3. For each vertex outside S, it is reachable from S, and we can consider the edge that
explores the vertex in the BFS process, combining the factor of that particular edge
with the vertex factor of the vertex gives,

'ﬁ.(,y. %)k

p) n| =

where we recall our hardness assumption and \/TH < ¢y (ignoring the extra decay

255



from ﬁ factors which are reserved for counting shapes) ;

. Since each vertex outside the separator gives us a decay of c;, and observe that by
middle shape property, |V (7) \ Ur N V| > 3|V (1) \ S| as both Ur and V; are the

MVS, thus setting adjusting ¢, to appropriate constant gives us

v 1 1 \venunv|
Cnorm C%V(a)\ﬂ S( 0)

. For each edge leading to an explored vertex outside S, we pick up an edge factor of

(ry/i5) =0 ()

. For floating factor, we note that there is no floating component due to connected

truncation;

. For dangling factor, notice we pick up potentially one such factor for any dangling
branch outside the separator, however, since each vertex outside U and V is of degree
at least two, for each dangling branch, there is at least one edge unused for vertex

connectivity to the separator in the prior charging, and hence we have a gap of at

T @v@ige

. Finally, for edges inside the SMVS S, we have

o )
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7.3.6 Grouping middle shapes

To complete a bound for middle shape, we still need a count of them. Departing from
the prior works that apply a union bounds over various shapes which leads to inevitable
loss of poly log factors, we circumvent this issue by grouping middle shapes and apply

trace-method on the gruped martrix.

Grouping shapes into permissible shapes

Definition 7.3.11 (Permissible shapes). We call a shape permissible if it can be obtained from

the following process,

1. Start from any shape a such that any vertex not in U, U V,, has degree at least 2, and remove

any edge between V(a) \ Uy U Vy and U, NV ;

2. For any dangling vertex, put in an edge from the dangling vertex to the lowest-ordered (in

dsos) vertex in U, N Vy;

3. For any floating component, it must have at least two edges that get removed, and put back

the the two edges connecting to the lowest ordered vertices in U, N V.

Lemma 7.3.12. For any set of potential edges E on vertices V(E),

_[F ) P \IEl
xe )|l <1+ )=
E;Eele—lzl’( L—p 1-p
Proof.
p )_ p
- —XC - 1_ 4 _Ae
E L) |1
1
< = \IE]
<@+ )

where the second inequality follows by casing on the edge present-status,
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1. If the edge is present,

- w=1-1-0
==

2. If the edge is missing,

‘ﬁ
=

]

Lemma 7.3.13 (Bounding the blow-up from hidden potential-edges). For each permissible

shape T, let E be the set of edges that can be added to T such that T remains a valid middle shape,

LI/ %)

Proof. Notice each such edge has to go from a vertex outside of U N V; to U N V¢, and

<1+o04(1)

this is at most dsos choices for each edge outside, therefore |E| < dsos- |V (7) \ U N V|-
Combining with the bound from previous, we have

E;Eele_]!:’( \/7)(6)

P \IE|
1+ ——
(1+1=)

<1+ P dsos| V() \ Ur 1 Ve

<14 0,(1)

where the last bound follows from our choice of dsos = o(n). N

The above prompts to define the following hidden edge indicator for any permissible

shape,

Definition 7.3.14 (Hidden edge indicator). For a given permissible shape T, let Ej, ) be the set
of hidden edges that can be added between V (T) \ (U U V) and U N Vi that does not violate the
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permissibility of T (due to ordering of edge-removing), and we define

1= ¥ I1(/1 %)

E’QEhm ecE’ 1 o p

Furthermore, for our counting scheme to apply, it is also convenient for us to group the
shapes according to which vertices in U; and in V; are incident to some vertices outside.

Towards this end, we appeal to active-profile defined as the following,

Definition 7.3.15 (Active-profile). For any (permissible) middle shape T, we call the set of indices
P = {Uyctives Vactive} C [dsos]? an active profile for T if any vertex v € Uctive, Viactive i incident

to some vertex outside U, N V.

Lemma 7.3.16 (Bounding active-profiles). For each diagonal U, each active profile that gets

charged to it can be identified at a cost of dsos!Uactioe |+ Vactioe

Definition 7.3.17 (Graph matrix with prescribed active-profile). Given an active profile P,

we define the corresponding graph matrix for the given profile as

Mp = Z M-

T:shapes with prescribed active-profile

Proof. Since active profile is a collection of middle shapes, by middle shape property, we
have |Uctive] = |Vactive|- It then suffices for us to identify a label in dsos for each index in

active-profile. ]

7.3.7 Wrapping up middle shape bound

We are now ready to apply our matrix norm bounds on each active-profile.

259



Lemma 7.3.18 (Grouped middle shape bound).

1
). IApMpll < 75
Pactive profiles:E(U¢)NE(Vy)=0

Proof. Applying our “grouped” norm bound on ApMp for active-profile P gives us

[Ap Mol < max [Az - Mz - g(T)|]

TETpnon-trivial, permissible

< max Az - Mzl - |g(T)|

TETpnon-trivial, permissible

where we observe the following,

1. The coefficient is given by

k Uz |+|Ve| [E()]
— [V(T)|— N .
Ac (n) ’ ( 1-— p) !

2. The norm bound, via the block-value bound, is given by
vl avens (M5 i)
max chom - Vn (\/;> Vn -dangling(a \ S) - float(a) ;
T,

3. The hidden edge indicator has magnitude bounded by

9(Oll < (14 0,()V O

We now mimic our charging strategy for a single middle shape, and note that the factor
other than dsos dependence follows from the charging for a single shape, and we make

clear the dsos dependence here as,

1. Assuming % = O(m),
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2. Each vertex outside U, U V; contributes a single factor of dsos via the blow-up from

hidden-edge indicator, while each comes with a full factor of decay ﬁ ;

3. Each vertex in U;AV; does not contribute any dsos factor from hidden-edge indicator,

and each comes with a factor of ﬁ since each comes with half a vertex coefficient;

4. By our sparsity bound, |E(S)| < 5|V(S)|, and moreover, notice since we look at
permissible shape, there are no edges inside E(U; N Vz); and the edges between
U:NVryand V(1) \ (U NVy) are at most 2 - |V (1) \ (Ur N Vy)|, and therefore, we
have |E(S)| < 7|V (1) \ Ur N V| < clV(O\ENVE for some constant ¢ subsumed by Cy

factor of vertex-decay;

L. . 1 |UTAVT‘ 1 |chtive(P)+|Vactive(P)|
5. Combining the above gives us a factor of <@> = ( % os)

7

Summing over all active-profiles gives us

1
< —=

1 |uuctive(lp)+|vactive(7))‘
) 10

¥ IApMp| < maxe(P) -
P

dsos

where we recall that the identification cost of P is bounded by dsos|Uactive(P) [+ Vactioe(P)| [

Remark 7.3.19. Notice the above arqument carries through for % = O( while we in fact

N

Vd-dsos?

have a larger decay of ﬁ. This is reserved for the extra dsos-factor needed for each vertex in
-dsos

intersection shape.

This completes our proof to Lemma 7.3.3 by noting that putting edges from E(U; N Vr)
back into anuy shape for any active-profile groups out the independent set indicator I1

again.

7.3.8 Bounding intersection terms

Preliminaries for intersection term
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Definition 7.3.20 (Ribbon composition). Given ribbons Ry, Ry, we call them composable if

Vr, = Ug,. For ribbons with boundary set indexed by subgraphs, we additionally constrain

1 2°

E(Vg,) = E(Ug,). We use Ry o Ry to represent the ribbon from the composition of Ry and R.
Definition 7.3.21 (Proper composition). Given Ri, Ry composable ribbons, we call them a

proper composition if there is no surprise intersection beyond the boundary, i.e., (V(Ry) \ Vg,) N

(V(R2) \ Ug,) = @.
Remark 7.3.22. For properly composable ribbons Ry, Ro, we have Mgr, Mr, = MR oR,-

Definition 7.3.23 (Improper shape and phantom graph). We call a shape improper if it contains
multi-vertices (repeated vertices) or multi-edges. The underlying multigraph of an improper shape
is also called a phantom graph, and we usually use Tp to refer to both the improper shape and its

underlying multigraph.

Definition 7.3.24 (Shape composition). Given shapes a, B, we call them composable if V, =
Ug. For composable shapes, we write { = a o B for { any (possibly improper) shape whose

multigraph can be obtained by composing ribbons of shape « and B.

Unfortunately, itis no longer true that My Mg = M,.p asribbon injectivity dose not hold
beyond the anticipated boundary, and collision outside the boundary would inevitably

produce improper shapes that are the main subject of this section.

Factorizing intersection terms We now make concrete our charging strategy for the
intersection terms. Recall from our big picture of LQLT decomposition, intersection can
happen whenever shapes from L, Q, LT intersect with one and another. For a left, middle,
right shape o, T, o’ that intersect to some improper shape tp, we follow the recursive
factorization framework from planted clique where we factorize the left/right shape from
intersection term A, M, and attempt to charge to the corresponding diagonal of the new

left/right shape.
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With this big picture in mind, we are ready for more technical definitions.

Definition 7.3.25 (Intersected vertices Int(tp)). Given a composable pair of o, T, ¢’ that intersect
to some improper shape tp, let Int(tp) be the set of vertices that gets intersected in Tp, i.e., the

vertices that appear with multiplicity greater than 1 in the associated multigraph of Tp.
Definition 7.3.26 (Left-intersection shape 7). A shape -y is a left-intersection color-shape if

1. 7y comes with an an additional label for each vertex in V (<) specifying whether this vertex is

in to be intersected, i.e., whether the vertex is in Int(7y)
2. V.. is the unique MVS for separating V., and U,;
3. U, is a MVS that separates V., U Int(7y) and U,

4. We follow the convention where we put edges in E(V.,) to the middle shape E(U-), hence,

Consequently, we define the corresponding shape coefficient for -y to be

L k V)l e P [E(7)]
T \n T\1—p

Remark 7.3.27. For our application, we will further factorize out the edges in E(U,, N'V.,) as they

Uy [+ V|
2

form the independent-set indicator, hence we actually have E(U, NV, ) = @ (and similarly for ')

in our analysis.
Analogously, we define the right-intersection color shape as the following.
Definition 7.3.28 (Right-intersection shape v'). A shape ' is a left-intersection color-shape if

1. v/ comes with an an additional label for each vertex in V (') specifying whether this vertex

is in to be intersected, i.e., whether the vertex is in Int(7y")
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2. V. is a MVS that separates V., U Int(y") and U.;

3. We follow the convention where we put edges in E(U.) to the middle shape E(Vy), hence,
E(U,) = .

Consequently, we define the corresponding shape coefficient for «' to be

u 1%
U [+,

o k V() |-—" . 7 [E(Y)]
v n T 1—p

Definition 7.3.29 (Intersectable tuple (v, T,v")). We call a composable tuple (vy,T,') inter-

sectable if there exists some intersection pattern tp s.t. any to-be-intersected vertex in <y and v/
gets intersected in Tp, i.e.,

Int(y) Ulnt(y') = Int(tp)

For an intersectable tuple, we define its coefficient

Ul ,
i\ [V(reter)|-— P [E(yotoy’)
Ayotoy 1= Ay s Ar - Ay = (E) . (’7' \/ ﬂ)

Overview of intersection-term charging The charging strategy is largely similar to the

2-step charging strategy for middle-shape charging, despite each step may contain more

technical twists.

1. For each intersection term -y o T o 7/ it can be charged to the appropriate diagonal

Uy or V. (via lemma 7.3.30) ;

2. For each diagonal, "not too many" intersection terms are being charged to it so that

we can afford a union bound.
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7.3.9 Charging a particular intersection shape

Lemma 7.3.30. For intersection-tuple (vy, T,') that intersect to Tp,
/\'yorov/ - [[Mg || < 0(1)

Since 7p is a multigraph that arises from intersection, before we unpack the above
equation, we need to first understand what our norm bounds || M, || yield for improper

graphs coming from intersections.

Bounding ||M, ||

Fact 7.3.31. For x. a p-biased Fourier character, we have

Xs =ENXS+ERXET xe

Definition 7.3.32 (Linearization of tp). Given a multigraph tp, we call  a linearization of Tp
if
1. Each edge in ¢ is a (multi-)edge;

2. Each multiedge in tp has multiplicity 0 or 1 in .

Definition 7.3.33 (Vapor coefficient vap for mul-1 edge). Fix tp a multigraph, and ¥ (tp) its

linearization, for any e € P(E(tp)), we define its vapor coefficient to be
vap(e) = muly,(e) — 1

For intuition, any edge of multiplicity 2 in Tp that linearizes to a mul-1 edge in 1 receives a vapor

coefficient of 1.
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Definition 7.3.34 (Vapor and phantom coefficient 6 for y(tp)). Fix tp a multigraph, and

Y(tp) its linearization, we define the corresponding vapor coefficient of 1 to be
O () = ) wvap(e)
ecE(yp)

Furthermore, let phantom._, () be the number of edges that disappear from E(tp) in the lineariza-

tion . The dependence on Tp is dropped whenever it is clear.

Definition 7.3.35 (Floating stick). Given an improper graph tp and its linearization 1, we call

a component C € 1 a floating stick if
1. Cis floating;
2. V(C) = Ey(C) — 1, i.e., this is path.

Definition 7.3.36 (Floating cycle). Given an improper graph tp and its linearization 1, we call

a component C € 1 a floating stick if
1. C is floating;
2. V(C) > Ey(C), i.e., this is at least a cycle.

We remark that the above floating components are further distinguished as they

have different contribution to matrix norm bounds: a floating stick C contributes norm

\/ﬁv(c) exp(—d - (|]V(C)| — 1)) whilea floating cycle would contribute norm max (ﬁv(c), (\/g)Ew(C)> :

(2|V(tp)|q<p) depending on whether the floating cycle is part of the separator.

Proposition 7.3.37 (Norm bounds for improper shape from 7y o T o 9/ intersection). Let

v o T o 7y be an intersection-tuple that intersect to Tp,

() Ey(S)
”MT || < C‘Z(TP)\UTPQVTP|2|E(TPN max 1__P> ( 1__p> \/%V(TP)\V(S)\/ELP
pll > Cnorm
,S
w:linear(ilﬁati)on of Tp P
S:a separator for i
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~dangling(ip \ 5) - float(y)

Proof. We highlight the difference from graph matrix norm bounds for usual color-shape,
Identifying the linearization: The linearization 1 is fixed by identifying for each multi-
edge whether it becomes mul-0 or 1 in 1, hence 2/E(™)l is sufficient where |E(1p)]| is the

number of distinct edges in Tp;

Factors of n: To bound the factor of 1, we note that its factor comes from the vapor

coefficient via linearization and the norm bound factor for the linearization of 1. Via our

=P
p ’

—\ (%)
by the factor of (, / 7’7) , combining with the norm bound factor for ¢ gives us

linearizartion, each multiplicity of edge that vaporizes gives a factor of captured

) ——\ BS)
P ( P) SV V) iy

p S:separator for ¢ p

- float(¢) - dangling(y \ S)

Combining the above gives us the desired norm bound. O

Now that we have identified the quantity of interest for ||M,||, it is time to move on
and see why the norm bound factor can be offset by A, .../, and hopefully, be left with
some gap (at least a constant per edge) for counting. Let’s proceed by unpacking the

desired equation,

(,7 \/T )'EWCW lE()
(05 (\f ) (@)Ew Vi@Vt fioat(p) - dangling(y \ S)

y:linearization of Tp
S:a separator for ¢

A’)/OTO’)//HMTPH < <_

—~
C.f)
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u Vv

S |

1 |V (yotoy')|— |E(yotoy')]
< . 2lE(Tp)|
B (CU : \/E> )

L m\ Y V(tp)\V(S) I
max ( —) ( —) NI v
($,9) d d
y:linearization of Tp
S:a separator for ¢

- float(1p) - dangling(¢ \ S)

—
%)
—

1
o /d

where we transfer the % vertex factor to using our hardness assumption.

Controlling the factor of 4 and 7 for intersection term

In this subsection, the quantity of interest would be the factor of 4 and n. Our goal of this

section is to show the following lemma,

Lemma 7.3.38. For tp that arises from intersection of yo T o7/,

|E(7yotoy')| 0(y) Ey(S)
d n n v
) e .olE(Tp)| . e e
< n) 2 05 ( d) ( d) Vi

Y:linearization of Tp
S:a separator for ¢

u v
[Unl+17,

1 [V(yotoy')|———F—"
o

NV - float(¢) - dangling(y) < o(1)

Proof overview The above equation lies at the core of our argument for bounding
intersection terms. It would be helpful to unpack and classify the terms from the equation

into a couple of components (ordered by their relative magnitude).

To start with, each vertex (outside the separator) contributes a factor of /7 to the above
equation (ignoring its potential dangling /floating factor captured in a separate argument),

it suffices for us to assign a factor of v/d for each such vertex, and suppose the vertex is
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connected to the separator S in Tp, we can offset its contribution via

1 d
— - \ﬁ <1
Vi L
Similarly, for isolated vertex, we need to assign an extra factor of v/d and an extra multi-

plicity of edges in E(y o T 0 9). Besides connectivity in 7p that requires some work, the

major ingredient for this component is the vertex-intersection-tradeoff that says we have

1
Vd

by the following lemma,

enough —= factors for vertices outside the new separator after the intersection, captured

Lemma 7.3.39 (Vertex factor for intersection (Intersection trade-off lemma from [JPR*22,
PR20] )). For v o T o ' that intersects to Tp,

U+ vy

; > |V(tp) \ V(S)| + |Iy]

V(yoToqy)

for any linearization ¢ and separator S of ;

Moreover, we need to assign at least one edge in E(y o T o 9’) for each vertex in
V(tp) \ V(S), and potentially more if they are isolated outlined by the above argument.
Additionally, we need to identify extra \/g factor to handle dangling and floating com-
ponents. The extra gap here relies upon the k-wise symmetry of our coefficients, that we
start with ,7,7 that do not have dangling branches in the very beginning; hence, any
component that becomes floating/dangling is a result of over-linearization (i.e., multi-
edges become mul-0). That being said, multi-edges turning mul-0 can in general be tricky
as they are the reason we pick up extra factors for isolated vertices (and dang/floating

factors). Towards this end, we first observe the following,

Proposition 7.3.40 (One phantom edge-mul for one dangling/floating factor). It suffices

for us to assign one edge-multiplicity to each dangling/floating factor.
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Proof. Observe that we pick up a coefficient \/g for each edge’s phantom multiplicity,
and each dangling/floating factor is either 2|V (¢)|qy or /nexp(—d) (in which case the

component is outside the separator). O

At this point, we would like an edge-factor assignment scheme that allows us to assign
edges (specifically their multiplicities) in E(y o T 0 9’) such that

Edge-factor assignment target: necessary condition

1. Assign one multiplicity to each multiplicity that vaporizes in 6(¢) and separator

edges in Ey(S);
2. Assign at least one edge’s multiplicity to each non-isolated vertex in V(tp) \ V(S);
3. Assign at least two multiplicities to each isolated vertex;

4. Assign at at least multiplicity ¢ > 0 (where ¢ may be fractional if needed) to each

floating component or dangling branch to offset the dangling/floating factor.

We note that the following target would also be sufficient, as it strengthens the last

condition to each multiplicity being charged to at most one dangling/floating factor.

Edge-factor assignment target: sufficient condition
1. Assign one multiplicity to each multiplicity that vaporizes in 6(¢) and separator

edges in Ey(S);

2. Assign at least one edge’s multiplicity to each non-isolated vertex in V(tp) \

V(S);

3. Assign at least two multiplicities to each isolated vertex;
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4. Assign at at least one multiplicity to each floating component or dangling

branches to offset the dangling/floating factor.

Before we delve into the argument, we remind the reader that phantom(¢)) is the
multiplicity of edges that vanish from E(7p), i.e., of multiedges that become multiplicity
0in ¢. And instead of working with E(y o T 0 9/) that counts multiplicity of edges, it is
easier for us to consider the (non multi-)graph ¢ and phantom() that allows us to avoid

worrying about vapor edges and their multiplicities as well.

Claim 7.3.41. Recall 6() is the multiplicity of edges that vaporize in the linearization to ¢ from

Tp,

|Ey| + phantom(y) = [E(y o T o) —[6(¢)]

Lemma 7.3.42 (Edge-assignment). For y o T o ' that intersects to Tp and let  be a linearization

of Tp, s.t.
|Ey| + phantom(p) > [V (zp) \ V(S)| +[Ey(S)| + |Iy| + [dangling, | + [floaty|  (7.1)

where we define

|floaty | == |float-sticky| + [float-cycy|

and remind the reader that phantom () counts the multiplicity of edges that completely vanish in

Y from linearization Tp.

Proof to lemma 7.3.42. We start by considering ¢ the linearized graph (recall i may have
phantom edges removed) and put phantom edges back along the way. Take S to be the

SMVS for ¢, we then consider the following recursive process to traverse i via edges in
E (Tp) .

Throughout the process, vertices in the graph V(i) can be partitioned as the following,
1. Viy € V(1p): those reachable from W via edges in Ey or already in W;
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2. For a connected component C C V() \ Viy in Ey, while not yet reachable from W, it

is either a non-floating component, a floating-stick, or a floating-cyc;

3. For isolated vertices in V(i) \ Vi, we can group them according to the phantom

edges into a collection of iso-connected components.

W-exploration procedure

1. Let W be the current set of vertices visited (initialized to be S an arbitrary SMVS
of );

2. Explore the vertices (not yet in W) while connected to W via edges in E(¢), i.e.,

assign the edge to each vertex it leads to;

3. Process the dangling/floating factor for vertices in W, and this may potentially

explore component connected to W via phantom edge;
4. Explore a component connected to W via some phantom edge;

5. For vertices outside W and not reachable via phantom from W, there must be
a phantom-edge connecting two different components, process that phantom

edge and explore both components;

6. Repeat this process until all vertices are pushed into W.

For starters, we first notice for the component Cs that is connected to the separator of
Y, we have

[Ep(Cs)| = [V(Cs) \ V(S)] + [Ey(S)]

as each vertex is connected to the separator, and we can charge it to the edge leading to
the vertex when we BFS from S, and each separator edge in Ey(S) contributes an 1 to both
sides. That being said, we may have dangling/floating factors not yet accounted in Cg,

not to mention there may be components not reachable from S in .
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For the subsequent steps involving dangling/floating factor , we need to repeatedly
apply the following proposition which allows us to identify either there is a new phantom
edge incident or there is some excess edge not used in the exploration process in the

component,

Proposition 7.3.43 (Degree-at-least-two). In tp where phantom edges are yet to vanish, each

vertex in V(tp) \ (Ug, U Vi, ) have degree at least 2 (not counting multiplicities).

Proof. Each vertex in V(tp) \ (Ur, U V) comes from at least one of the following two
categories, V() \ U,, V(7') \ V,y and V(1) \ (Ur U V). Any vertex in the first category
has degree at least 2 in y from 7y shape property that V., is the MVS for < (analogously for

7"), and any vertex in V(1) \ Ur U V; has degree at least 2 in T by k-wise symmetry.  []

Let W be the current set, and let Ey(W ), phantomy, (i) be the multiplicity of edges
traversed so far, and Iy, da nglinglp, floaty be the factors processed so far. We maintain the

invariant,

|Ep(W)| 4 phantomyy () > [V(W)\V(S)] +|Ey(S)[ + [Iy(W) | +|dangling,, (W) | +- [floaty, (W)

In the base case, we have W = §, and the inequality holds immediately. As noted above, it
is also immediate for Viy = V(Cg). We now start processing potential dangling/floating
factors on vertices in Viy. Notice in the base case, the only factors involved are dangling
factors, and we can restrict our attention to its end-point, and notice it is either incident
to an uncharged edge in Ey, or a phantom edge via Proposition 7.3.43. For a phantom
edge, we discuss by cases depending on where it leads to, as it may incur new floating
factors for which we need to either identify there is either some excess edge in the new

component, or a new phantom edge incident to the component.

1. The phantom edge leads to another vertex in W, and the vertex it leads to may be
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assigned another dangling/floating factor as well, in which case we pick up at least

2 (from phantom multiplicities) and 2 from RHS for 2 dangling/floating factors;

. The phantom edge leads to a component C not yet explored, i.e., not in W, in which
case we pick up at least 2 phantom multiplicities from the LHS. We assign one mul-
tiplicity to the current dangling/floating factor being processed with one remaining
phantom multiplicity yet-to-assign . It now remains to assign this multiplicity and

identify an excess edge for the floating factor of the new component,

o If Cisa floating-stick, assign the above multiplicity to the vertex in C incident to
the current phantom edge, which also puts C into W. Moreover, we claim that
V(C) must have at least one more degree-1 vertex in ¥ that is incident to some
not yet processed phantom edge by Proposition 7.3.43 (notice we get extra gap

if C has more than 2 deg-1 vertices);

e If C is a floating-cycle, it must be outside S, while E;(C) > V,(C), hence we
can use the remaining multiplicity from earlier to assign to the floating factor

of C, and use the edges in Ey(C) to explore vertices in Vi (C);

e If C is non-floating, (eg. V(C) intersects with Uy U Vy), there is no dan-
gling /floating factor on C, and we assign the above multiplicity to the vertex

in C incident to the current phantom edge;

e If C is an iso-connected component, i.e., a connected component in 7p that
become isolated under ¥, since each vertex in V(C) is of degree at least 2 in
Tp, assign the remaining multiplicity from above to the first vertex in V(C).
Note that since it is isolated, it remains for us to find assign this source vertex
another edge-multiplicity. Putting that aside, we can traverse the iso-connected
component, and charge each phantom edge (and its 2 multiplicities) to the new

vertex it explores. Since each vertex has degree at least 2, there must be an
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incidental phantom edge, and we can assign one of its multiplicities to the source
vertex of this component, filling the gap from earlier. The other multiplicity is

then reserved to explore the potentially new component.

For components not yet explored, and they are not connected to the current W via any
phantom edge, we claim that there must be a phantom edge that connects two unexplored
components. This follows via our intersection-tuple property, that in 7p, each vertex has
a path to Uy and a path to V. Hence it is either reachable from the separator in ¢, or
reachable from some phantom edge. We can then use this two multiplicities to explore
these two components into W, and notice each of them may be floating, while we can
follow the above argument and identify a new phantom edge or an excess edge for each

floating component. This completes our proof of Lemma 7.3.42. O

7.3.10 Bounding intersection count

Analogous to our charging in the base level for middle shapes, as we have shown each
single intersection term can be bounded, we may now complete the proof by bounding
the count. That said, we first notice that each intersection term can be specified as the

following.

Identifying what to bound

Definition 7.3.44 (Intersection-pattern). We call a tuple (y¢,...,71, T, Y1, oY Pt) an

intersection pattern such that

1. Py specifies which vertices get intersected and how they are intersected, and let Pp, 1 r be

Py restricted to the first (L, R)-levels yr,...,v1, T, Y 1, -7 &

2. Forany {,r € N, (’)’g, (Yot oYL TY 1Y 1) ,’yr) is a intersection-tuple with
Pﬁ,rr'
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3. Additionally, call depth(Py,;) = 1 the intersection-depth of the corresponding pattern;

4. For technical reasons, we allow y; = y;_1 or 7'; = 7';_1 for i > 1 to represent the case

when there is no new left/right intersection. However, both cannot hold at the same time.

Definition 7.3.45 (Intersection shape tp). We call a shape an intersection shape if it it a shape

that can be obtained by ribbon intersections of at most dsos levels.

To bound the count of intersection terms, we first observe that 7p when viewed as
shape can be counted in the identical way as for middle shape, with the only difference
being for a fixed shape, there may be various ways of ribbon interesctions (intersection
patterns) that obtain the same underlying multi-graph as a shape. That said, to the number
of intersection patterns for a fixed shape, it suffices for us to identify a dsos label for each
edge specifying which level the edge comes from (i.e. the depth of ; where the edge is
from).

As aresult, given the final shape 7p viewed as a multi-graph with information of where

each edge comes from, the intersection pattern is immediately fixed as one may

1. Draw out each v;, 'nyTfor eachi € [dsos| and T (the base-level) according to the depth-

information from each edge;

2. The vertex intersection, i.e. which vertex colliding with each other, is also fixed as

the final shape of 7p is also given.

Proposition 7.3.46. Given a shape tp, the number of intersection levels can be identified at a cost

of
‘V(TP)\qu NV, |

) [V (tp)|
int dsos

or some absolute constant c;,; where we remind the reader that |V (tp)| counts multiplicity o
piciy

intersected vertices.
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Proof. We apply this bound alongside our norm bound for grouped matrix. In addition
to the block-value bound for middle shape, it suffices for us to go through the shape in
an extra pass and identify where each edge comes from (i.e., identifying the particular

intersection pattern).

First, identify a level of [dsos| for each vertex-multiplicity identifying which dsos level it

1

Jsos from our coefficient; once all

appears, and this is subsumed by the extra decay factor of
the dsos levels are identified, we appeal to the following structural left/right-intersection
shape property: each y-shape is U-wedge.

That said, once 7p is identified as an edge-set in the trace-method calculation alongside
the [dsos] label for each vertex-multiplicity we are provided now, it suffices for us to apply
wedge-bundling idea for each 1;, ,},iT level recursively from outermost level to the base level

of 7, and applying lemma 2.5.19, this is a single constant per vertex and this completes

our bound. n

7.3.11 Wrapping up the intersection shape bound

Proof to Lemma 7.3.4. This section is in parallel with the summary for middle shape bound.

Notice that for a single active-profile P, apply our graph matrix bound on

ApMp = Z Aty - Mz - 4(7)

Tp:intersection shapes with active profile?
non-trivial, permissible
E(U.NV7)=0

Applying our “grouped” norm bound on ApMp for active-profile P while now P is the

collection of intersection shapes p gives us

[ApMp]|| < max [Azp - My, - g(Tp) ||

T€1p(P)non-trivial, permissible

277



< max [Azp - Mep|| - |9 (7p)]|

Tp€7p(P)non-trivial, permissible

We now mimic our charging strategy for middle shapes , and we note that the factor
other than dsos dependence follows from the charging for a single intersection shape in

Lemma lemma 7.3.38, and we make clear the dsos dependence here as,

1. Assuming % = O(—+~L—), we first consider the following dsos dependence that

Cy \/H~dsos4

inheir from that of middle shapes.;

2. Each vertex outside U; U V; contributes a single factor of dsos via the blow-up from

hidden-edge indicator, while each comes with a full factor of decay @ ;

3. Eachvertex in U;AV; does not contribute any dsos factor from hidden-edge indicator,

and each comes with a factor of ﬁ since each comes with half a vertex coefficient;

4. By our sparsity bound, |E(S)| < 5|V(S)|, and moreover, notice since we look at
permissible shape, there are no edges inside E(U; N V); and the edges between
U:NVryand V(1) \ (U NVy) are at most 2 - |V (1) \ (Ur N V7)|, and therefore, we
have |E(S)| < 7|V (1) \ Ur N Vy| < VOV for some constant ¢ subsumed by Cy

factor of vertex-decay;

5. The difference in comparing to the middle shape charging is that we incur an over-
head to identify intersection patterns, and this is a factor of an extra dsos for each

vertex from Proposition 7.3.46;

1

6. Recall that we have an Teos

excess from charging middle shapes, which can now be

used to offset the extra dsos overhead in Rmemark 7.3.19;

1 |UTAVT‘ 1 |chtive(73)+ | Vactivf(P”
_> - (dsos) :

7. Combining the above gives us a factor of ( Jeos

278



Summing over all active-profiles gives us

1
< =

1 ‘unctive(P)'f"Vactive(P”
) i

1} ApMpl| < maxc(P) - <_
D

dsos

where we recall that the identification cost of P is bounded by dsos!Uactive (P) |+ [Vactive (P)]

Putting back the edges in E(Ux, N V7,) gives us back the indepednent set indicator on the

left and right again, and this completes our bound for the intersection terms.
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Chapter 8

Sum-of-Squares Lower Bounds for

Coloring Random Graphs

8.1 Our Results

In this work, we give higher-degree Sum-of-Squares lower bounds, and confirm that the
Sum-of-Squares bound for coloring essentially matches what one would naturally expect
from the independent-set bound. To set the stage for our results, we recall the generic

formulation of coloring in the SoS framework.

Definition 8.1.1 (Axioms for graph-coloring). Let G be an n-vertex graph and let k be the

number of colors. The following axioms describe the {0,1} indicators x of k-coloring in G:

V(i,c) € [n] x [K], x7. = x;¢ (Booleanity);
Ve e [k], V(i,j) € E(G), xicxjc =0 (Independent set in the same color) ;

Vien], Y xic=1 (Exact-coloring) .
celk]
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Theorem 8.1.2 (Dense regime). There is an absolute constant cy € IN such that for sufficiently

large n € IN, and parameters k, dsos satisfying
k < ® (\/E (2dsosco . IOgCO 1’1)) ,

there is a pseudo-expectation of degree-dsos for k-coloring with high probability over G sampled
from G(n, }).

Despite our focus being the dense regime throughout the work, our result also trans-

lates to the sparse regime,

Theorem 8.1.3 (Sparse regime). There is an absolute constant ¢y € IN such that for sufficiently

largen € N and d € [(logn)?,n®>), and parameters k, dsos satisfying

n

k<O dsos -logn)® | ,
< (\/E( g)>

there is a pseudo-expectation of degree-dsos for k-coloring with high probability over G sampled
from G(n, 2).

Remark 8.1.4. Our bound for coloring, when restricted to a single color, can be viewed as a result

for independent set, and matches the best known SoS lower bound for the independent set problem

up to low-order dependence of dsos in both regimes.

8.2 Introduction and Motivation: Why Another SoS Lower

Bound?

Among various classic computational problems, graph coloring and independent set are

arguably the most intimate duo. Both are in Karp’s original 21 NP-Complete problems,
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and algorithms or hardness results for one of these problems usually correspond to al-
gorithms or hardness results for the other problem. Putting aside their computational
complexity, graph colorings and independent sets have also been extensively investigated
in probabilistic combinatorics. For random graphs, it is well-known that the thresholds
for these two problems are closely related: Given a random graph G ~ G(n, %), with
high probability the size of the largest independent set in G is ®(log ) and the chromatic

number of G is @(lo’én).

It is natural to wonder whether such a close connection continues to hold in the
computational lens for the questions of certifying an upper bound on the maximum size
of an independent set and certifying a lower bound on the chromatic number for a random
graph G ~ G(n, %) With high probability, a spectral bound certifies that the maximum
size of an independent set of G is O(y/n) which implies that the chromatic number of G
is at least Q(y/n). That said, it is possible that more powerful proof systems can give a

better bound for one or both problems.

For independent set, this question has been analyzed through the seminal planted
clique problem [Jer92, Kuc95] which asks if we can distinguish a random graph from a
graph where we start with a random graph and then plant a large clique. A long line of
work has shown that various restricted computational models including Lovéasz-Schrijver
[FKO03], statistical queries [FGR"17], Markov Chains [GZ19, CMZ23] and Sum-of-Squares
[BHK 16, JPRT22, KPX24] cannot distinguish these graphs when the size of the planted
clique is much smaller than \/n. This implies that none of these models can give a bound
which is much better than /n for the size of the largest independent set in a random
graph (the clique and independent set problems are equivalent by taking the complement
of the graph). However, we have few results about the hardness of certifying a lower
bound on the chromatic number of a random graph. For the basic semidefinite program

(aka. degree-2 SoS/ Lovasz-Theta function), we know that the corresponding threshold
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of @(y/n)-colors is essentially tight [Juh82, Co05b]. Prior to our work, we did not even

know whether this hardness result extends to degree 4 SoS.

There were two reasons for this gap in the hardness results. First, if we try and plant
a k-coloring in a random graph by dividing the graph into k independent sets evenly
and removing all edges within these independent sets, it is actually easy to distinguish
between the resulting graph and a random graph for any k < @(#3/4). Finding a quieter
way to plant a coloring in a random graph is an interesting open problem. The recent
work of [KVWX23] gives a more refined planted distribution that is quiet for k > @(n?/3)
but remains a polynomial factor away from the desired @ (4/n)-threshold. Secondly, the
global constraint of each vertex receiving exactly one color also poses significant technical
challenges for the analysis. In fact, we generally don’t know how to prove SoS lower
bounds for problems with global constraints. The two methods which have been found
so far for analyzing SoS with global constraints are reducing the global constraint to local
constraints [KOS19] and using a certain nullspace trick [GJ] " 20b]. A prior resultby [KM21]
ignores the global constraint, and gives higher degree SoS hardness for multi-coloring in
G(n, 3) via reductions from independent-set [BHK ' 16]. In this paper, we overcome both

of these challenges to prove an SoS lower bound for the coloring problem.

8.2.1 Background and Prior Work

The Sum-of-Squares hierarchy The Sum-of-Squares hierarchy (SoS), which was inde-
pendently studied by Shor [Sho87], Parillo [Par00], Nesterov [Nes00], Lasserre [Las01],
and Grigoriev [Gri01], is a hierarchy of convex relaxations for polynomial optimization
problems which is based on the Positivstellensatz/sum of squares proof system studied
by Hilbert more than a century ago. SoS is parametrized by the SoS degree d where as d

increases, degree d SoS becomes more accurate but corresponds to a larger semidefinite
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program. Roughly speaking!, degree d SoS can be evaluated in time 7°(4).

SoS is surprisingly powerful. SoS (together with a rounding algorithm to round a
solution to the convex relaxation to an actual solution) captures the best known algorithms
for max cut, sparsest cut, and unique games [GW95, ARV(04, ABS15] and has been used
to give algorithms for many more problems including dictionary learning, planted sparse
vector, tensor decomposition, tensor completion, quantum separability, solving unique
games on certified small set expanders, and many high dimensional statistical inference
problems and robust estimation problems [BRS11, BBH ™12, MSS16, BKS17, KSS18, HL18S,
KKM20, Hop19, BK21, BBK*21a, BHKL22]. We refer interested readers to [BS14, RSS19,

FKP19] for a thorough introduction to Sum-of-Squares algorithms.

Sum-of-Squares Lower Bounds for Average Case Problems Classical complexity theory
analyzes the complexity of problems on worst case inputs. However, problems which are
hard in the worst case may still be easy on random instances or instances which appear
in practice. Thus, it is also important to analyze average case problems where the input is
random rather than worst case. These average case problems are generally not NP-hard so
to show average case hardness results, we need to either use different assumptions such
as the planted clique conjecture (which says that the planted clique problem is hard) or
restrict ourselves to specific models.

Over the past decade or so, there has been quite a bit of progress in analyzing the
complexity of average case problems using both of these approaches. Brennan et al.
showed that planted clique can be reduced to many other problems so these problems
are hard assuming the planted clique conjecture [BBH18, BB20, BABB21, HS21]. On the
lower bound side, lower bounds have been shown for several different models including

statistical queries, low-degree polynomials, the Sherali-Adams hierarchy, and the sum of

1As observed by O’Donnell [O'D17], this is not always true as the optimal solution to an SDP may involve
coefficient of doubly exponential size.
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squares hierarchy. Of these models, SoS is the strongest? and thus the hardest to prove
lower bounds for.

Since the pioneering work of Barak et al. [BHK'16] showing SoS lower bounds
for planted clique®, SoS lower bounds have been shown for several other fundamental
average case problems, namely tensor and sparse PCA [HKP*17, PR20], the Sherrington-
Kirkpatrick problem [G]J"20b], independent set on sparse graphs[JPR*22, KPX24], dens-
est k-subgraph [JPRX23], and non-Gaussian component analysis [DKPP24]. That said,

prior to our work, proving even a degree 4 SoS lower bound for k-coloring was open.

Remark 8.2.1. Grigoriev’s SoS lower bound for 3-XOR and the vast generalization of this bound to
all CSPs where the predicate supports a pairwise uniform distribution of solutions by Barak, Chan
and Kothari [BCK15], and subsequently Kothati, Mori, O’Donnell, and Wittmer [KMOW17] are

also average-case lower bounds, though these lower bounds use different techniques.

Low-Degree Polynomial and Basic Level Local Statistics Hardness Closely related
to the Sum-of-Squares lower bounds, the low-degree polynomial framework is another
active platform for examining average-case hardness[KWB19a, BMR19, BBK 20, Wei20,
SW22, GJW22, RSWY22, KVWX23]. It provides a common framework for establishing
preliminary evidence of algorithmic hardness, and has even found its application in the
recovery and search variants of the problem beyond the vanilla distinguishing question
where the Sum-of-Squares formulation is less clear. However, for the distinguishing
problems that are applicable to both platforms, low-degree hardness is strictly captured
by variants of Sum-of-Squares lower bounds, and it remains a major research agenda to

understand their potential gap.

2More precisely, SoS is strictly more powerful than Sherali-Adams, an SoS lower bound proved via pseudo-
calibration implies a low-degree polynomial lower bound, and low-degree polynomials and [BBH™20,
BEAH"24] showed that statistical queries and low-degree polynomials are equivalent under mild technical
conditions

3This lower bound did not include a constraint on the exact size of the clique. Pang [Pan21] fixed this by
showing an SoS lower bound for planted clique with a constraint on the exact size of the clique
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Most pertinent to us is the work of [KVWX23] where they consider the same question
of coloring in G(n, 1), and give low-degree polynomial hardness for refuting k < O(n3)-
coloring of the graph. Most importantly, they leave the problem of closing the gap to
O(y/n) as an open problem. As we shall soon elaborate, the absence of low-degree
hardness is also an exciting challenge for us, and the starting point of our main technical
work. This is the focus of section 8.3.1.

Another line of work closely related to ours is that of [BKM19, BBK"20] which consid-
ers the coloring question in the sparse regime. However, their hardness result is essentially
limited to the degree-2 Sum-of-Squares (basic level Local Statistics) and low-degree poly-
nomials. Besides the restriction to degree-2 SoS, their hardness result is specific to pinning
down the threshold to the tight constant in the sparse regime of G(n, %) for constant d, and
does not apply for even the slightly denser regime of d = o(n), nor the dense regime in
G(n, %) the game in the sparse regime is all about the right constant, whereas our focused
dense regime had a polynomial gap in the threshold prior to this work. It is also an im-
portant question on its own whether in the sparse regime one can obtain hardness result
against higher-degree Sum-of-Squares, and pinning down to the right constant against
degree-4 SoS is already fairly exciting at this point. Along this line, it is conceivable that
combining [KPX24] and our result, one can get a lower bound in the regime of d = O(1)
against higher constant-degree SoS though with an objective value which is lossy in the

leading constant.

8.3 Technical Overview

8.3.1 The Absence of Low-degree Hardness

When we have a natural planted distribution which is hard to distinguish from the random

distribution, we can obtain the moment matrix M using the pseudo-calibration framework

286



pioneered by [BHK16]. The main technical challenge is then showing that M is PSD with
high probability. However, for k-coloring, we do not know of a natural planted distribution
which is hard to distinguish from a random distribution using low-degree polynomials.
To illustrate this challenge, we consider the planted distribution from the Stochastic Block
Model. We fix the random graph to be in the dense-regime of G(n, %) as this is also where

the gap of known low-degree polynomial hardness is the most drastic.

Definition 8.3.1 (Stochastic Block Model for k-coloring with Average-Degree d = 7). We

consider the following distribution of random graphs.

1. Sample a k-coloring by picking a color B(v) € [k| for each vertex v € [n] uniformly at

random. Let B(x) be the indicator vector for coloring of x;

2. Sample a random graph on n vertices by sampling edges for each pair of vertices i.i.d. as the
following
e For a pair of vertices with the same color, set the edge to be non-existent;

e For a pair of vertices with different color, sample an edge with probability k%l : %
3. Let G be the graph obtained from the above process, and output (G, B(x)) .

Essentially equivalent to verifying IE[1] = 1+ o(1) with high probability for the con-
struction from pseudo-calibration in SoS lower bounds, the low-degree polynomial likeli-

hood ratio asks for verifying the following sum-of-sqaures of coefficients,

Y |Epanealxr(6)]]F = o(1) (8.1)
RC(2):|R|<D
R#Q

for xr(G) = [Teer Xe(G) and x.(G) is the Fourier basis for the null distribution. In our

case, we can restrict ourselves to the standard {£1} basis for G(, 3), and subsequently
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the p-biased basis in G(n, %) We now zoom in to the Fourier coefficients when we fix the

planted distribution to the SBM model. For any fixed R C (3) ,

Espm[xr] = Pr [x5,65 = 1] - Eg|xashm [XR(G)]

x uniform coloring

1\ [V(R)|
= ) <E) - Colorval[R]gg

for Colorval defined as the following,

Definition 8.3.2 (Colorval[E]g). For an edge-set E, and B a coloring of its vertices in [k], we define

Colorval[E]g = I (-1)- I (Tl) :

ec E:pure-color under e€ E:cross-color under 8

where we additionally call each edge pure-color if B(i) = B(j), and cross-color otherwise. In words,
the above function assigns a value of —1 for each edge between vertices of the same color and a
value of ﬁ for each edge between vertices of different colors.

We adopt the convention that for E = @, we have Colorval[@] = 1.

At this point, we observe that color-subgraph (R, Br) appears naturally as a basis
in the above calculation. For convenience of our discussion, we call an (edge-induced)
subgraph R with vertices labeled in [n] a ribbon, and a vertex-labeled subgraph (R, B)
with additional color-labeling 8 : V(R) — [k] a color-ribbon. Moreover, when the explicit
vertex labeling in [n] is abstracted out, we call any unlabeled subgraph a "shape", and
define color-shape analogously. *

We are now ready to see the issue with the SBM distribution. Since each quantity is

non-negative in the eq. (8.1), it suffices for us to focus on the contribution from ribbon R

4See formal definitions in section 8.3.4 that ultimately relate the subgraph to a matrix, while it suffices to
consider its scalar analog as presented for the discussions below.
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obtained by vertex-labelings of some specific shape of a.

V()]
LHSofeq.81) = ) ) (%) : Y Colorval[R]g
«:shape R:V (x)—[n] B:V(R)— k]

N J/

\~

:=Ev(R)

Since the particular Ev defined through Colorval[E]s does not depend on vertex-labels of
the edge-set, we may simply write Ev(a) = Ev(R) for any ribbon of shape «. Moreover,
for any shape «, there are @ (n!V(®)!) ribbons obtained by labeling its vertices, thus for the
desired low-degree hardness to hold, one would require <%> el |Ev(a)| = O(}) VWl so
that one may set k ~ /n. However, it turns out that such bound is false as |Ev(a)| = ©(k)

for a large family of subgraphs (e.g. any subgraph that does not contain a degree-1 vertex)

. For concreteness, we can simply restrict our attention to a being a triangle, in which case

we have
Ev(triangle) = ) Colorvalltriangle]s
B:V(R)—[K]
= ) Colorval[triangle] g + Y. Colorval[triangle] g
B:V (a)—[k] B:V (a)—[K]
all vertices have the same color not all vertices have the same color
= (k) +0(1)

where we split the sum over all colorings into colorings that assign all three vertices
to have the same-color (aka. pure-colorings), and other colorings, and notice the value
(in magnitude) is dominated by the pure-coloring. More generally, triangles are not the

only troublesome shapes, and the best bound one may hope for via this natural planted
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distribution would be a lower bound for k ~ @(n%) > ©(y/n). To bypass this particular
barrier, [KVWX23] gives a planted distribution that matches the global statistic for triangles
and obtains an improved bound of k = @(n% ). They ask the question of finding a planted

distribution approaching the threshold of ® (/1) as an explicit open question.

8.3.2 The Challenge from Global Constraints

The failure of a planted distribution is by no means unfamiliar for designing lower bounds
for statistical inference problems. One natural idea to cope with such failure is simply to
ask for a better "quiet" planting, and such a quest is an exciting challenge that warrants
merit on its own. On the other hand, such a daring undertaking may appear "unnecessary"
to us provided we are ultimately interested in the refutation problem as opposed to the
distinguishing problem.

In contrast to distinguishing hardness where we need to satisfy extra polynomial
constraints from local statistics [BMR19], the set of coloring-axioms are all the constraints
we need to satisfy for the refutation problem. That said, we are allowed to depart from
the set of moments from pseudo-calibration of some known planted distribution, and the
shift back towards refutation hardness in fact opens up new avenues for us to circumvent
the absence of a planted distribution. To the best of our knowledge, in the context of Sum-
of-Squares lower bounds and more broadly average-case hardness for statistical inference
problems, non-trivial deviation from pseudo-calibration has only been done in the context

of the independent-set problem on sparse random graphs [JPR22].

The Lure of Connected Truncation [JPR722] shows that one may still salvage the
doomed planted distribution for independent set by a non-standard truncation rule in
the Fourier expansion, the connected-truncation rule. Recall that vanilla pseudo-calibration

truncates edge-set solely based on cardinality, the connected-truncation rule asks for fur-
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ther removal of edge-set that is not connected to S, and set

E[xs g,) = Y. EprantedlXs,ps * XR(G)] - XR(G) -
RC(2):|R|<D
R connected to S

On a high-level, one intuitive justification for such truncation rule is that there is no
explicit polynomial constraint from a refutation lower bound for satisfying global statistics
constraint, and therefore one may hope to simply remove them when designing the
moments to start with.

In particular, our above example of a triangle for E[1] is indeed an example of low-
degree global statistic that gets removed by connected truncation! More generally, it can
be observed that should one employ connected truncation for coloring, the bulk of the
analysis does go through for the desired threshold of \/n (put simply, via a standard
concentration argument, one can easily show [E [xs,85] > 0forany (S, Bs) which is a scalar

analog for matrix positivity). °

Global Constraints Strike Back However, for coloring, it turns out that we cannot quite
close our eyes to these global statistics! In fact, the exact-sum constraint is implicitly
imposing some global constraints that present inherent barriers for simple truncation
modifications like connected-truncation.

To see this challenge, we observe that one natural way of satisfying the sum-color
constraint is to use Fourier expansion and verify for any S C [n], for any edge-set R C (3),
one has (Xr(G), Lgg:5- (4] E[xs,ﬁsb = (xr(G), E[1]) where <XR(G),1E[x5,[;S]) denotes the
Fourier inversion formula, i.e., the coefficient of g (G) in the Fourier expansion of IE[x 5,85

However, this is plainly untrue with connected-truncation.

SWe believe similar result to [KM21] can also be obtained by connected truncation+ direct PSD analysis,
and this highlights that the essence of coloring (given known results for independent set) is in the exact-sum
constraints.
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For example, taking S as a single vertex v, and R some triangle containing v, say a
triangle on {v, 1, j}, it is clear that the LHS is exactly Ev(triangle) ~ —k as we show earlier,

while the RHS is 0 under connected-truncation.

This leads to the following question. If we use the coefficients from pseudo-calibration
as a starting point for proving refutation hardness for k-coloring, what are the coefficients

that we can modify and be creative with?

8.3.3 Rainbow Correction: an Ad-hoc Fix Made Systematic

Set-up for Our Correction Before we describe our modification, we first observe the
following general form of pseudo-moment coefficient that we will be working with in-
spired by pseudo-calibration of the SBM distribution. The SBM distribution gives pseudo-
calibrated coefficient as the following: for any edge-set R, let 7\5,/3(5) (R) = (E (X585, XR)

denote the coefficient of x in the Fourier expansion of E [x5,65],

5 ) E(R)|
Asp(s)(R) = Espm(xsps - xr(G)] = ) (E)W(R)US| 1% Colorval[R] s
BV (R)— K] P
B(S)=Bs
= ). Asps)(R)p
B:V(R)—[k]
B(S)=Bs

for A 5(s)(R)p = (1)IV(RS| \/g'E(R”comal[R] .

We would like to think of the color-ribbon coefficient as having two components, a
shape component from vertex/edge-factor of (%)'V(R)US . (\/g )IER) that does not de-
pend on the coloring 8, and an edge-value component Ev(R) g (motivated from Colorval[R]g).

From this perspective, we will consider the following generic form for Fourier coefficients
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in the pseudo-moment we are going to design,

[E(R)]

~ 1
A5 (R)p = () VS [ Eo(R)

k 1—p

for some function Ev(R)g to be chosen. As a result, we will then set the final pseudo-

moment (viewed as a function of graph sampe G) as

E[xs,5,](G) = Y. . Yo Asps(R)p- xr(G).
RE(D)  BV(RISK
|V(R)US|<Dy B(S)=Ps

Remark 8.3.3. We remind the reader that Ev stands for edge-value, as opposed to pseudo-

expectation value.

In the above definition, we write Ev(R)g with an explicit dependence on the coloring
of B. For convenience, for any given Ev(R)g function, we also introduce the notation
Ev(R) without dependence of B denoting the sum of the Ev(R)g of all coloring B. This is

formally defined as the following,

Definition 8.3.4 (Edge-value Ev(-) as a sum of all colors). For any ribbon (i.e. vertex-labeled
subgraph) R, we define Ev function without explicit dependence on coloring B as the sum over all

colorings, formally, we define

Ev(R):= ) Eo(R)g.
BV (R)—[K]

The definition extends to unlabeled subgraph "shape”.

Notice in the case of fixing the edge-value functionas Ev(R)g = Colorval[R]g, we simply

recover the set of coefficients from vanilla pseudo-calibration from the usual Stochastic
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Block Model. However, as the reader may have noticed from our language in defining
Ev(R)g, this equality does not have to be fixed! And this is where we are going to depart
from the vanilla value from pseudo-calibration.

To describe our modification, we make the following definitions for convenience that

partition the collections of colorings for a given subgraph.

Definition 8.3.5 (Pure-color edge v. cross-color edge). For each edge with both endpoints
receiving some color, we call it a pure-color edge if both endpoints have the same color, and cross-
color/rainbow-color if otherwise. For short, we also call such edges pure edges and cross/rainbow

edges.

Definition 8.3.6 (Subgraph coloring B). For a subgraph R with edge-set, and B a coloring for
V(R), we call it a

1. Pure-coloring: there is no rainbow-color edge in R under B. Additionally define Ev e (R) =

Yp:v(R)—[k Ev(R)p;
pu

re

2. Mixed-coloring: there is some edge that is pure-color and some edge that is rainbow-color in

R under B. Additionally define Evpjxeq(R) == Yp.v(r)— k] Ev(R)p

mixed

3. Rainbow-coloring: there is no pure-color edge in R under B. Additionally define Ev,4inp00 (R) :

Ypv(R)—[k Ev(R)p
rainbow
In the case of R is a single connected component, we also call R a pure/mixed/rainbow component
under B depending on the category of p.

This categorization prompts us to view
Ev(R):= ), Eo(R)
B:V(R)—[K]

as

EU(R) = EUPWE(R) + Evmixed(R) + Evminbow(R) .
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Remark 8.3.7. As an edge-case of our definition, coloring for a single vertex without any edge is
considered both a pure-coloring and a rainbow-coloring, and the corresponding vertex is considered

both a pure-component and a rainbow-component.

See the following for an example for coloring partitions on a triangle, where we use a
black edge to represent a pure-color edge, and a red edge to represent a cross-color edge.
For this section, let a, b, ¢ be colors of the vertices while we ignore the vertex-label in [1] as

they are not the focus of our discussion here (for simplicity, consider them as being fixed).

(a) Pure-coloring (b) Mixed-coloring (c) Rainbow-coloring

Figure 8.1: Example of Pure/Mixed /Rainbow-Coloring

Triangle as a Starting Point To further motivate our correction, let us revisit the example

of triangle. Recall that our ideal planted distribution is simply one that gives

[Ev(R)|=| ). Evo(R)g| =0,

B:V(R)—[K]

recovering connected truncation de facto, while per the prior discussion, for R being a

triangle, the construction from SBM gives
|Evsbm(R)| = |E0pure(R) + Evmixed(R) + Evrainbow(R)‘ = | —k+ O(l) + O(l)| = ®(k) .

where we write Evg,, (R) to denote the Ev(R )4 function of taking Colorval[R] for any 8.
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With this set-up, instead of trying to find an ideal planted distribution, we simply
want to modify the coefficient (through Ev(R)g) so that we ultimately have Ev(R) = 0.
But how can we do so? On the one hand, we observe that we have essentially no free-
dom in picking coefficients for pure-coloring as they are constrained by the independent-
set constraints, and therefore we leave the edge-value for pure-coloring touched, i.e.

Evg(R) = Colorval[R].

On the other hand, there is no more independent-set constraint on any rainbow-

coloring! If we modify its coefficient such that

Evminbow(R) = (—1) : (Evpure(R) + Evmixed(R)) :

we would then have our desired Ev(R) bound for triangle!

To illustrate this, for each rainbow-ribbon (R, ) of a triangle, we may simply modify

its coefficient as
Dc

Ev(R)gp := Colorval[R]p + TRSR|

where the second term can be viewed as a correction term with

D¢ = (_1) ) (Evpure(R) + Evmixed(R) + Z COIOrvaI[R],B>

B:rainbow

in the case of triangle, and |RSg| (rainbow-size of R) is simply the set of rainbow-colorings

for R to ensure that

Y Eu(R)=Dc+ ), ColorvallR]g = — (Evpure(R) 4+ Evpixea(R)) -

B:rainbow B:rainbow

In other words, we would like to pick up an extra D¢ term from the total contribution

of rainbow-colorings, and we achieve so by evenly distributing the D¢ term among all
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rainbow-colorings.

We defer the modification for mixed-coloring, while note that in the example of triangle,
we may just leave it unmodified from the vanilla SBM value for illustration purpose, i.e.
Ev(R)g = Colorval[R]g for any mixed-coloring B. With this new modified coefficient for
rainbow-colorings, we claim that R being a triangle is no longer an issue for the scalar

calculation of [E[1] (aka. SoS analog for low-degree likelihood ratio) as it would have
|EU(R)| = |EUPW€(R> + Evmixed(R) + EVrginbow (R)| =0.

To further motivate our correction scheme, consider the subgraph/shape being a line
or more generally a tree or a forest. In these case, we have Ev(-) = 0 holds straightfor-
wardly by vanilla pseudo-calibration. From this perspective, our correction can be seen as
modifying the rainbow-value so that every shape looks tree-like as a global statistic when

we sum over all colors of its vertices.

Note that the example of triangle is in some sense an edge-case as the value of mixed-
coloring has a small magnitude. However, this is not necessarily true for general cases,

and extra care is warranted for designing coefficients for mixed-colorings.

Factorizability over Connected Components, and Mixed Coloring In the above discus-
sion, we show that there is extra freedom in designing the coefficient for rainbow ribbon
while the coefficient for pure ribbon is fixed by the independent-set constraints. However,
one question we did not answer is what happens for the in-between colorings, the mixed-

colorings.

To answer this question, we need to first describe an ideal property that we would
like of modified coefficient to satisfy, that it should factorize over connected components.

Formally, for a subgraph a that may contain multiple connected components Cy, ..., C;,
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we would like our modified coefficient to satisfy

EU(OC)’B = HEU(Cl)ﬁ(CZ) .
i:C;

That said, we now observe the factorizability over connected components alongside
independent-set constraint dictates that mixed-colorings should be carefully treated sim-
ilarly as pure-colorings as they may now also participate in independent-set constraints.

We now illustrate this with the example of 2 disjoint triangles.

(a) a: 2 Disjoint Triangles A and B (b) &’: Connected Triangles

Let 8 be the given vertex-coloring for « = AU B, and S(A) the coloring for A (and
analogously for B). Following our rule of factorization over connected components, we

define

Ev(a)p := Ev(A)ga) - Ev(B)g(p) -

Note that B(A), B(B) restricted to each single component is a rainbow-color, and each
shape is a triangle and hence each can be defined via the previous rule. That said, Ev(a)g
is also well-defined by taking the product of the above. However, consider the diagram «’
which contains an added edge on the top between two vertices of the same color a. This is
no longer a single connected component, and f is now a mixed-coloring for a’. However,
applying the independent-set constraint on color 2, we can deduce that the sum of the

following two terms gives a scalar product of independent-set indicator on vertices with
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color-a, i.e.

Ev(a’)g+ Ev(a) = 0.

That said, the coefficient of mixed-value coloring is not completely unconstrained
like rainbow-colors due to the internal independent-set constraints on the pure-color
edges. With these constraints, its value ultimately depends on the underlying rainbow
component after the removal of pure-color edges (in the above example, ' is fixed by «).
This observation culminates in a recursive process for defining color-ribbon coefficients.

For a mixed-value ribbon (R, B) for R a single connected component, consider the
subgraph obtained by removing pure-color edge in R under B denoted by G(R, B), and we
observe that under such removal, G (R, B) is potentially a collection of rainbow components
under B, and let {C;} denote the collection of edge-components. We then define the final

value as

Fo(R) = (—1) Pl I1 Eo(Cp(cy
Cjconnected comp. in G(R,B)

where we use pure(R)g to denote the set of pure-edge in R under B, and note that
(=1)IPure(R)gl is the factor given by independent-set constraints on pure-color edges.
We formally describe our recursive scheme for defining the Ev coefficients in section 8.4

and verify the hard-constraints in section 8.4.4.

8.3.4 Approximate Matrix Factorization via Rainbow Separator

With the coefficient value defined from the above discussion, we are ready to discuss the
challenges from the PSD analysis. At the first sight, one may anticipate® that such analysis
should largely follow from the known independent set analysis except with some obvious
translation (for example, consider a larger moment matrix that is additionally indexed

by colors). That said, it is true in the sense that our analysis would give a re-proof for

bas we suspected so ourselves in the beginning
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independent set lower bound, there are several obvious issues should one tries to carry out
the apply the prior work. In particular, a major conceptual issue arises from our departure
from pseudo-calibration, which is arguably inevitable in the absence of a (known) quiet
planting.”

We try to give a lightweight introduction to the approximate matrix factorization
machinery here, while we still would like to refer the reader to prior works for a more
thorough treatment of the subject (in particular, see [AMP20, KPX24] for introduction of
graph matrices, and [BHK 16, JPR"22, JPRX23] for approximate matrix factorization). To
this end, we introduce "shape" that is at the heart of SoS lower bounds as it forms the basis

for a moment matrix.

Preliminaries for Matrix Factorization

Definition 8.3.8 (Fourier character for G,, 4/,,). Let x denote the p = %—biased Fourier character,

_ J1zp __[F
Xe(1) = p Xe(0) = 1—p

For a graph G, and a subset of edges H C (), we write X1 (G) = [Teey Xe(e € G).
For the dense regime of G(n, 1), the above simplifies to x. = 1 in the case of edge e is present

in G, and x, = —1 if not.

Definition 8.3.9 (Shape «). Shape is a (multi)-graph (V («), E(«)) additionally associated with
two specially labeled set of vertices (left-boundary) U, and (right-boundary) V, with Uy, Vi C
V(). We also additionally define the operation shape transpose such that a* denotes the shape
obtained by flipping the left/right boundary of «.

Additionally, we call each graph with vertices labeled in [n] a ribbon.

’Such challenge is also likely inevitable for a quiet planted distribution that does not have an immediate
product structure.
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Definition 8.3.10 (Graph matrix for a ribbon). For a ribbon R, the matrix Mg has rows and

columns indexed by all order-tuples of [n] of size at most % and has a single nonzero entry,

xer)(G) I=UgJ= Vg
MR[I/]] =

0 Otherwise

Definition 8.3.11 (Graph matrix for a shape «). For any graph G, and any given shape «, the
graph matrix M, is a matrix with rows and columns indexed by all order-tuples in [n] of size at

most 952 defined as the sum of all ribbons of the prescribed shape, formally,

M,x = Z MR
R:ribbon of shape «
Definition 8.3.12 (Pure-color edge v. cross-color edge). For a subgraph R, and §: V(R) —
[k] a coloring of its vertices, we call each edge in R a pure-color edge if both endpoints have the same
color, and cross-color/rainbow-color if otherwise. For short, we also call each such edge pure-edge

and cross/rainbow edge.

Definition 8.3.13 (Ribbon/Shape coloring B and color-partition CP). For a shape a, we will
consider B : V(a) — [k] a coloring. For our application, we further group the collection of
colorings based on each edge being pure-color/cross-color, and towards this end we define CP by
partitioning the collection of colorings based on each edge of E(«) being pure-color or cross-color

(i.e. rainbow-color).

Example 8.3.14 (Example of Color-Partition). Take the following shape for example. Recall that
a,b, c,d are color-labels in [k|. Let red edge denote the constraint that the edge must be rainbow-color
for coloring B in the prescribed color-partition CP, and blue edge a pure-color edge. The coloring B
on the left can be seen as an element in the collection prescribed by CP that constrains each triangle

edge to be rainbow-color.
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(a) A Coloring B (b) A Color-Partition CP such that g € CP

For the bulk of analysis, we will use coloring B and color-partition CP interchangeably

Definition 8.3.15 (Color-shape («, CP)). We call («, CP) for a shape « and its color-partition
CP a color-shape. Additionally, for a coloring B € CP that assigns each vertex’s color in [k], and

R a graph obtained by labeling V («) in [n], we call (R, B) a color-ribbon.

Remark 8.3.16. When it is clear that we are referring to a color-shape, we usually make the

dependence of CP implicit, and simply refer to it via a.

Definition 8.3.17 (Graph Matrix for a Color-Ribbon). For a color-ribbon (R, B), the matrix
Mg g has rows and columns indexed by all oreder-tuples of [n] x [k] of size at most 95 and has a

single nonzero entry,

Xew)(G) (L Br) = (Ur, B(URr)), (], By) = (Vr, B(VR))

0 Otherwise

Mg,gl(L, B1), (J, By)] =

Definition 8.3.18 (Graph matrix for Color-Shape). Given a color-shape («, CP), we define its
corresponding graph M, cpy as a matrix with rows and columns indexed by any order-tuple of

[n] x [k] of size at most %=, and define it as the sum of graph matrix of color-ribbon of shape «
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and coloring in CP, formally

Mg, cp = Y. Y Mgg.
R:ribbon of shape & B:V (R)— [K]
Recap of the Prior Strategy Throughout this work, we follow the convention of referring
to a color-indexed graph matrix via M. With the setup above, we are ready to recap the
prior strategy see the challenge in matrix factorization. For the moment, let us return to
the independent-set setting and simply consider shape without any coloring. The main
idea of approximate factorization is to observe the candidate moment may be rewritten in

the basis of graph matrix as

A= Y A(a) - My = LQLT
a:shape
subject to truncation constraints

for some choice of L, and action boils down towards showing Q is PSD. Put simply for a
single shape, this roughly says that for any shape a, we can decompose it into three pieces

T = 0 o T oo’ such that
Aa) - My & (7\(0) -MU) : </N\(T) -MT) : </N\(0'/) : MU/>

where the approximate equality ignore terms that arise in the approximation of M, ~ M, -
M. - My, ie., "error" terms due to vertex intersections beyond the boundary. Moreover,
crucial to our decomposition scheme is the notion of separator and minimum-vertex-

separator in the context of independent-set defined as the following,

Definition 8.3.19 (Separator and Minimum-Vertex-Separator). Given a graph « with two
labeled set of vertices U, V,aset S C V() is a separator for w if any path between U and V passes

through some vertex in S. Additionally, S is a Minimum Vertex Separator if |S| < |T| for any
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T that is a separator for «.

See the following diagram of a decomposition based on Minimum Vertex Separators
for an example where ¢ = L is the left-part, T = M is the middle-part, and ¢’ = R is the
right-part. Intuitively speaking, one may view the left/right shape as projection matrix to
the subspace a shape lives in. After zooming into the "correct" eigenspace, the crux of the

argument amounts to verifying
A7) - |IMe|| = 0(1)

where we use | M|| to denote matrix’s spectral norm of matrix M throughout the work.
The above can be viewed as a matrix analog of the low-degree hardness (scalar calculation

of E[1]) in which the key component is to verify for each shape & has small deviation

M) - | Erov(a) s AR(G)| < 0(1).

Figure 8.4: Three-way Decomposition of a Shape

Failure of MVS-Decomposition With the prior strategy recapped, it is not too hard
to verify that for any shape T arising from the decomposition, i.e. after applying MVS

decomposition, the natural matrix analog for coloring holds and one has

A(T) - [Mecp|| = o(1).

304



However, there belies a detrimental issue in the above strategy from applying the MVS-
decomposition. The keystone of the above idea is that in the decomposition of & =
oo Toc’, the coefficient of a factorizes exactly according to the leftmost/rightmost MVS
S(L) and S(R). This condition has held among all known higher-degree SoS lower bounds
as the planted distribution usually comes with an immediate product structure so that the
coefficient factorizes over vertices and edges. Unfortunately, this is not true in our setting

due to our rainbow correction.

Figure 8.5: Issue with MVS

Consider again the above shape but this time vertices additionally comes with colors.
The red edges in the diagram form a rainbow component (as there is no pure-edge in the
component despite some vertices have the same color), and by our coefficient-scheme, it
receives Ev coefficient as a whole-component, and it seems extremely unlikely whether one
may factorize its value according to vertices in S(L) and S(R). From another perspective,
this issue is consistent with the folklore understanding that approximate factorization
scheme applies well only when the underlying coefficient factorizes over vertices and

edges.

Can we avoid factorization? With the challenge of factorizability, it is tempting for one
to ask whether we can avoid factorization at all: using prior experience in independent-set,

one may hope that factorization is only needed in the case when every edge is pure-color,
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which is also when the coefficient factorizes well. And whenever correction is involved (eg.
via rainbow-color), one may try to use a trivial factorization, i.e., use the trivial separator
of U and V and write the shapex asa = Id o o Id.

Guided by this intuition, it is encouraging to verify that we can indeed ignore MVS

decomposition if the componentis a rainbow component since the Ev coefficient essentially

_k

offers an extra decay of ;i

assuming T is a single rainbow-component. Even though
some extra factor in k may be incurred (comparing with the pure-edge case) as we need to
additionally give vertex-label in [k], there is in the end some extra slack when combined

with the coefficient that ultimately allows one to bypass the MVS decomposition for

rainbow-component.

® @)
© ©

(a) Rainbow-color Shape with norm O(\/ﬁg' \/#) (b) Pure-color Shape with norm O(\/ﬁ3)

Figure 8.6: Norm for Color Shape

We showcase this by the above color-shape with all 4 vertices having different color. By
our coefficient scheme, it receives a coefficient of (%)4_% - EVypinpow (&) = (%)4—% : k% =%
where we point out that (%)4_% is the scaling such that diagonal is 1, and our focus is the
extra decay from Ev. Note that such color-shape has norm @(\/ﬁ3 : \/FL) and therefore
we have the desired charging of k1_5 LO(/n - \/#) < 1 provided k > Q(y/n).

To give a comparison, in the case of all 4 vertices having the same color a € [k], i.e., we

are back at the previous independent-set setting, the coefficient is (,1()4_% and the norm is

O(\/ﬁ3). Therefore, we can no longer set k &~ /n for this shape, and we need to appeal to
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matrix factorization to handle this shape.

However, this is not quite the end of the story, as the above argument skips upon the in-
between regime, the mixed-coloring. Unfortunately, for this collection of color-shapes, the
analog of the above inequality falls apart and further matrix decomposition is inevitable

within our framework.

A Smooth Interpolation via Rainbow Separator Prompted by the above example, we
want to find a smooth interpolation in the decomposition-scheme between pure-color for
which MVS-decomposition is needed, and rainbow-color for which the trivial decompo-
sition is sufficient. Towards this end, we propose a new decomposition criterion based
on (leftmost/rightmost) Rainbow Separator, and show that the product structure can be
relaxed to some extent. To motivate this decomposition, consider again the above example,
and note that MVS decomposition in fact applies well for the rightmost separator, as S(R)
is not incident to any rainbow-color edge to its right, and the coefficient factorizes for the
right-component. However, S(L) is troublesome as it is incident to a rainbow edge to its
left. That said, we may "carefully”" move S(L) to the left such that it is not incident to any
more rainbow edge to its left. This lands us at the following updated S(L) given by the

green vertices.

Figure 8.7: Decomposition via Rainbow Separator

For readers familiar with the recent works in Sum-of-Squares lower bounds, the notion
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of leftmost/rightmost rainbow separator is reminiscent of the Positive MVS (PMVS) in the
context of Densest-k-Subgraph problem that it does not admit a simple one-shot definition
like MVS does. Instead, the definition of leftmost/rightmost rainbow separator is formal-
ized via an iterative process in section 8.5.2 that starts from the original leftmost/rightmost
MVS, and keeps moving left/rightwards until the candidate set satisfies certain condition:
in our case, the set being the unique MVS to its left/right (for uniqueness of the decompo-
sition), and moreover, not incident to any rainbow-edge to its left/right (for factorizability

of coefficient).

Remark 8.3.20. In the case of every vertex receives the same color, the above process does not need

to move to left/right, and recovers the decomposition based on left/rightmost MVS.

8.3.5 Recursive Factorization for the Kernel

Finally, there is the well-anticipated challenge we need to address, the sum-color constraint,
and the kernel it incurs. Before we get started, it is useful to see how the kernel arises.
Roughly speaking there are two different angles to seeing this. On one hand, one natural
and intuitive way is to notice that the polynomial constraint }_ ¢ E[x; ] — E[1] = 0simply
corresponds to a kernel for the moment matrix via the natural vector representation of the
above polynomial. On the other hand, an arguably more twisted way is to notice that as
we apply PSD analysis on A = LQLT, one typically wishes to show ||Q — I|| = o(1) and
conclude PSDness of Q then via a triangle inequality.

However, such argument is bound to fail due to the kernel. Interestingly, the failure
is manifested through intersection terms, in particular, via trivial intersection terms T on
the diagonal U; = V; = V(1) and E(7) = @. To elaborate on this, we make the following

definitions,

Definition 8.3.21 (Kernel Partition with Partial Coloring). Given a set B C [n] , we consider
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a kernel partition S(B) U T(B) as the following,
1. There is a partial coloring for B such that vertices in S(B) receive color under Bg(p);
2. Vertices in T(B) are uncolored, and we sum over all colors of vertices in T(B).

This is naturally motivated by the kernel constraint from

E *S(B).Bs(s) ﬁz XT Brp) - E[XS(B),ﬁs(B)] =0
T(B)

Definition 8.3.22 (Kernel Partition). Givenaset B C [n], we call S(B) U T(B) a kernel partition
for B if vertices in S(B) receives some fixed colot, and T (B) are the vertices whose colors are being
summed over. In other words, a kernel partition is a kernel-partition with partial-coloring except

with Bg(py the fixed colors on S(B) unspecified.

Definition 8.3.23 (Kernel matrix Kg 1 for Kernel-Partition). For any kernel partition SUT C
[n] such that S (possibly empty) are the vertices with color fixed to some Bg, and T # @ the vertices

without color. We define

Ksur == ®iesurKi

where K; = 1dy is a k x k identity matrix fori € S and K; = —]7" fori € T is the the all-1 matrix
of dimension k X k scaled by a factor of —%,
In other words, this is a coloring matrix of dimension ([n] x [k])|SUT\ x ([n] x [k])\SUTI, and

has non-zero entry at

Ksur[(SUT,Bs UBr), (SUT, BsUBY)] = (_%)IT _

forany Bs : S — [k] and Br, B : T — [k]. .

Notice crucially that for Ks ;7 matrix, each non-zero entry must have consistent colors
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on S in both row and columns, while the row-coloring and column-coloring for T do not

necessarily coincide.

Example 8.3.24. Consider vertices i # j € [n]| and color a € [k|, For set B = {(i,a),(j,_)}
corresponds the kernel partition with S(B) = {(i,a)} and T(B) = j. The corresponding matrix
Ksur is a coloring matrix with (—%) on the block restricted to columns and rows of the form
{(i,a), (j,_)} (viewed as sets). Summing over color of i gives us a coloring with non-zero entries
given by Idy ® (—%) on the block of indices {(i,_), (j,_)}, i.e., blocks restricted to coloring for

vertex-set (i, 7).

@

@S=0,T={i} (b)S=1{G_)}T={}

—% at Block for Coloring of vertex j Idy ® —le at block for Coloring of vertices (i, j).

Figure 8.8: Kernel Partition from Intersection Shape

For intuition, consider the above intersection shape in section 8.3.5, and observe their
corresponding graph matrix in Q is exactly given by —% and Id ® _T]k when restricted to
the block of coloring for the corresponding vertices (where the minus sign comes from
such shapes being intersection terms).

More generally, consider a set of vertices U C [n]. It turns out that we can consider
any S U T partition of U, and observe that the corresponding Kg (1)) matrix is part of

Q: ultimately, for the block restricted to colorings of U, we have

dul+ Y. Ksaunurw)
S(U)UT(U)
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where with some abuse of notation we let Id[U] as the coloring matrix restricted to colors
on vertices of U, and this is exactly why the magnitude bound argument fails. As each
Ks(uyur(u) has norm exactly 1 (and not necessarily PSD), and therefore extra care is need
to take care of this component.

For ease of notation, we define the following matrix for a global analog of Kg;ur(u)

by summing over all sets of size at most dsos and all kernel-partition.

Definition 8.3.25 ("Trivial" Kernel Matrix Kyivial). We define the candidate kernel matrix as

Kirivial = Z Z Kswyurmw)
WCln]  S(W)UT(W)
|W|<dsos kernel-partition

To handle the kernel, we use both of the above views interchangeably. On a high-level,

we employ the kernel-trick introduced in [G]]"20b] recapitulated as the following,

Claim 8.3.26 (Kernel-trick). For any symmetric matrix M with kernel Ker(M), M is PSD if

M=M+ Y. vul +uol = 0.
u;€Ker(M)

This prompts to generate —Kj,,i,; via vectors in the kernel of Q, and fill in the hole
incurred by Kivial on the diagonal blocks of Q. As a result of the filling, we would then
have a genuine Id on the diagonal so that we can continue to apply a magnitude-bound
based argument for PSDness.

Our work amounts to identifying the right choice of u; € Ker(Q), however, this
turns out to be surprisingly a challenging task as applying LT on the natural kernel-
vector additionally induces large-norm components that warrant extra care. On a high-
level, this can be seen as undoing the eigenspace zooming operation of L. Towards this

end, analogous to the recursive factorization scheme via LQLT, we employ a similar

311



recursive factorization scheme to identify the kernel-vector such that the resulting matrix
is amenable to a magnitude-bound analysis for PSDness. The decomposition scheme is

the focus of section 8.8.

8.3.6 Final Roadmap for PSD Analysis

To wrap up our overview section, we give a roadmap for PSD analysis before we enter
the combinatorial charging analysis, and describe our key technical lemmas that would
allow us to complete the proof of PSDness analysis. We formally define our moment
matrix in definition 8.4.5. Then, we apply the new decomposition machinery based on
rainbow separator and obtain a new set of (color)-left shapes encapsulated in the L matrix,

plugging this into the by-now standard factorization machinery, we have
A= LQLT + Miruncation

where Miyyncation 1S the error term that arises from the three-way product in L@LT yet be-
yond our chosen truncation limit due to size-bound, and some Q recursively constructed
with the new L matrix of color-left-shape. The recursive approximation process of obtain-
ing Q is formalized in section 8.5.2. 8

However, it turns out the above decomposition is not quite sufficient for us. To handle
the kernel coming from k-wise symmetry, it is important for us to apply approximate

factorization on the truncation term as well, and ultimately write
A=LQLT

for Q = @ + Qtrunc for some Qtrync with negligible norm.

$Note that we use the symbol Q as opposed to Q at this stage as we intend to reserve Q for the final
middle matrix before putting in the kernel-filling.
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We now focus on the PSDness of Q. Unlike previous setting where we may apply a
magnitude bound directly on Q; and charge it to the identity contained in Qp, we have
large intersection term due to our kernel that does not offer us any slack in the charging
argument. This are the terms corresponding to the trivial shape in Q, and formally

identified in lemma 8.8.1. Group out these terms, and write

Q = Id + Ktrivial + Qnontrivial + Qtrunc

for some Qnontrivial := Q — (Id + Kyyiviar) be the collection of all non-trivial shapes defined

as the following,

Definition 8.3.27 (Trivial Shape and Nontrivial Shape). We call a color-shape (T, CP) trivial
if Uy = Ve = V(1) and pure(E(7))cp = @. Any shape that is not a trivial shape is a non-trivial

shape.

We then apply a magnitude bound argument on Qyontrivial t0 Show || Qqontrivial|| = 0(1).

This is shown in section 8.6 and section 8.7.

Next, we apply the kernel trick to handle the damaged identity on the diagonal, and
construct a kernel matrix K via the recursive process in section 8.8 to approximates Kiyial,

i.e., || Kerivial — Kgl| = 0(1) and Q - Ko = 0. The PSDness of Q is then translated to that of
Q — Kp.
Last but not least, identical to the prior works on independent-set [BHK 16, JPR*22,

KPX24], the independent-set indicator can be readily grouped out in Q + Ko, and give us

Q + KQ = H1/2 (Id + Qnontrivial + Knontrivial + Qtrunc) (Hl/z )T

indset indset
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for Kpontrivial := Ktrivial — Kg and I;,4s¢¢ is the diagonal matrix such that
Iinaset[ (S, Bs), (S, Bs)] = p(S, Bs) - H 1[Bs(c) is an Independent Set in G|

where Bs(c) denotes the set of vertices in S with color ¢, and some scalar p(S,Bs) > 0.
Finally we conclude the PSDness by applying magnitude bound on Qpnon—trivial and Kyontrivial
respectively.

We wrap up this section by completing the proof to main theorem.

Proof to Main Theorem. As discussed above, it suffices for us to show Q + Kg = 0. Since
I'T;, 45t 1s @ diagonal matrix with non-negative entries, we have IT;,5,; = 0, and it suffices

to show

Id + Qnontrivial + Knontrivial + Qtrunc t 0

This then follows by the slack function bounds we establish through the combinatorial
analysis in section 8.6 and section 8.7 and section 8.9, we show that they altogether imply

with probability at least 1 — O(1),

”Qnontrivial + Knontrivial” - 0(1)

Additionally, ||Qtrunc| = 0(1) by our bound on truncation term and well-conditioness

bound for L via lemma 8.9.28. Finally, we can conclude

Q + KQ H1/2 (Id + Qnontrivial + Knontrivial + Qtrunc) (H1/2 )T

indset indset

= e (1= 0(1)) - 1) (T2 )T

indset indset

=0
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8.4 Correcting Coefficients for the Exact Sum-Color Con-

straints

8.4.1 Correction via Rainbow Colors

In this section, we describe our scheme of picking coefficient for correction terms. In
particular, we will pick coefficient for rainbow colors to offset the generic coefficient from
pseudo-calibration for pure-coloring, and additionally, mandatorily chosen coefficients of
mix-coloring and the vanilla Colorval[-]g component for rainbow-coloring from pseudo-

calibration .

A recursive process for defining correction-coefficient
For a shape «a that is decomposed into {C;} with coloring B, we define its color-

coefficient as

E’U((X)ﬁ = H EU(Ci)ﬁ(Ci) .
i:C;
In particular, for each connected component, we will pick x(C;) p(c;) as a correction
coefficient, and set

EU(Ci),B(C,-) = ColorvaI[Ci]ﬁ(ci) + K(Ci)ﬁ(c) ’

1

for each component C; and (C;) its coloring. Given a connected component C, we

define its correction-coefficient in the following recursive process.

1. For any C such that E(C) = @ or tree-like (i.e. Y.y (c)— [y Colorval[Clg = 0
from vanilla pseudo-calibration), set x(C)g = 0 for any B coloring of C. In other

words, correction is not needed and we leave the coefficient untouched, formally,
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forany g: V(C) — [k],

Ev(C)g = Colorval[E(C)]g .

. From this point on, we focus on any component C that is not tree-like.

. For any B that is a pure-coloring (i.e. each edge is a pure-color edge), set
k(C)g = 0. In other words, the final value is completely determined by the

generic component, i.e., Ev(C)g = Colorval[Cl.

. For any f that is a mixed-coloring (i.e. it contains both pure-color and cross-color
edge), let G(C, B) be the subgraph obtained by removing pure-color edge under
B. Note that G(C,f) may not be a single connected component, while each
component in G(C, B) is a rainbow-component (with some abuse of notation,
we consider an isolated vertex as a rainbow component as well). Let G(C, B) =
{U;G;} be its decomposition into connected components after removal of pure-

color edges such that each G; is a rainbow component,
Ev(C)p = (~1) P [TEo(Gy)g,
i
where we define [pure(C);| to be the number of pure-color edge removed in the

process.

. Finally, notice the above process settles the coefficient for pure-color and mixed-
value assignments, and the only color-assignments with undefined color-value
are the rainbow-colors. Let |RS¢| denote the rainbow size of component C, i.e.

the number of rainbow-colorings for C, define the coefficient for each rainbow-
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color B as

for

Dc = (—-1)-( ) Ev(C)g+ ) Ev(C)g

:pure-coloring of C mix-coloring of C

+ ) Colorval[C]g)

rainbo‘;v of C

and recall we take

EU(C)’B = CO|OI’V3|[C][3 + K(C)ﬁ

8.4.2 Bounding the Magnitude of a Color Ribbon

In the following discussion, we proceed to bound the magnitude of a single correction
ribbon, in particular, we are interested in the magnitude of each rainbow-coloring, as that

of a mixed-coloring can then be bounded in magnitude by a product of rainbow-coloring.

Since the rainbow-coloring gets assigned the same correction term TRS] RS i to bound the

magnitude of a single rainbow-ribbon, it suffices for us to upper bound

|Dc| =

7

( Z Ev(C)g + Z Ev(C)g + Z EU(C)/;)

B:pure-coloring of C B:mix-coloring ofC B:rainbow of C

Towards this end, we define the following candidate upper bound function,

Rb(C):= ) [Colorval[Clg|+ ) |Colorval[Clg|+ Y  (|Colorval[Clg|+ [x(C)gl)

B:rainbow B:pure B:mixed
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To motivate the above function, notice that we have

Y |Colorval[C]g| + | Dc|

B:rainbow
< ) |Colorval[Clg| + ) |Colorval[Clg| 4+ ) |Colorval[Clg| + [x(C)gl,
B:rainbow B:pure B:mixed

and the RHS is exactly our upper bound function Rb(C) as defined. Moreover, we will
work with a similar function Rbpinned (C) that pins down an arbitrary vertex to an arbitrary

color defined as

Rbpinned (C) == Z |Colorval[C]g| + Z |Colorval[Clg| + [x(C) gl
B:rainbow-coloring for C B:mixed/pure coloring for C
p(v)=a p(v)=a

Note that the above remains well-defined even without picking v and a as the particular

value is independent of the vertex and color choice. With the above definition, we have
Rb(C) = k - Rbpinned(C)

Before we dig in further, we first observe that the above function is easy to bound for

C of the following structures.

Proposition 8.4.1 (Ground-component). For any connected component G; such that G; is
either a cycle, tree-like, or trivial (i.e. E(G;) = @), with some vertex v € G;having its color given
("pinned”), we have

|Rbpinned‘ S 2|V(Gi)‘_1

Proof. The key is to observe that for any mix-coloring for 8 for G; with these structure

assumptions,

Ev(G;)p = Colorval[G;g
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Therefore,

Rbpinned(Gi) - 2 |CO|OFV3|[GZ']’B| + 2 |CO|Orva|[Gi]ﬁ’ < Z‘V(C)‘*l ,
B:rainbow /mixed,(v)=a B:pure,f(v)=a

Proposition 8.4.2. For any component C,
[Rbpinnea (C)| < 2VI- (2 [E(C) ).

We defer the proofs to the above proposition and lemma to section 8.11.1 , while we
note that these control the blow-up incurred by our correction term relative to the original
color-value. It is most crucial to us that it does not give extra blow up in k. We incur a
slight blow-up of O(|E(C)|)!F(©)l that does not pose substantial change to our result as this
is ultimately subsumed by slack for pdsos”! dependence in the dense regime (or poly(dsos)

in the sparse regime) which we do not opt to optimize in this work.

Lemma 8.4.3 (Color-value bound for floating component C). For any component C, we have

Ev(C):= )  Ev(C)g=0
B:V(C)— k]

Proof. This follows immediately by our choice of correction term D¢,

Ev(C):ﬁZ Ev(C)g+ Y, Ev(C)g+ Y, Ev(C)s

:pure B:mixed B:rainbow

= ( Y Ev(C)g+ ), Ev(Clp+ ), CoIorvaI[C]ﬁ>+DC

B:pure B:mixed B:rainbow

=0
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As our coefficient construction factorizes over connected components, we also have

Corollary 8.4.4. For any subgraph T that contains a collection of connected components {C;},

Ev(t)= Y, Ev(t)g=0
BV (1) [K]

8.4.3 Construction of Final Moment Matrix

With the above scheme of identifying edge-value Ev for color-ribbon, we are ready to
formally define our moment matrix. Fix Dy = ©(dsoslog ) tobe the truncation parameter,

we define our moment matrix as

Definition 8.4.5 (Defining final moment). For any S C [n], and Bs : S — [k|, we define

1\ [V(R)Us|
Elxspl(G) = % X (k> Eo(R)g - xr(G)

Switching back to the language of moment matrix, it is equivalent to define our moment

matrix in the following expansion of graph matrices,

Definition 8.4.6 (Moment Matrix A in Graph Matrix Basis). We define A as

v (7)| [E(7)]
~ 1 1—-p
A(G) = Y. (E) | — - Ev(T)cp ‘Mz cp(G) .
(7,CP)color-shape p

V(t)|<D — -
|V(t)|<Dy e

We ignore the dependence on G throughout, and additionally call A(T) the unscaled coefficient.

8.4.4 Verifying the Hard Constraints
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Claim 8.4.7 (Normalization). E[1] = 1.

Proof. Observe that trivial shape gives 1 to E[1], and any non-trivial shape is floating for

E[1] and gives total Ev = 0 by correction scheme in lemma 8.4.3. O

Claim 8.4.8 (Booleanity). ]E[x%,ﬁs] = ]E[xs,ﬁs] holds for any S C [n] with |S| < dsos and any
Bs.

Proof. This is immediate by our definition of moment that does not depend on the multi-

plicity degree of x in (S, Bs). O

Claim 8.4.9 (Exact color constraint). For any S C [n] and |S| < dsos, we have

IE[ Z xS,ﬁS] = ]E[l]
Bs:S— k]

Proof. Observe the RHS is 1 as the trivial shape is the only contributing shape, while any
subset of edges is floating and therefore have a color-coefficient of 0 under our correction
by our bound on floating shape in lemma 8.4.3. On the other hand, the trivial shape
gives 1 in total to the LHS after summing over all color-assignment, and any non-trivial
shape again becomes floating after summing over all vertices and gives value 0 as on the

RHS. ]

Claim 8.4.10 (Independent-set constraint). For any (S, B(S)) of size |S| < dsos, we have

Elxg(5)] =0

if for any color in f € B(S), f(S) the set of vertices in S receiving color f is not an independent

set.

Proof. Observe that for any color-ribbon (R, B) viewed as a edge-set that contributes to

E[xg g(s], w.l.o.g., assume that R does not have any pure-color edge under g, let U be the
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set of possible pure-edges in V(S) under Bs, by construction of our Ev coefficient,

Y. Eo(RUP,B) - xrur(G) = Y (-1)PIEv(R, B) - xrur(G) = Ev(R, B) - xr(G) - [T (xe — 1)
PCU PCU ecll

And note that the above is a missing edge indicator on pure-color edges in R. Summing
over all color-ribbon R (that does not contain any pure-color edge in S under ) gives us

the desired independent set indicator constraint on (S, Bs). O

8.5 Decomposition via Rainbow Minimum Vertex Separa-

tor

In this section, we discuss the core strategy of applying approximate matrix factorization

for our candidate matrix.

8.5.1 Factorization of Color Shapes into Rainbow Components

In the previous works, a core strategy is to decompose according to a shape’s underlying
leftmost/rightmost Minimum Vertex Separator which allows us to effectively zoom into
the "right" eigenspace. This is again our strategy for the bulk of the analysis, in particular,
when we restrict to pure color-shapes. However, one immediate challenge arises should
one try to adopt this strategy for correction terms: the coefficient for correction term, when
restricted to a single component, does not have any nice product structure, and this poses

novel challenges for applying the aforementioned techniques.
For a given color-ribbon (R, B) of shape a with « = {C;} being its decomposition into

connected components, recall that it has final coefficient for the rescaled moment matrix
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A given by

. V@ IEC)
Ma)s = TMCpc) =11 (g) 1=, FC
1 1

for Ev(C;) defined from our recursive process in section 8.4.

We now zoom into the Ev term, as the other two factors are standard in SoS lower
bounds, and factorize nicely according to vertices and edges. However, Ev does not
immediately factorize due to the (—1) sign in the potential correction term on rainbow-
coloring. That said, by our construction, it further factorizes over pure-color edges into
rainbow components (notice we may see each isolated vertex with no edge as a rainbow
component as well as it does not contain any rainbow color edge).

For convenience, we make the following definition.

Definition 8.5.1 (Rainbow-collection G (7, 8)). Given a subgraph (or broadly, a shape viewed as
a subgraph) T and coloring B, let G(t, B) = {G;}; denote the collection of connected components
in T after removing pure-color in E(T) under B where each G; is a rainbow component under p.

This definition extends to color-partition and color-shape (T, CP) in a straightforward manner.

By our coefficient scheme, its edge-value coefficient of a component C; is given by

EU(C),B(C) _ (_1)pure(c)ﬁ . H EZ)(Gi),
G;eG

thus, the final coefficient of a color-ribbon may be rewritten as

3 P\ V@I e
Aa)p = [1 <E> =, ECse

connected comp. in «

B 1\ V(G P [pure(Ci)gc,)|
- W B

i:C;
connected comp. in «
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D [E(G)
H < P EU(G])>

j:Gi€G(T,B) I=p

and observe that the above extends to a color-shape as well.

We now observe that the RHS factorizes over connected component in &, and moreover
within each connected component C of «, it further factorizes according to pure-edge into
rainbow components. With this observation, our goal now is to design a factorization

scheme that respects the above.

8.5.2 Rainbow MVS Subroutine for Proper Color-Shapes

To this end, we present the following recursive process for finding the rainbow-separator
S1,Sr. We defer the discussion on intersection shapes to later section, and focus on

decomposition for (proper) color-shapes without any intersection.

Finding Leftmost/Rightmost Rainbow Separator S; and Sr for a (Proper) Color-
Shape
For a shape « that does not contain any intersection, and its coloring g : V(a) — [k],

we describe how to identify the leftmost/rightmost rainbow separator S; and Sg.

1. Initialization: We start from the following sets. Let S; be the leftmost MVS

separating U, and V,, and Sg the rightmost MVS separating U, and V,;

2. Recursive Leftwards/Rightwards Extensions: We alternately apply the follow-
ing operations of Rainbow-Extension Operation and MVS-Extension Opera-
tion (including their updates) on S; and Sg until convergence, i.e. S; does not
change after a consecutive application of both extension operations, and analo-

gously for Sg.
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3. Rainbow-Extension Operation: Let Rv(L) be the rainbow components incident
to L under B, i.e., the set of vertices that can be reached from L using cross-color

edge; similarly let Rv(R) be the rainbow components incident to R;

Boundary Update: Update S; (and Sg) to be the vertices in Rv(L) (and Ro(R))
reachable from U, (analogously, from V,) without passing through any other
vertex in Rv(L) (and Rv(R)). In words, move Sy leftwards to the new boundary
of Ru(L) reachable from the left-boundary U,, and move S rightwards to the

new boundary of Rv(R) reachable from right-boundary V.

4. MVS-Extension Operation: Find S be the leftmost MVS separating U, and the

current Sy, find S% be the rightmost MVS separating V, and the current Sg;

Boundary Update: Update S;, < S}, and Sg < Si. Inwords, move Sy, leftwards
to the new leftmost MVS identified as S}, and move Sg rightwards to the new

rightmost MVS identified as S%.

(Sr, Sr)-Factorization for a Color-Shape

With Sy, Sg constructed from the above, we then define L(«), M(7) and R(«) such
that « = L(a) o M(a) o R(«). For the following, we suppress the dependence on «,
and write L = L(a), R = R(w).

1. Let E(L) € E(a) \ E(SL) be the subset of edges that can be reached from U,
without passing through Sy, and let U, = Uy, Vi, = S1. We follow the convention
that edges in E(Sy) is reserved to the middle, and therefore not included into

E(L).

2. Let E(R) C E(a) \ E(SR) be the subset of edges that can be reached from V,

without passing through Sg, and let Vg = V,,, U, = Sg. Similarly edges in E(Sg)
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is reserved to the middle, and not included in R.

3. Let E(M) :=E(a) \ (E(L) UE(M)). Let Uy = St and Vi = Sg.

Remark 8.5.2. The above procedure is defined for a shape « and a coloring B : V(a) — [k].
However, observe it extends to color-partition CP immediately as the only dependence over B is

whether some subset of edges in E(«) being pure/rainbow-color.

8.5.3 Decomposition of Coefficients via Rainbow MVS

The upgrade from generic MVS to rainbow MVS is that it allows us to factorize the
coefficient for each color-shape into left, middle, right shapes. We start by the following

definition of shape coefficient that applies to all three of the above.

Definition 8.5.3 (Left/Right Shape coefficient). For a left shape o and B : V(o) — [k] its

coloring , we let its coefficient be

N\ V- E(@)]
AMo)p = (E) P .

where we recall that

Eo(0)p = (—1)IP@sl TT Eo(Gi)gc,
Gi:G(0)p

We define similarly for right-shape by taking transpose of a left-shape.

It should be noted that we do not work frequently with left/right shape coefficient
directly. That said, we also write the left/right shape coefficient as A (¢) to emphasize
that that these are the left/right shape coefficients. These are only used in the kernel
discussion in section 8.8 where we focus on the action of L on the kernel.

Particularly in section 8.6 and section 8.7, we do not work with the left/right shape

coefficient defined as above. Instead, our analysis there will be primarily focusing on
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shapes with left/right shape factored out, and we call these middle coefficients defined

as the following.

Definition 8.5.4 (Scaled Coefficient for (Color) Middle Shape 7 ). For a middle shape T and

B: V(o) — [k] its coloring , we let its coefficient be

1\ V- 7 IE@)]
A(r)ﬁ=<%) \/— - Ev(7);.

where we recall that

Eo(t)p = (-1)/P@sl T Ev(Gi)pc,
Gi:g(1)p

The definition extends to intersection-left/right-shape vy and <y to be defined in definition 8.5.17.

The particular vertex factor scaling also applies to extension pieces to be defined in definition 8.5.10

and definition 8.5.9.

Again, observe the only dependence of the coloring f is whether each edge is pure-
color or rainbow-color, while their exact label in [k] does not matter. Therefore, the above
definition extends to color partition CP and color-shape written as a tuple of (7,CP)
immediately, and we write its coefficient as A(T)cp.

With the above factorization scheme, we verify that the coefficient factorizes according

to the L/ M/R components designed above.

Proposition 8.5.5 (Factorization of matrix entry). For any ribbon of shape a with coloring

with decomposition & = o o T o ¢’, we have

Ma)p = M)pvio))  MT)pw(n)) M )pwion) -

Proof. We first note that restricted to vertex factors and edge factors of , / % factorizes, the

above holds in a straightforward manner as in previous factorizations (eg. see [JPR"22])
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. We shall focus on the term Ev(a) term as these do not factorize over vertices or edges
immediately.
By our construction, the Ev coefficient factorizes according to rainbow components by

removing pure-color edge, and we have
Ev(w) = ()" T Ev(Ggc,

It now remains to show

Unpacking the definition for Ev on the LHS, let G(o) be the collection of rainbow-
components in ¢ after removing pure-color edge under , and define that analogously

for T and ¢/, we have

tis= TT EoGpoy TT EvlGpay TT Eo(Galpc (-1 Peobismpeeiisime,
Gx€G(0) Gyeg(T) Gz€G(1)

Comparing with the RHS, it is easy to observe that the (—1) factor equal on both sides as

|pure(o)p| + |pure(t) gl + [pure(o”)g| = |pure(a)|s

since all three sets on the LHS are pairwise disjoint and their union is exactly pure(a)g. It
remains for us to show a bijection between the collection of rainbow components on the
LHS and the collection on the RHS.

To show from left to right, this direction is immediate as we notice each rainbow
component in o, T, ¢’ is also a rainbow component in ¢« = coTo o’. For the other

direction, it is crucial to observe that each component in « is in exactly one of ¢, T, ¢’. This
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is immediate for rainbow components that do not touch on vertices in U; U V; as they
are either in G(0) or G(¢”) if they are connected to U, or V,, and if neither, it is in G(7).
Finally, for any rainbow component G; that touches on vertices in U; U Vz = S U Sg, each
such component is in G(7) only: the rainbow component does not have edges in ¢ as
the V(G;) N St is not incident to any rainbow-color edge in ¢ as otherwise the rainbow
(leftwards) extension can be further applied, violating the assumption that ¢ is the final
left-shape at the end of the factorization process. The proof holds identically for Sg and

/

o' O]

Structure of Left/Right Shapes

Definition 8.5.6 (Color-Left/Right-Shape). For a left-shape o with coloring CP, it is a color-
left-shape if

1. Vi is not incident to any cross-color edge in CP;
2. Vg is the unique MVS for o (equiv. o is a left-shape) .
Analogously, for a right-shape o with coloring CP, it is a color-right-shape if
1. o is a right shape;
2. U, is not incident to any cross-color edge in CP.

Similar to how we abstract out labels in [11] from ribbons to shapes, the above process
can be abstracted out to color partition by identifying the collection of vertices that have the
same color and ignoring the specific label in [k]. Therefore, for the following combinatorial
charging analysis, we will work in the level of color-partition.

We are now ready to define our desired left-shape matrix L to write our moment matrix

A = LQLT in the three-way decomposition.
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Proposition 8.5.7. For any shape a with color CP, let « = coToc¢’, o and o' with color

CP(c),CP(c”) satisfy the above property of left/right shape.

Proof. We verify the two conditions for a left-shape. First, if V;; is incident to some vertex
a € V(o) \ Vs via a cross-color edge, there is a path from U, to a without passing through
Vs. However, a can be reached via a cross-color edge in V,;, and by construction, we
require V; to be the MVS between U, and any vertex reachable from V;, without using
pure-color edge, including 4, and therefore we have arrived at a contradiction. The second
property follows as we choose the candidate leftmost MVS each time before we extend for

cross-color edges. O

Crucial to our three-way factorization is the following left-shape matrix L that we are

ready to define now,

Definition 8.5.8 (Color-Left-Shape Matrix L). We define L = Y(;,cp):teft-color-shape M (0)cP -

MO’,CP'

Extension Pieces As we define our rainbow MVS subroutine recursively, it is also useful
for us to additionally define extension pieces/shapes to help us keep track of how a middle

shape arises in the decomposition.

Definition 8.5.9 (Left/rightwards Rainbow Extension Shape/Piece Y. We call a color-

shape «y with color-partition CP a leftwards rainbow extension shape/piece if
1. V. is the unique MVS for «y;
2. Any vertex in U, is in the rainbow component of some vertex in V., under CP.
3. Every vertex is connected to U, and to V..

Taking the shape transpose allows us to define right-rainbow extension.
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Definition 8.5.10 (Left/rightwards MVS Extension Shape /Piece y"**®). We call a color-shape

v with color-partition CP a leftwards MVS extension shape/piece if
1. U, is an MVS for «y;
2. Any edge in E(vy) incident to V., is pure-color under CP.

Proposition 8.5.11 (Decomposition of Middle Shape via Tracking Rainbow-MVS Decom-
position Process). For any shape « with color CP , let « = ¢ o T o ¢’ be the decomposition from

the above process, T further admits the following decomposition

b

mos

_ rb mus rb INT mus
T=9" 0oy o 0" 0] 0 Tyase © (V)1

© ('Y,)l

O...’y{f’o'y?:vs
for some collection of {*, (v')1*} rainbow-extension shapes and {~"**, (v')"**} movs-extension

shapes for t;, t, < dsos, and Ty,s, some generic middle shape (i.e. Uy, , Vz,  arethe MVS of Tyaee).

Proof. Consider applying the prescribed process of finding rainbow separators for a. The
base level starts at Sr, Sg the leftmost and rightmost MVS of «, and the component in
between gives Ty, that is a generic middle shape.

Each time we apply the process, it starts from the given boundary, and first extends
to left/right via rainbow-edges and then check for MVS extension. For each iteration of
rainbow-extension, we verify that each piece 7, 7T being factorized out satisfies the prop-
erties rainbow-extension. Consider vy a piece obtained from leftwards rainbow-extension.
Firstly, note that V,, is the unique MVS for v, as otherwise the prior iteration of finding
the leftmost MVS can be further moved to the left. Secondly, observe any vertex in U,
is in the rainbow component of some vertex in V., in the prescribed CP by definition of
our decomposition process. This gives us the left/rightwards rainbow-extension shape in
each level.

At each level, notice we further find X, Z the component between U, and the U,
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boundary, which component we call X (and similarly for Z). The component between the
MVS and Uy in X is then further pulled out and put in the middle (similarly for Z), it is
immediate to observe the component in between is also a left/rightwards MVS extension
piece .

Finally, observe that we have at most dsos levels as each time the candidate boundary
moves to the left/right via MVS-extension piece, at least some vertex is added compared
to the previous MVS-extension. Therefore, we have at most dsos levels of MVS-extensions.

]

8.5.4 Rainbow MVS Decomposition for Intersection Shapes

Similar to all prior works that utilize the machinery of approximate matrix factorization,
we incur error terms in matrix multiplication of graph matrix of shapes, and we call these
error terms "intersection shapes". We refer reader to [JPR"22, JPRX23] for a more thorough
introduction of intersection terms, while we focus on the adaptation of discussion and

terminologies therein to our setting.

Preliminaries for Intersection Shapes In the above decomposition for proper shape, we

intend to write a shape &« = 0 o T o ¢’ via matrix multiplication of

M“:Mg”MT'MUJ

However, this equality does not hold exactly, and instead we encounter intersection shapes

defined as the following.

Definition 8.5.12 (General Intersection Shape/Profile). We call a shape tp a general intersec-

tion shape if it can be obtained from the following
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1. It is associated with a t-way products of graph matrices from ay,az, ..., a such that each

consecutive shape is composable (sharing with the same boundary condition);

2. Additionally associated with it is a intersection profile Pr, that specifies how each vertex in
V(«;) share the same vertex label in [n], i.e. intersect with vertices in other parts of V(a;)

for j # i while preserving local injectivity within each piece/shape.

With some abuse of notation, we may also refer to the intersection profile as Tp. Note
that this also allows us to view proper shape as an intersection shape as well with trivial
intersection profile.

It is intuitive to picture P(tp) as additionally drawing edges between intersected ver-

tices in 0 o T 0 ¢, as captured by the following example.

Example 8.5.13. The following is an example of intersection pattern, where the orange curves

specify how different set of vertices in different parts may intersect by receiving the same label in

[n].

Figure 8.9: Intersection Patten

With intersection shapes considered, we have instead the following equality from

matrix multiplication of graph matrices that extend beyond 3-way product,
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Proposition 8.5.14. For composable shapes w1, ay, . .., &,

Mﬂél.Mﬂéz."'Mat: Z MTP

T’P:(alo(xzo...oak)
intersection profile

Proof. The proposition follows immediately by a direct expansion of the LHS, and note
that each term is a shape under some intersection profile that specifies how vertices

intersect. L]

As we shift from proper shapes to improper shapes, a technical issue that comes up is
that we have multi-edge in the definition for graph matrix, and this incurs some necessary

adjustment for graph matrix norm bounds, captured by the notion of isolated vertices.

Definition 8.5.15 (Isolated vertex). Given a (possibly with intersection) shape w, we call a
vertex v € V() \ (Uy U Vy) an isolated vertex if it is not incident to any edge in E(a) with

odd-multiplicity.

We are now ready to wrap up the preliminaries for our intersection shapes, and de-
scribe the decomposition for them. A priori, these are error terms in the approximate
matrix factorization and they are of small norm. However, similar to how matrix factor-
ization is needed, intersection shapes are also of small norm only if we zoom into the

"correct” eigenspace (i.e. decomposition).

Recap of Prior Strategy = From the previous works, a three-way decomposition of ribbons
L o M o R may incur intersections from the ribbon boundary, and the usual strategy
employed is to factor out the the uninersected part from the left and right, and identify the
diagonal being charged to as U, the leftmost MVS separating U}, from Vi U intersection,
and V., the rightmost MVS separating Vg from Uy U intersection. This ultimately comes

down to verifying the shape 7 o T 0 9/ can be appropriately charged where 7 is the shape
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obtained from edges between U, and Vj in L, and 7/ " the shape obtained from edges

between Ug and V...

Upgrade to Rainbow Separators via Modified Start For our case, we employ the strategy
inspired by the above, and incorporate it to our Rainbow MVS subroutine for proper shape

by making the likely anticipated change to our initialization,

Instead of starting from the left/rightmost MVS separating U, and V,, we start building
St from the leftmost MVS separating U, and V, U Inf(«), and analogously start building
Sg from the rightmost MVS separating V, and U, U Int(«) .

With the modified starting point, the recursive stage remains the same as in the pro-
cess described in section 8.5.2: we alternately apply the below operations of Rainbow-
Extension Operation and MVS-Extension Operation (including their updates) on S; and
Sr, until each converges, i.e. S; does not change after a consecutive application of both
extension operations, and analogously for Sg.

Crucial to our recursive scheme is to notice that by further decomposing intersection
shape, we are effectively factorizing out the non-intersected component in the three-way
product. Consider the three-way product of ¢ o T o ¢’ with some intersection incurred to
P, applying (S, Sr)-decomposition from our intersection-operation, we may factor out

the intersecting part 7y from o, and 7' from ¢’, and write

p=(c—7)otpo(c—17)

where 7p is the result of intersection from v, 7,y’. Formally, for an intersection shape from
the three-way product, we define its corresponding v and 7’ shape within ¢ and ¢’ via

the following process.
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Finding Intersection Shapes y and
For an intersection shape ¢ obtained from three-way product of (¢, 7,0’) , and with
(SL, Sr) identified from the intersection decomposition operation, we define shape 7y

and v/ as the following.

1. 7 shape is defined as the following: let U, := S, and V,, = V, = U;. Consider
E(o — ) be the set of edges in E(0) that can be reached from U, without passing
through S; = U, and we define E(vy) := E(c) \ E(¢ — 7). Under this definition,
we follow the convention such that edges between the vertices in E(U,) are put

in E(7y).

2. 9/ shape is defined analogously as the following: let U, := Uy = V¢, and V,» =
Sgr. Consider E(0’ — v") be the set of edges in E(¢”) that can be reached from V.

without passing through Sg = V./, and we define E(v') :== E(¢’) \ E(¢/ — /).
3. Additionally, we call (v, T,’)’s intersection result 7p as a three-way intersection.

4. For each 1,7’ shape, we additionally associate with each of them Int(y) and

Int(vy') the set of vertices that intersect with some other vertex in the intersection

profile prescribed by 1.

Remark 8.5.16. Though we did not make the coloring-dependence explicit, it should be noted that

each shape discussed above is a color-shape that comes with some color-partition.

Definition 8.5.17 (Intersection-left/right-shape). We call each color-shape (y, CP), (', CP.)

obtained from the above process a left/right intersection (color-)shape.

Useful to our analysis of intersection term is the following structural property of

intersection left/right shape.
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Proposition 8.5.18 (y-shape property). For any left-intersection 7y-shape obtained from the

above process, it satisfies the following properties:

1. 7y is a left-color-shape, i.e. V., is the unique MVS, and additionally a color MVS that is only

incident to pure-color edge;

2. Uy is a color MVS separating U, and Int(vy) U V,: in other words, it is the result of

leftwards extensions from the MVS separating U, and Int(y) U V,.

Analogous property hold for right-intersection shape ' by considering its shape transpose into a

left-shape.

Proof. The first property holds from ¢ being a color-left-shape, hence V,; = V,, is a unique
MVS that also satisfies the coloring constraint. The second property follows from our

construction of Sy, from the decomposition process for intersection shape. O

Remark 8.5.19. As with previous SoS lower bounds using graph matrices, a key observation is
that the intersection operation and the intersection term decomposition operation are unaffected by
replacing a different shape of o — vy and o’ — « provided they share the same boundary condition

With the definition of 7y shape, we are also able to define the collection of intersection

shapes that come up in our analysis obtained after factoring out the non-intersection part.

Definition 8.5.20 (Factored Intersection Shape/Profile with Level-t). We call a shape tp a

general intersection shape if it can be obtained from the following

1. It is associated with a t-way products of shapes from vy o y;_1 o T o 7y} 0 67 such that each

consecutive shape is composable (sharing with the same boundary condition);
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2. For each level i € [t] y; and 7y} are intersection left/right-shapes respectively, moreover, at

least one of them is non-trivial;

3. T is a proper middle shape (i.e. Ur and Vr are obtained under left/right-extensions from the

leftmost/rightmost MVS of T).

4. Additionally associated with it is a intersection profile Pr, that specifies how each vertex in
V (a;) share the same vertex label in [n], i.e. intersect with vertices in other parts of V (a;)

for j # i while preserving local injectivity within each piece/shape.

8.5.5 Summary of the Overall Decomposition: Finding Middle Matrix
Q

We now employ the recursive factorization machinery using the new L matrix defined via
rainbow MVS decomposition as in [BHK 16, Pan21, JPR 22, JPRX23, KPX24]. Again, our
notation reserves the use of Q for the final middle matrix, and use Q for the intermediate

steps.

Definition 8.5.21 (Recursive Factorization via L). The recursive factorization of the candidate

matrix A\ proceeds as the following. Starting from i = 0, and set

Q=0Qo:= Y. A(T)cp - Mecp
(t,CP):proper middle shape

For each level of i € [dsos],

1. Consider Miarger = A — LQLT + truncation; where we have

truncation; == Y. A(T)cpMzcp

(T,CP)GLoQioLT
|V (7)[>Dv
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be the collection of shapes from LQ;LT that exceed our truncation threshold of |V ()| < Dy

2. Apply intersection operation on Miarqer via its expansion into intersection shapes, and this
gives a new collection of (intersected) middle shapes from the decomposition process by

processing Tp at the i-th level of intersections, and we write

Q; == (—1)"- ) AMTp)cp - My, cp

(tp,CP):intersection-shape with i-levels

fori>1.
3. Update Q + Qo+ Q1+ ...Q; and continue this process until Migrger = 0.

Via the standard machinery for matrix approximate factorization from [JPR 22, JPRX23],
it is guaranteed that the process terminates within dsos levels. Immediately, this allows us
to write

A= LQLT + truncation

for Q = Y i<odsos Qi and Mpyne = Y j<dsos truncation;. As foreshadowed in our technical
overview, we have a non-trivial kernel in Q, and for our kernel trick to apply, it is important
for us to continue to apply factorization for the truncation term. This is formally captured

by the following.

Proposition 8.5.22 (Furrther Factorization of Truncation Error Term). There is a matrix
Qtrunc one can find such that

Mtrunc - LQtruncLT

Moreover,

1Qtunc|l < || Meruncl| - 1,0O(dsos)

Proof. This follows by our well-conditionedness bound of L, that we have L = p—O(dsos) g,
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and therefore, we can find

Qtrunc == (Lil)Mtrunc(Lil)T

O

As a corollary of the above, we obtain the following approximate factorization for our

moment matrix,

A= L(Q =+ Qtrunc)LT .

At this point, we are ready to dive into the magnitude bound for Q. Towards this end,
standard to works on independent set, we first factor out pure-color edges in the diagonal

block of Q, and write

(Q+ Qirunc) = Iz, - Q- /7
for the diagonal matrix I1;,; defined as the following

I1;,4[(S, Bs), (S, Bs)] = E{](ﬁ)(ﬂ%@) - 1[Bs(c) is an Independent Set in G|
ce
where we write Bs(c) be the set of vertices in S that receive color ¢ € [k] under fs. With
this factorization, we may now assume each shape in Q to not have any pure color edge
in E(U; N V;). However, as hinted upon by our kernel issue due to sum-color constraint,
it is not quite sufficient to apply magnitude bound yet.
As we shall elaborate on in section 8.8, the kernel from sum-color constraint is evident

in the trivial shapes on the diagonal. This includes the usual PSD mass of Id;;, however,

it also contains non-trivial intersection profiles that can be grouped to a diagonal matrix

of (Id — %)®|u| on the block of coloring for U.
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Definition 8.5.23 (Trivial). We call a color-shape (T, CP) (potentially with non-trivial intersec-

tion) trivial if

2. pure(E(T))p = @.

In the next two sections, we put away this issue and show that we may apply a
magnitude bounds for non-trivial shapes with pure-color edges in E(U: N V;) removed.
Specifically, the next section focus on non-intersection shapes in Qp, and the subsequent

section focuses on shapes with intersections in Q; for i > 1.

Lemma 8.5.24 (Informal version of lemma 8.6.2 ). For any (non-trivial) shape (t,CP) € Qo,

we have

IA(T)cp - Mecpll = o(1)

Lemma 8.5.25 (Informal version of lemma 8.7.3). For any non-trivial intersection shape
(tp, CP) in Q, we have

[A(Tp)cp - M, cpl| = o(1)

8.6 Combinatorial Charging Analysis for Non-intersected
Shapes

For clarity of our presentation, we focus on the dense regime of G(, %) in the subsequent
sections, and we defer the necessary changes to the appendix for the application to the
sparse regime of G(n, 1) for d = o(n).

To get started, recall from proposition 8.5.11, a middle shape T € Qg admits the

following decomposition
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T=A;0X;0A; 10X; q10---0A10Xj0YoZioBjo---0ZyoBy

where we abbreviate the color-partition dependence of each shape as it is clear each is a
color-shape, each A;, B, is a left/right-rainbow-extension shape in the decomposition, and

Xi, Zj is a left/right-MVS-extension shape and Y is a base middle shape.

Motivation for Slack Function Finally, we handle the discrepancy between a single
shape and summing over shapes as ultimately we would be interested in the summation
of shapes while the above discussion focus on single-shape. To cope with the summation

over color-shapes, we introduce the slack function for each shape defined as the following.

Definition 8.6.1 (Slack function). For each shape (T, CP), we define

slack(t,CP) = |Arcp| - [|[Mccp|

For intuition, one should think of slack(-) as a priori some factor less than 1 we want
to control via combinatorial analysis. Moreover, we ideally want to upper bound it away
from 1 so that we continue to get a gap after summing over all shapes. This is the main

task of our combinatorial analysis, culminated at the following lemma,

Lemma 8.6.2 (Main lemma for Qg). For any non-trivial shape (t,CP) € Qo, we have

[A(T)cp - Mecpll < o(1)

in our regime of k. Formally, we show

|A(T)cp - Mz cp|| < slack(ty,, CP)
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for

HV(T)\UNVe| - |rainbow (U NV )|
2 2 .
slack(t,CP) = (%) . (%) -O(|rainbow(E(r))Cp|)|mmb0w(E(T))cp\

CO(JV(T) \ Ur N V| )2V ONUNVE])

To unpack the formal statement for the reader, we point out the first two factors are our
focus and they are o(1) once we set k > /n, and the last two factors are subpolynomial
(per vertex) in our regime of focus and handled via the extra slack of our chosen k from
the \/n threshold.

Towards this end, we first show factors in ||M;cp|| can be decomposed according to
each piece they appear in. We introduce the definition for weight function and coefficient
in section 8.6.1, and show that each piece can be properly charged in the subsequent

sections.

8.6.1 Set-up of Weight, Coefficient Function

Since any floating component comes with Ev(C) = 0, we can assume T to not contain any
floating component. We start by unpacking the factors in || A(T)cp - M cp|| from our norm
bound via trace-method in corollary 8.10.4,

For the following analysis, it would be helpful for us to first consider a fixed shape,

and rewrite the upper bound of the norm bound factor in the above proposition as
[Mecel < w(t)cp - O(|V (x) )] V(U

for proxy function

1% S _ [CP(UT)|+|CP(V7)|
w(T)cp := max VOV ax kICP()] 2 ,
S:separator BeCP
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where one should observe that w(-) ignores the subpolynomial factor from the norm

bound intuitvely.

Factorization of weight function into pieces For T a shape with color-partition CP, recall

that the corresponding weight function as defined is given by

V(1)\S _ |CP(Ur)[+]CP (V)|
w(T)cp = max \/ﬁl (D\S] [cp(r)] - _
sep

In this section, we show that this function can be further factorized into pieces for

T=A;oX;0A; 10X;_10---0A1o0Xjo0YoZjoBjo---0ZyoBy.

Since Uy, Vy are MVS of 7, we can rewrite the weight function factor as

w(T)ep = /¥ O piep(o)| - Ul ervel
For intuition, consider the simplest case of T = X o Y o Z, we now observe that the above

bound factorizes according to the X, Y, Z pieces as we may rewrite |V (7)| as
V(O = [VIX)\ Uy| + [VY)[ +[V(Z) \ Vy].

as the partition into X, Y, Z are piecewise vertex disjoint beyond S;, Sg, and we follow
the convention of reserving the factors of S;,Sg into V(Y). Similarly, recall that with

_ \ﬂ(UT)\;r\ﬁ(VT

. . ) .
some abuse of notation, we fix arg maxgecp KBl for CP, and we can rewrite

|CP(7)| as

[CP(7)] < |CP(X)[ + |CP(Y)| + |CP(Z)| — |CP(Uy)| — |CP(Vy)|
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— (\CP(X)] - %) n (|CP(Y)‘ _|CP(Uy) ;r |CP(Vy)|) n (,CHZ) B ICP(ZSR)\>

where the first line follows as each color of Uy (and respectively Cy) contributes to X, Y

(and Y, 7).
Definition 8.6.3 (Weight function for pieces). Define weight function for each piece as
1. For left/rightwards MVS/rainbow-extension piece X (and Z, A, B analogously), define

(X)| |CP(Ux)|+ICP(Vx)|

(X)CP \/_‘V N\ Vx| k\CP I E—

2. For the base piece Y, define

IUY\H yl B |CP(Uy)|+|CP(Vy)]|
2

LICP(Y)

w(Y)cppy) = v Y

With the above definition, we observe that in the simplest case of T = X oY o Z, we

have

w(T)cp < w(X)cpx) - w(Y)ep(y) - w(Z)cp(z) -

We point out that the color dependence on conn is simplified out for extension piece as
they do not contain floating components by construction.
We further observe that the above definition extends to various levels of left/right

extensions,

Proposition 8.6.4. For T = Ajo Xj0 Ay 10Xy 10---0Aj0Xj0YoZioBjo---0ZyoBy
t 1%

T)cp < H (w(Ai)CP(A,-) ‘w(Xi)CP(Xi)> ~w(Y)ep(y) H (w(zj)cp(zj) 'w(Bj)CP(Bj)>

! ]

where the inequality comes from assuming CP(T) to be piecewise disjoint beyond the colors in the
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mandatory boundary.

Proof. For the general setting, notice that each vertex v ¢ V(Y), it either appears to the
left or the right of Y. Suppose it appears to the left, its contribution to norm bound comes
from the smallest i such that the vertex appears in L; for L € {A, X}; and for the norm
bound factor of each color, it is either picked up as a whole factor via some piece that
contains it in the interior, or we split its factor to two adjacent piece if it appears on the

boundary of any piece. O

Factorization of coefficient function into pieces We now define piece-function for A(+)
in the above fashion for the weight function. A priori, this is less immediate as the factor
Ev may span across pieces. For example, in the simplest case of T = X oY 0 Z,i.e. we have
one level of rainbow extension via X and Z starting from the MVS of Uy and Vy. Since
Uy, Vy are only guaranteed to be MVS instead of rainbow MVS, a floating component
incident to Uy, Vy may have edges across two pieces. However, such dependence can be
controlled once we observe each rainbow component cannot stretch "too far" beyond each

rainbow-extension piece.

Claim 8.6.5. Each rainbow component may have edges in at most two adjacent pieces beyond
the base level. In other words, any rainbow component with edges in X; (resp. Z;), its edges is
completely contained in both X; and A; 1 (resp. Z;and B; 1) for i # 0. For the base level, we may
have rainbow component with edges in both X1,Y, Z1 but there are no more pieces that contain its

edges.

Proof. For any rainbow component C with edges in X; that additionally has edges in
Ajy1, any rainbow edge incident to Uy, , is contained in A;, 1, that said, C as a rainbow
component cannot have edges to the left of Uy, ,,. The same argument applies for Z shape

by flipping the boundary:. O
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Inspired by our approximate weight function, we also define its analog for Ev(T)cp.

Definition 8.6.6 (Approximate Ev Coefficient). Define

|E0™(T)cp| = 1;[ (%)wmm—l
rainbow comp in(,CP)

We show that Ev™(-) approximates Ev(-) up to factor of n°() in lemma 8.11.2. In-
tuitively, this follows from the observation that any floating component C gives a factor
O(k) blow up, which we correct via distributing across rainbow colors, and there are
k-(k—1)----- (k —|V(C)|) many such rainbow colorings, and we apply approximation
on the falling factorials in our regime of |V (C)| < k.

As a corollary of the above, we define the proxy coefficient function for shape T as the

following.

Definition 8.6.7 (Proxy Coefficient Function for 7). For color-shape (t,CP) , we define

N 1 ‘V(T”,\UT\;\VT\ N
“or=(3) B (D)

Our proxy coefficient function extends to pieces naturally,

Definition 8.6.8 (Proxy coefficient function for pieces). We define coefficient function for each

piece as the following,

1. For X (and analogously Z by taking shape-transpose) left/right rainbow extension piece , we

define

~ 1 _ [ux vl ~
A (X)ep = ()Y Eo¥(X) ey
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~ 1 , 1 , _
Ev™(X)cp == H (E)IV(GI)\Vxl. H (%)IV(GI)\Vx)\ L
G;eG(X,CP) G;€G(X,CP)
G;incident toVy G;not incident toVy
E(G))#0 E(G)#®

2. For A (and analogously B) left/right MVS extension piece, we define

N 1 CWUgltVal
AZ(A)cp = (E)W(A)‘ T B (Y)ep

for
~ 1 N
Eo™(Y)ep =[] (E)W(Gl)| '
G:€G(A,CP)
E(G)#@

3. For the base piece Y, we define

. 1,y
AZ(Y)cp = (E)W(Y)' B0 (Y)er

for

With these proxy functions, we may then verify

1 1
A (T)ep < [T (Aep(ay - A~ (Xidepx)) - A~ (YV)er - T TAT(Z))ep(zy) - A~ (Bj)ep(s))
j

i=t

To see this, observe the first factor holds identically to the usual three-way partition,

while the focus shall be the Ev term.

Claim 8.6.9 (Decomposition of Rainbow Component into Pieces). For T = Ajo X;0 A;_q 0
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Xy q0--r0AjoXjoYoZioBjo---0ZyoBy

)3 V(G| =1) =

Gj:rainbow comp. in (conn(T),CP)

E(G))#0
)3 )3 [V(G)\ Vx| + )3 (IV(G)I=1)+
X G; G;
t rainbow comp. in (X¢,CP(Xt)) rainbow comp. in (X,CP(X¢))
E(Gi) £ E(Gi)£D
V(Gi)f\IVXﬁé@ V(Gi)ﬂVXtZQ
)3 )3 [V(Gi)\ Vz,| + ) (IV(G)I=1) +
Z G; G;
t rainbow comp. in (Zy,CP(Zy)) rainbow comp. in (Zy,CP(Zy))
E(G;)#@ E(G;)#©
V(G)NUx, #0 V(G)NUz, =@
)3 )3 (IV(G)| - 1)
AE{A],B],Y} G;
rainbow comp. in A
E(G)#D

Proof. For starters, we remind the reader that each rainbow component by definition
includes no isolated vertex after removal of pure-edge while we focus on rainbow compo-
nent with edges for this section as isolated vertex trivially gives Ev = 1 here. We prove
this by processing rainbow component in conn(7). The base case holds trivially with no

rainbow component added.

Let C be a rainbow component in 7, by claim 8.6.5, there are at most two adjacent pieces
containing its edges X; and A;_1 suppose it appears to the left of Y if not intersecting Y, or
it may have edges contained in Xj, Y, Z;. We first observe that in the case of C having all
its edges contained in a single piece of { A}, Bj, Y} , the above is immediate as the LHS gets
a factor of |V(C)| — 1 and the RHS picks up the same factor from the piece that contains
the component C. Analogously, this further holds for component C that appears in X; (or

Z; piece) yet not incident to Vx, (or Uy, respectively).

In the case C is incident to Vy, for some X; (for some t > 1), its vertices may be
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decomposed into a collection of rainbow components in X; and A; ;. Observe that
V(C) N V(A1) is a collection of at least 1 single rainbow component, writing RHS(C) as

the gain from component C on the RHS, we pick up a factor of

RHSA(C) < [V(C)N V(A1) =1 < [V(C) NV (A1) -1

from the edge factors in A;_1. On the other hand, from X;, we pick up a factor of

RHSx(C) = [V(C) N V(Xi) \ Vx,| = [V(C) N V(Xi)| = [V(C) N Ua,_,|

where we use Vx, = U4, ,. Summing the above gives us the gain on the RHS being

RHS(C) = RHS 4(C) +RHSy(C) < |[V(C)NV(A;_1)| =1+ |V(C) NV(X:) | = [V(C) N Uy, ,| = [V(C)]

where we use |V(C) N V(A1) + [V(C)NV(Xy)| = |V(C)| = |[V(C)NU,4, ,|. And note
that the LHS factor is exactly |V(C)| — 1 and this proves the case when C is a rainbow

component that does not touch upon the base piece.

For C touching upon the base piece, the pieces of focus are now Xj,Y,Z;. Notice
V(C)NV(Y) under CP(Y) is a collection of at least a single rainbow component, which

gives us a factor of at most

RHSy(C) < [V(C)nV(Y)[ -1

from the piece Y. Combining with the factors in X, Z;, we have a total of at most

RHS(C) < [V(C)NV(X1) \ Vx| +|V(C)NV(Z1) \ Uz, |+ [V(C)NV(Y)] -1

Since |V(C) NV (Xy) \ Vx| +|V(C)NV(Z1) \ Uz | + |V(C)NV(Y)| = |[V(C)|, we can
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bound the above again by |V(C)| — 1 as desired.
]

Finally, the above shows the Ev component of both sides holds as the desired inequality,
and for the vertex-factor of %, notice that this component holds with the usual strategy of

splitting the factor into two pieces across the boundaries of pieces,

1. Bach vertex in V(1) \ Ur U V; comes with a factor of }: it either has its factor split
across two adjacent pieces, in which case we pick up (\/LE)2 = %, or it is a vertex that

appears in the interior of some piece, which is a whole factor of 1;

2. Vertices in U;AV; comes with a factor of \/LE: it either starts from the left (or right)
piece and gets popped out of the boundary ultimately, and picks up the correspond-

ing factor -1 from the piece it gets popped out;

NG
3. Vertices in U; N V; remain dormant throughout the decomposition, and does not
receive any factor.
Corollary 8.6.10. We have
1

1
M (T)er < TTAT(A)epiay |- A™ (Xi)epcxy) - A~ (YV)er - [ TAT(Z))epz) - A (B)ep(s;))
i=t j=t

8.6.2 Charging for Base Middle Shape

Lemma 8.6.11 (Charging for Base Piece). For the base piece (Y, CP), i.e. when Uy, Vy are the
MVS forY,
AZ(Y)ep - w(Y)cp < slack(Y,CP)

for

slack(Y, CP) == (Y1) IVl (%)%minbow(umvy)m _

I
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and rainbow(Uy N Vy)cp is the set of vertices incident to rainbow edges in E(Uy N Vy) under

CP.

Again, let G(Y,CP) be the collection of rainbow components in Y under CP after
removal of pure-color edges, We first observe that G(Y,CP) may contain rainbow-color
edges in Uy N Vi, and it is convenient for us to consider G’(Y, CP) the collection of rainbow
components obtained after removing both pure-color edges and crucially, rainbow edges
in Uy N Vy. The removal of edges allow us to reserve an extra decay factor for vertices in

U, N Vz incident to internal rainbow edges,

Proposition 8.6.12 (Decay for Reservation for rainbow(Uy N Vy)cp). Consider G'(Y,CP)

obtained from G by additionally removing rainbow edges in Uy N Vy under CP, we have

~ 1 N 1 N 1.1
Ev™(Y,CP) = H (E)W(Gl)' 1< H (E)IV(Gz)\ 1, (E)z
G;€G(Y,CP) G;eG'(Y,CP)

|rainbow (UyNVy ) cp|

Next, we show that the decay from G’ alone is sufficient to offset the CP factorin Y,
Proposition 8.6.13 (Lower Bounding Ev Decay).

Y (VG- 1) > [cp(y)| — [P : CP(Vy)|
Gieg'(Y,CP)

Proof to lemma 8.6.11. We are now ready to show the slack bound Y by unpacking the

factors and using the above results,

AZ(Y)cp - w(Y)cp

_ \/EIV(Y)\—M . kICPY)]

_[CP(Uy)[+|CP(Vy) 1 _ Uy [+Ivy] ~
7 : (%)IV(Y)\ > Eo™(Y)ep

< \/E|V(Y)\—|Uy\-2i-\Vy| ' (%)|V(Y)|UYZ+VY . (1)%|rainbow(UyﬂVy)CP\ B

N J/
\~

=slack(-)

=
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_|ep(Uy)|+|CP(Vy )| 1 A
e R I
G;eg'(Y,CP)

(. J

<lvia proposition 8.6.13

< slack(Y,CP)

where we use proposition 8.6.12 in the first inequality, and proposition 8.6.13 in the second
one. We complete the charing for base piece Y by proving the above propositions.

]

Proof to proposition 8.6.12. Oserve that each rainbow component has a path to U, and V7,

hence we may consider a traversal from U; to assign the % factors: in particular, each

vertex reached some rainbow edge within the rainbow component receives a % decay. We

then observe the vertices outside U, N V; receive the factor on both sides in G and G’. For

vertices in Ur NV, G’ does not assign any vertex decay for vertices, while for rainbow
[V(C)

component C within U; N Vz, G contains an extra decay of |V(C)| —1 > TC‘ Summing

over all rainbow components within U N V; yields the desired.

Proof to proposition 8.6.13. We prove the proposition by showing

Y. ([V(G)|—1) = [CP(Y)| - |CP(Uy)| = |CP(Y) \ CP(Uy)|,
G;eg(Y,CP)

and similarly

Y. (IV(G)I—1) = [CP(Y)| — |CP(Vy)| = |CP(Y) \ CP(Vy)]|.
G;eg(Y,CP)

The main proposition then follows by taking the average of the above two lines. We now

focus on the inequality restricted on Uy. Unpacking the definition, we remind the reader
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that |CP(Y) \ CP(Uy)| is simply the number of colors that appear in Y but not in Uy.
Consider a traversal from Uy, we bound the contribution to the RHS, a.k.a., the new color
explored, in each rainbow component. In particular, we show that we can assign a factor
of 1 on the LHS for each vertex outside S; that takes a new color in the traversal.

We now recall that for Y, this may be decomposed into a collection of rainbow com-
ponents in G connected via pure-color edge to Uy (and equivalently Vy) since there is
no floating component in 7. For any rainbow-component C incident to Uy, any such
component contributes at most V(C) — 1 new colors to the RHS, while we pick up a factor
of [V(C)| — 1. For each rainbow component C not incident to Uy, it must be reached via
some pure-color edge, that said, it contributes a factor of |V(C)| — 1 factor to the LHS via
its coefficient, and again it contributes at most |V (C)| — 1 colors. Summing over rainbow

components in G(Y, CP) proves the desired inequality. O

8.6.3 Charging for Rainbow-Extension Shape

Lemma 8.6.14. For left-rainbow-extension X (and similarly right-rainbow-extension Z),
)L%(X)Cp . ZU(X)CP < Sl(ZCk(X, CP)

for
) [V(X)\Vx|

slack(X,CP) := (\/T%

Proof. We start by recalling the structure property of X that will be useful.
1. Vxisa MVS of X (even unique);

2. Any vertex in Uy is is the same rainbow component as some vertex in Vy, ie.,

connected to Vx via a rainbow-path .
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Unpacking the factors, we have

| gl 1V ()| [P L IeP(vy)

~ 1 ~
M (X)ep - w(X)ep = () B0 (X)cp /AT

juyl+ vl N [Py I+ICP(vy )|
_ (%)IV(X)IUXIVX VOV pm (0 cp - PO | SIS
VOOV 0wy [CP(U) I+ ICP(Vy )|
< (%) oo -SRI b )
slagi(-)

< slack(X,CP)

where in the first inequality we rewrite

- |UX\+\VX\

(") VOO (Lyvool-iv v

Ll (\/Tﬁ)wm\vx

and the last inequality holds by the following proposition by considering the logarithm

with base k. O
Proposition 8.6.15.
|ICP(Ux)| + |CP(Vx)| | [Ux|—[Vx]
CP(x)| - - =T N | () AN SRS DR (VZ(AIEY
Gieg(X,CP) Giég(X,CP)
incident toVx not incident toVy

Proof. Let |V(Z)| be the number of vertices in rainbow component incident to Vx. We
drop the dependence of G; € G(X,CP) as it is clear throughout. Rearranging the RHS,

we have

Y. IV(G)\Vx|+ Y, (V(G)I-1) = V(D] ~|Vx|+ Y, (V(G)nV(X)| -
G; G; G;
incident toVy not incident toVy not incident toVy
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Therefore, it suffices to show

_|CP(Ux)| +[CP(Vx)|

: < - BTy ve -

2 C

not incident toVy

[CP(X)]

Let D be the collection of rainbow components not connected to Vx, and write

[CP(X)| = [CP(Z)[ + [CP(D) \ CP(Z)|.

The above equation then follows by the subsequent two claims which establish

P P(V. \%

and
|CP(D) \ CP(Z)| < Y, (V&)=
G
not incident toVy
[

Claim 8.6.16.

CP(Ux)| + |CP(Vx Ux| + |Vx

Py - ISP EICPIL Ul 1%

Proof. Partition the vertices according to their color, for each group of vertices with color c,
we count the contribution of this group to both sides of the equation. Process the vertices

of color ¢ in the following order,

1. If some vertex v in with color ¢ appears in both of U, V boundary, the group con-

tributes 0 to the LHS, and we pick up at least 0 on the RHS via this vertex;

2. Otherwise, if some vertex v in c appears in one of the U, V boundaries but not both,

356



we get a factor of % on the LHS, and via this vertex v’s contribution to the RHS, we

pick up a factor of %

3. If no vertex of color ¢ appears in U, V boundary while some vertex v takes color ¢

outside the boundary, we get a +1 from the LHS, and again a 41 on the RHS.
4. Any extra vertex with color ¢ can only bring non-negative contribution to the RHS.
Processing all color ¢ in 7 yields the desired. O

Claim 8.6.17.
CPD\CPI) < ¥ (V(G)I-1)
not inciz?eint toV
Proof. We first observe that D is connected to Z by some pure-color edge, hence we
can consider a traversal to bound the CP factor of each rainbow component in D: each

rainbow component is reached via a pure-color edge, and contributes at most |V (G;)| — 1

unexplored colors. L

8.6.4 Charging for MVS Extension Shape

Lemma 8.6.18. For left-MVS-extension A (and similarly right-MVS-extension B) with color-
partition CP,
A (A)ep - w(A)cp < slack(A,CP)

for

I

slack(A, CP) = (X IV(A\Val
Proof. Unpacking the factors, we have

_ ‘CP(UA)“ZHCP(VA)‘

w(A)ep = \/E‘V(A)\VM B L
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and

1 [Ugl+[V4l 1
— () IV(A) |44, IV(G)NV(A)[-1
MAer = (3) z NG

1
rainbow comp. in(A,CP)

The crux of our argument is in observing again

[CP(A)] = [CP(Ua)| = |CP(A) \ CP(U4)| < ). V(G| -1
Gj:rainbow comp. in(A,CP)
and also
[CP(A)| = |CP(Va)| = [CP(A) \ CP(Vy4)| < )3 (IV(G)-1)

Gj:rainbow comp. in(A,CP)

We now prove each line. For the first line, consider a traversal from U4, and process
each rainbow component reachable either via a pure-edge to a known vertex or via an
incidental vertex in U 4, each such component C gives at most |V (C;)| — 1 new colors to the
LHS, while it also contributes the same factor to the RHS. Since each rainbow component
will be explored by the end of the process, i.e. no floating component, this completes the
proof to the first line. The second inequality follows identically by considering a traversal

from V instead. Taking the average gives us

|CP(Uy)] ;r ICP(Va)l Y V(G| 1.

Gjrainbow comp. in(A,CP)

[CP(A)]

On the other hand, for the factor of /1, notice we have |U4| < |V4| as Uy, is the unique

MVS of A, therefore
VNVal Ly jway - daliVal _ —vanval 1wy val _ (VI vanvyl
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Combining the above we have

~ V(A)\V, _lerylHicevyl 1 _UAl+VAl 1
A (A)ep - w(A)ep = il AVl Icpa)] 2 '(E)W(A” e 1 (E)W(
G

rainbow comp. in(A,CP)
V(A)\YV, [Ual+[Val _ICP(U )| +ICP(V4)] 1 4
_\r\ \Al( IV (A)|=EAAL ICP(A)] : . I1 ()G

, G:
slack(-) rainbow comp. in(A,CP)
<1

< slack(A)cp

8.6.5 Wrapping Up

Proof to lemma 8.6.2. We now prove the main lemma of the section. Using the approxi-
mate weight bound and coefficient bounds, via the bound on each piece lemma 8.6.11,

lemma 8.6.14, and lemma 8.6.18, we have the following corollary,

Corollary 8.6.19 (Final approximate slack for proper middle shape).

A (T)ep - w(T)cp < Hslack i) - slack(X;) - slack(Y Hslack ) - slack(B;)

-|rainb (UmvT)|
S (\/_E)|V(T)|_m <1)2 rainbow

k k

Finally, we move from approximate slack to the actual bound by putting back the
subpolynomial factors ignored due to our approximation for Ev and norm bounds, which

is in in the end
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A+(CP) - M cp|
AZ(CP)" w(T)cp

FIV(O\UNV| L lrainbow (U NVy)| '

O(|V(T)\UrN VT|)2|V(T)\UT0VT\)

[A(T)cp - Mecpll < AT (T)cp - w(T)cp - |

where we plug in the bound from lemma 8.11.2 and remind the reader that rainbow(E(T) )cp

is the set of rainbow edges in E(7) under CP. O

8.7 Combinatorial Charging Analysis for Intersection Shapes

8.7.1 Analysis Set-up
We now introduce some lemmas to set up for our charging analysis, and our starting point

is a piecewise decomposition for 7y and ' shape in our three-way intersection.

Piecewise Decomposition for y-Shape For our analysis, identical to our decomposition
of middle shape into various pieces via left/rightwards extensions, we apply the same

decomposition for y shape.

Proposition 8.7.1. For each (color) left-intersection -y shape, we can decompose it as
vy=A;oX;o---0AroXp0Aj0X10Y

where A; is a left-rainbow-extension shape, and X; is a left-MVS-extension shape, and Y is a

generic vy-shape such that

1. Uy is an MVS separating Uy and Int(Y) U Vy;
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2. Y is an left shape (i.e. Vy is the unique MVS).

Proof. This is analogous to the decomposition of middle shape into pieces, and the base
shape 7,5, satisfies the generic property as it is starting from the leftmost MVS separating

U, and V, UInt(o) = V,, UInt(y). O

Next, we recall define the weight function and coefficient function extension pieces
defined as the following (see definition 8.6.8).

For 7y o T 0/ a tuple of color-shapes that intersect to 7p, let Uy be the leftmost MVS
separating U, and V,, UInt(7), and Vy/ be the rightmost MVS separating V., and U,/ U
Int(’), i.e. these are the original separator in the decomposition process before any
left/rightwards extension. Notice the component between U, and Uy, between V., and
Vy are untouched by the intersection, that said, we can factor these components out by
finding L, ( and respectively R,/) be the subset of edges in E(7y) (and E(y')) reachable
from U, (and V./) without passing through Uy and Vy. This allows us to define 7p as the

shape obtained from 7p yet with the same intersection pattern,

1. Tp is obtained from intersecting vertices in Y o 7 o Y’ according to the intersection

pattern in p;
2. U%P = UY, and V%P = VY’-
In other words, this is the usual intersection shape before any left/rightwards extensions
in v and 7.

Proposition 8.7.2. Let y = Ajo Xjo0...AjoXj0Y,andy =Y oZyoByo---0Zyo By, for
v o T o7y a tuple of color-shapes that intersect to Tp, let Tp be the result of intersectionin Y ot oY’

according to Tp, we have

w(tp)ep = [ [ (w(A) - w(Xi)) - w(@p) - ] [ (w(B)) - w(Z)))
j

i
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and

and

w(Tp)cp =  max \/E‘V(?P”_‘S'“(%P) . glcP(YoroY))

S:separator for Tp

Proof. The coefficient bound is identical to our piecewise decomposition in middle shape,
and we apply approximate factorization for Ev of each rainbow component, hence the
approximate coefficient. For the norm bound, the factor k from CP follows identically as

the coefficient bound; to see the factor n, rewrite
V()| = [V(Aro---0X1) \ Vx| + |[V(Tp)| +[V(Z10- -0 By) \ Uz,

and notice I(tp) = I(Tp) as there are no intersectionin Ao ---o0Xj)andin Zyo--- o By,
hence there is no isolated vertex. Moreover, since each extension piece is a left/right

shape, observe that we have ming.separator for tp |S| = MiNs.separator for 7 |S]- This allows us

to write
V(tp)| = min |S|+[I(1p)]
S:separator for Tp
= |V(Ato---o X))\ Vx, [+ [V(Zyo---0By) \ Uz [+ [V(Tp)| = min _ [S[+[I(Tp)]

S:separator forTp

and notice the first two terms are exactly the /n factor from the weight function of the

extension pieces, and remaining term is exactly the \/n factor from w(tp).
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Finally, rearranging the factor of k in w(7p), it can be equivalently written as

~ V(Tp)|—IS|+I(T 1
w(Tp) = max \/ﬁl (Tp)[=ISI+1(Tp) 1 |CP(YoToY")]
S:separator for Tp

= maxX
S:separator for Tp

V(Tp)|—|S|+I(T
\/ﬁl (Tp)[=|S|+1(Tp)
_[CP(Uy)+ICP(Vy)|
2

. lep(y)| - SPIFICPIYIL | ap(r)| - CPUDIACPITL ) |p(y))

V(Tp)|—|S|+I(T
_ max \/ﬁ| ()= ISI+1(Tp)
S:separator for Tp

-k|CP(Y)‘_w .k‘cp(r)‘_w -k|CP(Y/)‘_w

8.7.2 Combinatorial Analysis for Intersection Shapes

We now introduce the main lemma of our combinatorial charging.

Lemma 8.7.3 (Slack for Intersection Shape). Fora tuple of color-shapes (7yt, ..., Y2, Y1, T, Y 1,7 2 -+ 7't)

that intersect to Tp, we have

A (TP) cp(rp)  M(zp,cp)ll = 0(1)

Formally, we have

A (TP)cp(rp)  M(zp,cp) |l < slack(Tp)cp

for

k

T

1 .
Uy |+ Vi, | U |+ Vi | U, |+v., | 5 |rainbow(dormant (tp))|
M)V o) = IV () | R V() <1)

slack(tp)cp = (
: O(|raz’nbow(E('r))Cp|)|mi”b0w(E(T))CP‘ CO(|V(T) \ U N VT|)2|V(T)\UTOVTD
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Towards this end, we consider the intersection-shape Tp obtained before any left/right
extension in 7, 7/, and the technical bulk of this section is in showing the following lemma
that states Tp can be charged, if we get to "pretend" that the rainbow-component value

factorizes.

Lemma 8.7.4. For a tuple of color-shapes (vy, T, y') that intersect to Tp withy = Ayo X;o0... Ay 0

XioY,andy =Y' oZio0Byo---0ZyoBy,let Tp be the intersection result in Y ot o Y’,

~

A~ (Tp)cp(y) - w(Tp) < slack(Tp, CP(Tp)) - A~ (T)cp(r) - W™ (T)

for

[Uyr[+Vyr | [Vyr|+|Uy|
slack(%», CP(%p)) = (VTEWM—W . (Vkﬁ)vw—w
In other words, the above lemma shows that not only can we charge to the correspond-
ing diagonal in the polynomial factor, we in fact obtain an extra slack for each vertex
introduced in Y, Y’ provided they are not in Uy N Vy, Uy N Vy.
With the above lemma in hand, we then incorporate the factorization issue by left/rightwards

rainbow /MVS extension, whose combinatorial weight are controlled identically to the

analysis for middle shape. This then allows to prove the main lemma assuming lemma 8.7 4.

Proof to lemma 8.7.3. From our set-up of piecewise weight and coefficient function (propo-
sition 8.7.2), for each level of intersection of i € [f] that intersects into T;, (v, Ti_1,7;),
we may further decompose v; = A;poX;po...AjyoX;loY;,andy =Y 0Z;10B;q0
--+0Z;m o B;y. For each level i, let T; denote the intersection with extension part in y;, 9/;

factored out as usual, ignoring the dependence on CP as it is clear below, we have

A (riotiaoyy) -w(m) _ Iy (AZ(Ai) - AZ(Xir)) - A™(T) - Tler (A(Bigr) - MZigr)) - ()
AR (Ti—1) - w(Ti-1) - AX(Ti-1) - w(Ti-1)
_ A @) w(m) ~
T AR (1) w(Tia) 11 AAE) (k)

E;:extension-pieces of the level fory;,y/;
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U, |+v. s |
VI V(- e

< (%)vm—w &

where we use the bound from lemma 8.6.14 for rainbow-extension pieces and lemma 8.6.18

for MVS-extension pieces. Taking the product across all intersection levels gives us

Uy, |+ | , u /i\+\V/l,\ ~
Atp) - w(tp) < (%)EV(%)IW;7 . (%)DIV(%)Iwz7 A (10) - w(t)

Since for the base level of intersection Tj is simply an non-intersection shape captured by

our bound in the previous section, plugging in corollary 8.6.19 gives us

~ VI 5 1y (o) Yl Vg lurgl Vgl sy Yy
A~ ) < Li [V (i) - +V(n)l L V() 7 :
() - w0(p) < (L) .

1 ) 1 +|rainbow(dormant (tp))|
where we let rainbow(dormant(tp)) be theset of verticesin Ux N Vx forall X € {7, 10,7 }icpy

that are incident to internal rainbow edges, and note that this factor comes from the anal-

ogous factor in the base piece of 1.

Putting back the approximate slack from our coefficient and norm bound gives us

|A(Tp)cp - My, cp||

Jep [A(zp)ce|  [[Mrcoll
A¥(tp)  w(Tp)cp

Uy, |+|V-y Uz, | +|V- s [+V, ;s |
< (%)z,wvwi)—%'ﬂﬂvuoﬂ—0'§T°+zi|v<v'i>—“2“ . (1

k
- O(|rainbow(E (7)) cp|)mmowE@erl . O(|V (1) \ Uy N V| )2V OV

) 1 |rainbow(dormant (tp))|

]

We now proceed to prove our main technical lemma. For starters, we recall the

intersection tradeoff lemma from prior works,

365



Proposition 8.7.5 (Intersection Trade-off Lemma (as usual)). For a three-way intersection

pattern (Y, t,Y') that intersects to Tp, let S(Tp) be an MVS for Tp, and S(t) an MVS for T,

V(@) + [1(Tp)] = 1S(@p)| < V(D) + [I(T)] = [S(T)| + [V(Y) \ Uy |+ [V(Y') \ Vy|

Proof to lemma 8.7.4. For convenience, we restate the lemma inequality
)\%(%p)cp : W(%p)cp < A~ (T)CP : ZU(T)CP : SlaCk(%p, CP(%p)) .
Unpacking its factors, on the LHS, we have

A= (Tp)cp - w(Tp)cp
=A%(Y)cp - AT (T)cp - AT (Y )cp - w(Tp)cp

_ (1)|V(Yoro Y’)|—WY|;¢ . EU%(Y oTo Y/)CP . max \/E|V(%P)|_|S“H(%P) _k\CP(YoToY’)\—w

k S:separator for Tp

By construction, Vy and Uy are color MVS, hence there is no rainbow component across

pieces of Y and 7, and similarly across T and Y’. We can rewrite

Ev¥(YotoY') = Ev™(Y) - Ev(t) - Ev™(Y');

Further unpacking the factors of CP(Y o T o Y')gives us

B B 1 [V(reroy) - AL
A(Tp)cp - w(Tp)cp = <%) - Ev™(Y)cp(y) - Ev(T)cp(r)
(Ve max V@IS

S:separator for Tp

.k|CP(y)|_w .k|CP(T)|_w _k\CP(Y’)|—w
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Next, we show how to wrap up this bound with the following inequalities proven in the

subsequent claims.

1. From claim 8.7.6, for any separator S of 1p,

Uyl +vy|
V(YotoY')|— ——5—1—

<1>|( ToY’)| 2 ‘\/E|v(%P)|—\S|+|I('?p)I

k

— @Wmm-w : \/EIV<%p>|—|sw+u<%p>\—(\wmoY’)I—w)
k

_ (Y vivoray el sy e
k

where [;.(Uy) is the subset of vertices in Uy not connected to Vy, and I;.(Vy/) the

subset of vertices in Vy not connected to Uy-.

2. From claim 8.7.8

_ ‘CP(UY”;‘CP(VYM

Ev(Y)cp(y) - klICP(Y)] p

)%(# components in Uy disconnected from Vy )

1
S(%

and similarly,

‘CP(Uy/)lJF‘CP(Vy/)l
- 2

EU(Y/)CP(Y’) . k|CP(Y’)| < (%) % -(# components in Vy+ disconnected from Uy )

3. Rewriting the slack bound as

(ﬁ)IV(Yorow)pw
k
— (%)IV(Y)I”Y';VY , (%)W(T)UT;VT _ <\/Tﬁ M=

367



With these bounds, we can simplify the above equation as

A= (Tp)cp - w(Tp)cp

‘Id(:(UY)l‘HIdC(Vyl)‘
1) el |5 )| - SR
<vn : - Ev(T)cp(a) -

. k%(# components in Uy disconnected from Vy ) k%(# components in Vys disconnected from Uy )

k‘CP(TH— ‘CP(UT)‘;ICP(VT)I

k

. < k%'(# components in Uy disconnected from Vy ) k%-(# components in Vy» disconnected from Uy ) | (

- (\/HI(T)JFWT';VT|S(T)|.EU(T)CP(T).k|CP(T)|—ICP(UT)|;CP<VT>) (Y v(reroyy| - et

=)

|CP(UT)|'2"‘\CP(VT)\

(L V()] gl

Uz |+|Vz|
\/—\I )|+ |S(7)|_EU(T)CP(T)_k|CP(T)|— & 3

\/_ _uylevy] \/_ [yl vy
(A (A

N———

where the last inequality follows by observing
(# components in Uy disconnected from Vy ) < |I;.(Uy)],
and analogously
(# components in Vy» disconnected from Uy ) < |I;.(Vy/)|

as any disconnected component C in Uy (respectively in Uy/) gives contribution |C N Uy | >
1 (respectively |C N Vy/| > 1) to the set in I;.(Uy) (respectively I;.(Vy)), and we ignore

the extra slack from I;. in the final bound .

Finally, noticing the first term is exactly A™(T)cp(r) - w(T)cp(r) from the previous level

of intersection, we have

A=(Tp)cp - w(Tp)cp <(\/ﬁ)|V(y)| Myl iVl /1y gy - Dty
A®(T)cp(r) - w(T)ep(ry —

k k
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In other words, we pick up decay factor for each newly introduced vertex in V(Y) and

V(Y') provided it is not in the intersection of Uy N Vy and Uy N Vy. O

Key Claims for Intersection Term Analysis We now state and prove the claims used in

the above analysis.

Claim 8.7.6. Recall 1(T) denote the set of isolated vertices, with some abuse of notation, we
additionally denote I;.(Uy) C Uy be the set of vertices not connected to Vy , and similarly let

Lic(Vyr) € Vi be the set of vertices not connected to Uy,

V(@)| — ()| + [1(E)] — 1(7)] - (\V(Yorow

< WLV gy Ml ¢ Vi)

Uy [+ [V
2

Proof. Applying the intersection tradeoff lemma, we have

V(@) +11(Tp)| = 1S(Tp)| < V(D) + [I(D)] = [S(T) | + [VY) \ Uy |+ [V(Y) \ V.

Rearranging, we have

V(@) + [1(Tp)] = [S(Tp)| = I(T)] < V(D) = [S(T)| + [V(Y) \ Uy |+ [V (Y') \ Vy|

Note that

V(O + V) \ Uy |+ V) \ Vy| = V(D) + V(Y] = [Uy| + VY] = [Vy]

= [V(YoToY)|+ |Uc| + [Ve| — [Uy| — [Vy|

since each vertex in U = Vy, Vr = Uy gets counted an extra time each. Plugging this to
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the above and rearranging gives us
V(@) + [1(Te)| = [S(T)] = [V(Y ot oY) < [Us| + [Vi| — [Uy| = [Vir| = [S(1))]

Adding w gives us the desired LHS from the claim , and on the right-hand-side we

have

Uy| + |Vys
RHS = [Us]| + |Ve| ~ [ty]  [Vie| ~ [5()| + D]
u Vys
= (uel ~ 0y ¢ vy - ) sy
U.| — — /
< | T| |2Idc(uY)| + |VT| |£dc(VY)| _ |S(T)|

where the last line uses |Ur| + | Li.(Uy)| < |Uy|, |Vz| + |Lic(Vyr)| < |Vy| from the subse-

quent claim. Rearranging the above equation completes the proof. O

Claim 8.7.7. For Y a left-shape,

| Vy| + [Iie(Uy)| < |Uy]

Proof. Recall that I;.(Uy) C Uy \ Vy is the set of edges not incident to any edge in Y, any
path from Vy to I;.(Uy) is trivially blocked. Next we observe that Vy is also an MVS (in
fact, unique) separating Uy \ I;.(Uy) and Vy : otherwise, suppose T # Vy is such an
MVS with |T| < |Vy|, T is also a separator for Y and we have a contradiction that Y is a
left-shape in which Vy is the unique MVS. Since Uy \ I;.(Uy) is also a separator separating
Uy \ I;.(Uy) and Vy, we have

|Vy| < Uy \ Lie(Uy)|

Rearranging gives us the desired. O
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Claim 8.7.8. For a left-shape Y,

_lePwy)sePiyl g in Uy di
Ev(Y)cp(y) - K<) 2 < 2 (# components in Uy disconnected from Vy )

The same claim holds for right-shape Y' by taking its transpose.

Proof. Recall that
1 :
Ev(Y)cp(y) = I ()IV(G)I=1
G;rainbow comp. in Y
connected to UyUVy
and we drop the connectivity constraint to Uy U Vy as any component in Y is connected
to Uy U Vy. Furthermore, any component in Vy is connected to Uy, while there may be

isolated component in Uy not connected to Vy.

We now show that

[CP(Y)| = [CP(Uy)| < B (IV(G)|=1)
Gjrainbow comp. in Y
connected to Uy UVy

and

ICP(Y)|— |CP(Vy)| < Y. (JV(G;)| — 1) + (# components in Uy disconnected from Vy )
G;rainbow comp. in Y
We highlight the proof for the second inequality. This is equivalent to bounding |CP(Y) \
CP(Vy)|, and consider a traversal from Vy, among the components connected to Vy, each
rainbow component is discovered in the traversal via a pure-color edge (or via its incidental
vertex in Vy), and therefore we explore at most |V (G;)| — 1 new colors from the vertices
while we pick up a factor |V(G;)| — 1 from the RHS.
For components not connected to Vy, any such component is connected to Uy, and

for any such component, we pick one of its incidental vertices in Uy and apply the above
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process. This proves the second inequality. The first inequality follows as any component
is connected to Uy in Y.

Taking the average of the above gives us

_|CP(Uy)| + |CP(Vy)|
2

1 .
< Y. ([V(Gj)| —1) + = - (# components in Uy disconnected from Vy )
G;rainbow comp. in Y 2
connected to UyUVy

[CP(Y)]

8.8 Handling the Kernel

8.8.1 Overview of the Kernel Analysis

In this section, we address the kernel issue in LQLT factorization. In the previous section,
we focus on terms that appear in Q without intersections. That said, in our context, since
we have a non-trivial kernel coming from the coloring constraint, it turns out that there are
terms that cannot be charged to the diagonal of Id by a magnitude argument. In particular,

instead of getting 1d%°* on the diagonal, we have (Id — %)dsos.

A Candidate Kernel from the Trivial Term in Q

Lemma 8.8.1. Following the LQLT decomposition of A, the trivial shape (edgeset being @) appears
in Qas (I — L,i‘)@”for U=Vand|U| =|V]|.

Proof. Let Qg = (Q, D) be the matrix of coefficient of empty edge-set in Q where (-, )

denotes the Fourier inversion operator. In other words, for any entry (S, Bs), (T, BT),

Qol(S, Bs), (T, Br)] == (2, QI(S, Bs), (T, Br)]) -
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It suffices for us to show the entry of Qp[(U, Bu), (U, By)] = (1 — )* - (—4)7. for u
the number of vertices with the same color in both By; and B, and q be the number of

vertices with different colors under B, . For convenience, we denote any such entry by

F(u,q).

Claim 8.8.2. Forany u,q > 0, F(u,q) satisfies the following recurrence

P =19 =0~ 3 (*)(1) - Fu-ag-p

a,b:a+b>0 a

with base case F(0,0) = 1,F(1,0) = 1— 1, and F(0,1) = —1.

Proof. Thebase case is equivalent to looking at Q[@, @] and we have 1 from the trivial shape,
and observe that there is no intersection term at this entry, i.e., Q; (@, @] = 0 and hence the
base case. The further condition of F(1,0) and F(0,1) holds as (Q:[(i,_), (i,_)], @) = —%,
while F(1,0) contains the extra trivial shape without intersection from Qq|[(7,a), (i,a)] = 1.

For the general case, observe that the term 1[g = 0] controls the contribution from Q,
i.e. we only pick non-intersected trivial shape from Qg when every vertex has the same

color in both coloring. For contribution from Q; for i > 0, we case on the outmost level of

intersections,

1. Let a be the number of trivial intersection from vertices with the same color, and b

be the number of trivial intersection from vertices with different color;

2. Since the pure-color/cross-color vertices are fixed to start with, there are simply (}))
and (]) ways of choosing intersection vertices at the outer level, provided a + b > 0

(i.e., some vertex intersection happens);

3. Notice that each vertex intersection gives us a factor of % along with a (—1) sign

for any level of intersection; once choosing the action of the outmost level, the
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contribution is then multiplied by the coefficient of the subsequent level, given by
F(u —a,q — b) by our hypothesis. Alternatively, given any term contributing to
F(u—a,q—b), there are (}) - (]) of picking it to contribute F(u,q) by padding non-

trivial intersection at the outmost level.
O]

Finally, inducting on u,q such that F(u,q) = (1 — 1)+ (—1)7, the we complete the

proof to the lemma by the next two equalities from the Binomial Theorem.

v (2) (5) a-pr=(a-pp)r

and

In the case g = 0, we verify

F(u,0) =1— ﬂ<%<q (u) (Z) , (%)a—kb -F(u—a,q—D)

a,b:a+b>0 a

—1- ; (Z) (1)" - Flu—a,0)

1o ; (’;) ()" (1= )"~ (By induction hypothesis)
—1- (- pr-a-pY)

_a-ly

£ (ro-p= (i) -0
a=0



For the case g > 0, we have

=1 ()(0)-

<upb<

Y (V1Y By - e N (By induct i

= Y. (=) (1—--) (—=) (By induction hypothesis)

. a)\b) “k k k
a,b:a+b>0

- - (}_:O (4)qra- %)H) - (bé () <—%>H)
—— (0-a-pr ()

1

k

1., 1
=1-2" (=)

)"0 F(u—a,q—b)

= =

u
q
as desired. O]

Candidate Kernel of Q: a first try Before we formally show the kernel vectors, it is
enticing at the first attempts to suspect the following subspace be the kernel of Q as given
by the trivial shape on the diagonal block corresponding to colorings of the same set of
vertices.

To get started, we define the coloring-vector that naturally comes up when working

with the color-indexed moment matrix,

Definition 8.8.3 (Coloring-vector). For any dsos € IN, we define coloring vector as the vector
in the appropriate dimension for the corresponding color-moment matrix, i.e., each vector’s entry

is indexed by
e S C [n],and |S| < dsos;
e Bg:S — [k|: the coloring for S.

With some abuse of notation, we consider this vector to be of dimension ([Z] dﬁgg).
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Definition 8.8.4 (Candidate kernel of 1(g g ) 7). For any set @ # T C [n], we define Ky =

Span{1s g, ® 11} sn7—¢ Where we write

(] < [K]

1. 1gp, is the (coloring) indicator-vector of dimension (‘2

) that only has non-zero entry 1

at the entry for (S, Bs);
2. 17 = Z,BT:V(T)—>[k] 1Tp., i.e., the vector with non-zero entry 1 on any coloring of T.

Additionally, for any choice of (S, Bs) such that SNT = @, welet 15 5.y T = 1g g(5) ® 17 denote

the following vector

1. This is a coloring-vector with non-zero entries indexed by (SU T, Bs U Br) for any coloring

ﬁT T — [k],
2. and each non-zero entry is 1.

For notational clarity, we also write 1(s gy 7 = 1(s gs)ut t0 emphasize that S are the vertices with

fixed colors while we are summing over colors of T, consistent to our definition of kernel partition.

Example 8.8.5. Plugging in S = @ and T = {i} gives us the k-dimensional all-1 vector on color
of i.

However, this natural guess turns out to be false, unlike the lower bound for deg-2 SoS,
it can be verified that v = ¢;; ® 1;, i.e. the vector v that has all 1-entry on v][(i, 1), (j, ¢;)]
and 0 everywhere else is not exactly in the kernel of Q. See the following diagram for
illustration. Another way to see this issue is that there are also additional truncation
terms in the final matrix Q that are of small magnitude but present, hence we need a more
robust way of handling the kernel.

This motivates us to adjust the proof strategy for the kernel as the following inspired

by the kernel trick from [G]J]J*20b]. Our proof strategy is two-step,

1. Identify the Kernel of Q;
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o

(a) A Surviving Term from Qv # 0

2. "Filling in" the kernel of Q so that the final matrix has genuine identity on the

diagonal as PSD mass to enable a magnitude argument.

Identifying the Kernel of Q We first observe the kernel of the moment matrix A (after
diagonal rescaling of factor k% from A so that A has diagonal 1 instead of (%)'S | for
vertex-set S.) , and apply L on the kernel to identify the (right) kernel of Q. Since Q is a
symmetric matrix, this would also give us the kernel of Q. Let’s now observe the kernel

for A, which follows from the sum-constraint for our moment matrix.

Definition 8.8.6 ((Unscaled) Kernel basis vector of A). For any set of vertices S € [n], and
forany TNS =@, T # D, we define 75 g.) 1 as a coloring-vector with the following non-zero

entries,

1. ?(S,ﬁs),T[S’ ,BS] = —1;
2. For any coloring Br : T — [k, #(s p) 7[SUT, Bs U Br] = 1.

We also use the notation # (s gy v = (s g U interchangeably.
Let K% be the set of 0(s,85),T vectors defined above for any S and T with |SUT| < dsos and

any Bs, and we drop the dependence of dsos when it is clear.

Example 8.8.7. Consider T = {i}, we have non-zero entries at 7o 7(D] = —land iy r[(i,c)] =1

for any ¢ € [k].
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We will more often work with the basis vectors in the following scaling,

Definition 8.8.8 ((Scaled) Kernel basis of A). For any set of vertices S € [n], and for any
TNS =0, T # O, we define the scaled basis vector as

7]
T(S,85),T = <ﬁ) “P(s,p5),T

For intuition, one can view ¥(s,ps),T S the basis vector for the kernel arises by pinning

the vertices S into coloring B, and then sum over all colors of T.

Claim 8.8.9 (Verifying the kernel for A). Forany S, T C [n] and Bs, r(s g,y v € Ka, we verify

the kernel property, i.e., we have

Argpe)r =0

Proof. This follows by the constraint for any subset of vertices S C [n], the moment matrix

satisfies

E[ ). xrpl=E[l],
B:T— k]

and more generally within the polynomial system,

Elxsps- (Y, xrp)] =E[ Y xsurpsupr) = Elxsl-
B:T—[k] Br:T— k]

To examine the entries of Arg g, T, note this is a vector indexed by (A, B4) for A C [n] and

Ba: A — [k], and for any (A, B4), we have

—1|5| 7(s,p), LA Bal = —=A[(A,Ba), (S, Bs)] + ), Al(ABa), (SUT,BsUPr)]
\/E ,BTT—>[k]
- _]E[xAUSfﬁAUﬁs] + ]E[ Z xAUSUT,ﬁAU/sSUﬁT]
‘BTZT—>[k]

= E[xausp,ups - (L xrp, — 1)]

Br
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where the last equality follows from the aforementioned sum-color constraint for T. [

Recall from definition 8.5.8 that L the left-shape matrix with rows indexed by (U, B11)
and columns indexed by (V,, By), we next show that L does not have non-trivial right

kernel, and therefore, for any vector v € Ker(A), we also have LTv € Ker(Q).

Lemma 8.8.10. L does not have non-trivial right kernel, i.e., for any vector v # 0, we have Lv # 0;

similarly, L does not have non-trivial left-kernel, i.e. LTv # 0 for any v # 0.

Proof. We first prove that L does not have non-trivial right-kernel. For any v # 0, consider
the minimal support of v, i.e., the index (S, Bs) such that v[(S, Bs)] # 0 for the smallest
|S|, and we claim that Lv[(S, Bs)] = v[(S, Bs)] # 0.

To see this observe that L[(S, Bs), (S, Bs)] = (\%)'S‘, and moreover, for any T with
|T| < |S|, we have v[(T, Br)] = 0 for any Bt by our minimal assumption. That said, it
suffices for us to examine the entries of L[(S,Bs), (T, Br)] for |T| > |S|. Note that for
|T| = |S| yet S # T, there is no non-zero term as the only left shape with |U,| = |V,] is
the identity shape; on the other hand, for |T| > |S|, there is no left-shape of this form as
for any left shape o we need to have |U,| > |V;|. Therefore, we have Lv # 0 for non-zero
v.

Similarly, for LTv, consider the largest index |S| such that v[(S, Bs)] # 0, and observe
that LT0[(S, Bs)] = v[(S, Bs)] # 0. O

Claim 8.8.11 (L"K(A) C Ker(Q)). For any v(g gy v € K(A),

Q LTU(S,‘BS),T = O .
N——

=U(s,Bg), T
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Proof. By claim 8.8.9, we know

AU(S,ﬁs)/T =0,

and since A = LQLT, we have

LOL v(s 5),r = LQ - (s p5),7 = 0.

By lemma 8.8.10, L does not have non-trivial left-kernel, hence we have

Q- us,pg)r=0-

Moreover, L does not have non-trivial right-kernel, thus 15 5.) r 7 0 and is in the kernel

of Q. O

PSD Analysis via Filling in the Kernel Now that we have identified the kernel of
matrix Q, we note that we may still apply a magnitude-bound based argument except on

a closely related matrix to show the PSDness of Q.

Claim 8.8.12. For any symmetric matrix M with kernel Ker(M), M is PSD if

M=M-+ Z viuiT-i—uiviT =0
u;€Ker(M)

Proof. To verify the PSDness of M, it is sufficient to check for any x L Ker(M),

IMx=x"Mx+ Y (x o) (xu) + (0 u)(x,0) = x"Mx >0
i:u;€Ker(M)

where the second inequality inequality follows u; € Ker(M), and the last one from PSD-

ness of M. O]
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The kernel trick motivates us now to find a matrix Kg such that R = } ; ¢; (viuiT + uiviT)
for some u; € Ker(Q) and show Q=0+ K@ being PSD instead. Our work amounts to
identifying the right choice of u; € Ker(Q), however, this turns out to be a surprisingly
challenging task as K constructed from the natural kernel-vector (coloring-vector) contains
extra large-norm components that warrant extra care. Towards this end, analogous to the
recursive factorization scheme via LQLT, we iteratively identify the kernel-vector such
that the resulting matrix is amenable to a magnitude-bound analysis for PSDness. This is
the focus of our next subsection, and we give a summary at the end of this section to wrap

up our kernel analysis.

8.8.2 Overview for Kernel-Factorization

Recall our definition of kernel partition defined from the overview section,

Definition 8.8.13 (Kernel Partition). Givenaset B C [n], we call S(B) U T(B) a kernel partition
for B if vertices in S(B) receives some fixed colot, and T (B) are the vertices whose colors are being
summed over. In other words, a kernel partition is a kernel-partition with partial-coloring except

with Bg(py the fixed colors on S(B) unspecified.

Definition 8.8.14 (Kernel matrix Kg for Kernel-Partition). For any kernel partition SUT C
[n] such that S (possibly empty) are the vertices with color fixed to some Bg, and T # @ the vertices

without color. We define

Ksur = ®jesurK;

where K; = 1dy is a k x k identity matrix fori € S and K; = —%fori € T is the the all-1 matrix

of dimension k X k scaled by a factor of —%,

In other words, this is a coloring matrix of dimension ([n] x [k])IS9T! x ([n] x [k])IVT!, and
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has non-zero entry at

Ksur[(SUT,BsUBT), (SUT,BsUPT)] = (_%)IT ,

forany Bs : S — [k] and Br, B : T — [k]. .

Note that Kg g, r corresponds to the damage of identity in Q due to intersection
terms inside T (where S are the non-intersected vertices with fixed colors as B for any Bs)
. The goal of this section is to identify a construction of kernel-filling vectors fs 7 for SUT
such that LT fg  can be used as a proxy to generate matrix Ks 7. Formally, we construct

Kg as the following from defined fs r vectors,

Definition 8.8.15 (Construction of Ky from Kernel-Filling Vectors). Given a collection of
coloring vectors { f(s g,y 1} , we define Kq to be a coloring matrix of corresponding dimension for

dsos

1 Lspyr 1 1 7
Ko=), ). ). (‘fs, @ =22+ = ()T 0 1 ® frs peyr
s sl stk 2/ (5,Bs) \/%|T| 2 “Vk (S,Bs) (S,Bs)

Kernel-Partition for B

The collection of coloring-vectors { f(s g} is to be defined in definition 8.8.33.

Note that the particular form of %f(S,ﬁs),T ® 1(sp6),T T % ® 1(s,85),T @ f(5,85),T 18 tO
ensure symmetry of the matrix Kg, and the extra (\/LE) Il normalization is to ensure that
we are aligning to ,% factor for each vertex in T for the chosen normalization in f. For
our magnitude bound analysis, it is intuitive to simply consider KQ = f(s,65),7 @ 1(s,86),T
without symmetrizing as we pick up the same desired term on 15 g) r and the magnitude
bound holds under symmetrizations as we do not pay attention to constant slack.

Recall that

Kirivial = ), Y Kswyurw)
WCln]  S(W)UT(W)
|W|<dsos kernel-partition
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and the upshot of our construction is in finding the "correct”" kernel-filling vectors such

that we can take

|| Knontriviall| = [|Kq — Kerivial|| = 0(1)

for some matrix Kyontrivial := Ko — Kirivial that may be ultimately viewed as an error term in
our PSD analysis. It should be noted that natural construction of kernel-filling factors fall
short in satisfying the above constraint, and this is motivates our recursive construction
scheme for kernel-vectors.

On a high level, our recursive construction scheme starts from the natural kernel-
vector of (55T = \/E|S|(—1(S/55) + 15(,8),7), and note that this gives a sequence of
(kernel) right-shapes in Ko with V, = |S U T| (ignoring the symmetry, otherwise we have
a collection of left shapes obtained by the transpose of the above as well). However, this is
not the correct construction as the collection of right-shapes may contain large norm terms.
And the crux of our recursive construction scheme is to show that they are again lying in
the kernel of Q, and can be removed with some other careful choice of kernel-factors.

En route to establishing this, our crude goal, as a guiding heuristic from observing
the structural property of large norm shape obtained under the construction from the
natural kernel vectors (after summing overall S, T C [n]), is to find a collection of vectors
f in the kernel of Q corresponding to each kernel partition such that the terms (i.e.
shapes) appearingin LT f(s,p),r admit the following structural characterization (informally,

ignoring color dependence):
1. Each term is a right-shape o with V, = SUT;
2. Sis an MVS that separates U, and S;

3. Each vertex in S U T either has path to Uy, or is a component connected to T (V) but

not connected to U, U S(Vj) ;

383



And to ensure f(5 ) 1 lies in the kernel of Q, our strategy is to write f as a linear

combination of our kernel-basis vectors r(s 5,) 7. We adopt a recursive construction for

f(S,/Ss),T' and take
f(s,8s)uT = T(s,ps)uT — )3 F(Sw sy )UTw 'F[(SW':BSW) U Tw, (S, ps) U Tl
(Sw.Bsyy )UTw coefficient

for some coefficient-function R[(Sw, Bs,,) U Tw, (S, Bs) U T] to be defined momentarily.
Concretely, we will take the coefficient function R[(Sw, Bs,,) U Tw, (S, Bs) U T] to be

a sum of right-shapes that is additionally oblivious of the color in Ty. For intuition,

consider the following example. Note the oval boundaries on the right corresponding to

S and S + T are intended to emphasize the kernel-partition in inspection.

Example 8.8.16. Consider the kernel from fixing vertex i to have color 1, and summing over vertex

j’s colors. This can be written as 1; 1) ; — 1(; 1) in our language. The multiplication with coefficient

R[(i,1) U}, (a,1,b,1) Uj] = (Xia(G) - Xip(G)) fora # b € [n] (and a,b & {i,j}) can be seen
as constructing the following vector (1(;1),; — (1)) - (Xia(G) - Xip(G)) that is also in the kernel
of A.

(2 (2
@<< &) Q“ &)
@

S_W S SW+T W S+T

(a) Vector Entry on Sy (b) Vector Entry on (Sw, Bs,,) U T

Figure 8.11: Kernel Vector with Kernel-Coefficient Multiplication

Remark 8.8.17. We illustrate the above kernel vector in the diagram. In the diagram to the right,
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note that (j, _) vertex appears twice in both sides as to highlight that it appears in both Ty and T

in our application.

Description of Kernel Shape for K; To motivate our recursive scheme for constructing
the vectors, it is important that we understand what K is to start with, and consider
its expansion in the graph matrix basis. For simplicity, we restrict our attention to the
unsymmetrized version IZQ obtained by f(.) ® 1() alone. For starters, we observe that any
term in LTf(S,[SS)UT is a right shape o with V, = SUT.

Consider the contribution of a fixed right shape ¢ to Kg after summing over labels
for its right boundary. Formally, putting back the color-dependence, for any color-right-
shape (0, CP) with V,, = SU T with Bg color of S fixed, its corresponding graph matrix of

Ys,7¢n) Lgs Mo,cp[, SUT] ® 15 g, 1 = Mg, for the following kernel shape K(¢).

Definition 8.8.18 (Kernel-shape K(c,CP)). Given a right-shape o with kernel-partition on
Ve = S(Vi) UT(V,), we define its corresponding kernel shape K(c, CP) as the following,

1. We start with a shape o and set E(K(0)) = E(0) and Uy, = Uo;
2. Include each vertex in S(Vy) into Vi(y);
3. The coloring of vertices from V (o) satisfy constraints from the color-partition of CP;

4. For each vertex v in T(Vy), create an extra copy of the vertex v' and connect it via a dotted
line, include v’ into Vi) where the dotted line corresponds to a color-jump, the two vertices

connected have the same vertex label in [n] though not necessarily of the same color.

Claim 8.8.19. For any right-color-shape (o, CP) shape with Vo = SUT,

Y. )Y Mocp[L,SUTI® L5401 = Mk(o)cp(o)
S,Tg[n} ,BS:S—>[k}
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Proof. This follows by straightforward expansion of matrix multiplication as illustrated in

the definition of K(0). O

We highlight the above construction with the following diagram for intuition. We
start with a right-shape o with V,; containing 2 S vertices that have their colors fixed, and
1 T vertex whose color is being summed over. After applying the vector outer-product
with 1(g 5.) 7, the vertices of S remain untouched, while we note that the vertex T has its
label in [n] pinned on the right-boundary while its color from ¢ may now vary (as we are

summing over its color).

(a) Original right-shape o (b) Kernel-shape K(¢) from vector outer-product

Troublesome Kernel Shape Illustrated For illustration, we claim the above shape K(0)
appears at the natural construction of r(g )7 = —1sps + 1(sp,)1 for [S| = 2,|T| = 1.
Importantly, note that we are interested in the resulting matrix after summing over all
labels of S,T C [n] as well as any coloring on S. For simplicity, we ignore the color-
dependence and prescribe each edge in ¢ to be a pure-color edge, i.e., every vertex in ¢
receives the same color. Note that this constraint does not affect the T vertex in T (Vi(q)),

and it may receive an arbitrary color in [k].

In our scaling so that we are constructing Id; ® Id; ® % from the vector outer-product,
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we have coefficient \/E‘Sl - AL(0)cp for the above kernel shape K(0), i.e.

MK (O)er = VB A oer - (ST = VB (1P ()4

L
vk

|Ug|

where we recall that for a right-shape ¢, we have a vertex factor of (%) V(0)|=7", and note
that crucially we have only a half vertex factor for vertices U, (hence the extra scaling of
S
\/E' ‘), and the extra \/LE comes from vector outer-product with (\/LE) 7| 1(s,85),T-
That said, we can see that kernel shape K(¢) has matrix norm bound given by

O(\/ﬁ3\/E) where the extra factor of vk comes from the freedom in picking color for

the T vertex on the right boundary. Combining the above and setting the regime to be the

1

dense regime of p = 5 , we have

M(K(@))er - O(/iVE) = 8(1) - (1)1 v’ 51

for k ~ /n where the RHS is picked to be 1 as the candidate PSD mass from Q is Id.
Therefore, this is a troublesome right-shape which we call reducible, i.e., we need to

remove such using other kernel vectors. And this is showcased in the following.

Cancellation of Troublesome Right Shape In this case, we observe that the particular
kernel-shape K(o) can be further decomposed as a product of right-shapes. Forillustration,
fix the vertex label on the left to be i, we may rewrite ¢ as the product of ¢ = ¢y o 0. Note
that U,, = {i}.

Important to us is that o7 is a shape that satisfies our crude heuristic if we consider
the kernel partition for oy as S(V,,) = (i,_) and T(Vy,) = T in this case, S(V,;, ) is indeed
a MVS for U,, = i and S(V,,) = i! That said, we can expect to find kernel-vector of the
smaller size (reduced from 3 vertices to 2) on {i, T} to generate the particular ¢; under

LT f(i,_)’T) and view 0» as a coefficient!

387



(a) (Irreducible) Right-shape 07 € LT fa,r (b) Right-shape 0, as Coefficient

Figure 8.13: Cancellation for K(c) = 0 0 03

Observing this example, we now want to show that any right-shape that violates the
some crude structural property (capturing the above herustic) may be cancelled out by
some term Ys,. 1, fs,uTyy - RISw U Tw, S U T]. In fact, we will need to show a bijection
between terms in LTrg 7 (restricted to those that violate the above properties) and the
terms from Y s, 5o UTy f(Sw.Bs, uTw - RISW, Bsyy) U Tw, (S, Bs) U T].

At this point, we remark that the above cancellation strategy is essentially asking for a
further factorization of the component that makes the shape large norm, i.e., this exactly
what approximate factorization via MVS is intended to achieve! Thus, we want to find a
decomposition scheme for right shape that allows us to show the bijection. Another issue
that we ignore so far is that we need to put back the color-dependence as our left-shape
matrix L is consist of color-shape in this setting. This is formalized via the following

decomposition scheme for right shape.

8.8.3 Irreducible Decomposition of Right Shape

We now describe a decomposition procedure that applies to any shape ¢ with kernel
partitionon V; = SUT. Our goalis toidentify ¢ = 04 oogsuchthatV,, = U,, = SwU Ty

for some Tyy C T, and moreover, Tyy is not incident to any edge in 03 .
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Finding Kernel (Rainbow) Separator (aka. Kernel Right Shape Decomposition)

Given a color-shape ¢ with color-partition CP, such that (¢, CP,) is a (color-)right
shape in LT, (i.e. o is a right shape and any edge incident to U, is a pure-color edge
under CP) and V; is additionally partitioned into V;; = S(V,;) U T(V,;), we define its
irreducible rainbow separator and decomposition (o, CP,) = (04,CP4) o (05, CPp)

for o4, 0p both color-right-shapes as the following:
1. Initialize the shape B = ¢ with edges E(B) = E(¢), and Up = U,, Vg = V,, .

2. Apply alternately the following operation of Rightwards MVS Subtraction or Right-
wards Rainbow Extension, and Update B Operation until B converges (i.e. the shape

B does not change after applying both extension operations)
o Rightwards MVS Extension: let Sg be the rightmost MVS separating Up and
S(Vy);

e Rightwards Rainbow Extension: let Ru(Up) be the vertices of rainbow compo-
nents incident to Up, and let Sk be the set of vertices reachable from S(V,,)

without passing through any other vertex in Rv(Up).

e Update B: Update E(B) C E(0) to be the subset of edges reachable from

S(V,) without passing through any vertex in Sg. Update Up := Sg.

We are now ready to define the kernel-separator W and shape o4, 0p alongside their

color-partitions in the kernel-decomposition as the following,

1. Let E(op) = E(B) be the set of edges that can be reached from S(V;) without

passing through any vertex in Sy, and let E(c4) = E(0) \ E(B);

2. Update Ty: Initialize Ty = @. Add a vertex v from T(V;) \ Sw into Ty
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e if it is a vertex reachable from U, without using any edge in E(B); *
e itis a vertex not connected to U, U S(V;) but incident to edges. (In other

words, the vertex is part of an edge-component around T(V)).

3. Call W := Sy U Ty the kernel-separator for c. And note that Sy U Ty is also

the kernel-partition for W.

4. Completing their boundary definition as the following: let Uy, = Uy, V,, =

Uy, := W = Sy U Ty (with kernel partition given by Sy U Tyy), and Vi, = V. b

“crucially, this shall be contrasted to vertices reachable without passing through Sy;. See diagram.
bShape B and ¢ have the same set of edges and right-boundary, except that the left-boundary Uy,
contains vertices from Up = Sy and extra vertices in Ty C Uy, N T(Vp) that are held dormant in B.

With the above procedure for decomposition, we make the following observations.
Observation 8.8.20. Both Sy and Ty may be empty. Moreover, W may be empty.

Observation 8.8.21 (Vertex’s kernel partition status may flip). It is possible for a vertex to
start from v € T (V) and becomes an S-vertex v € Sy in the decomposition, however Ty remains

a subset of T.

Observation 8.8.22 (Vertices in Ty are dormant in o). Tyy C Uy, N Vi, is not incident to

any edge in op.

Claim 8.8.23 (Vertices in Tyy are dormant in o). Ty C T(Vy) . Moreover, Tyy C Uy, N Vi

is not incident to any edge in op.

Proof. Ty C T(V,) is immediate as each vertex is added to Ty from T(V,) \ Sw. Recall
that any edge in 03 is an edge that can be reached from S(V,) without passing through
Sw, hence this is also immediate for a vertex added to Ty as a vertex not connected to
Uy U S(V,) but incident to edges. Finally, since Sy is a separator for U, and S(V;), any
vertex reachable from U, without using any edge in E(B) is in Syy. However, a vertex may

only get added from T(V;,) \ Sw. This proves the claim. O
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Proposition 8.8.24 (Self-cancellation property for trivial Ty). For any right color-shape
(0,B0) = (A,Ba) o (B,Bp) with W = V4 = Sy U Tw as its kernel partition, if Ty = O,
then we have U, being the unique MVS separating Uy and S(Vy).

Moreover, let ¢’ be the shape with
1. E(¢’) := E(0), and identical left-boundary U, = U,;
2. The right-boundary is obtained by removing T (V) vertices, i.e., Vo .=V, \ T(V,);
3. Remove any deg-0 vertex in V(o') \ Uy U Vi from V(o) ;
o’ continues to be a (color-)right shape in LT.

Proof. We first give a proof that highlights the main idea by ignoring the color-dependence,
and then show it continues to hold with color-dependence. In the former case, W = Sy
is taken to be the rightmost MVS separating S(V;;) and U, (with no further rightwards-
extensions). Since U, is also separating U, and S(V,,), we have |U,| > |W]|.

We now observe that Sy is also a separator for U, and T(V;): for any vertex v €
T(Vy) \ Sw, if there is a path from U, to v without passing through v, such vertex v is by
construction included into Ty, giving us a contradiction. For vertex v € T(V,) N Sy, Sw
by definition separates any path from U, to v. Therefor, Sy is also a separator for U, and
T(Vy), hence a separator for U, and V, = S(U,) U T(V,) as well. Since ¢ is a right-shape,
U, is the unique MVS separating U, and V;,, hence we have |IW| > |U,| with equality only
if W = U,. Combining the above yields us W = U,. Since W is taken to be the Rightmost
MVS separating U, and S(V;), U, is also the leftmost separator separating U, and S(V),
we conclude. that U, is the unique MVS separating U, and S(V;).

To incorporate the color-dependence, it suffices to notice U, is also a rainbow-MVS
as o is a right-shape, and hence U, is not incident to any cross-color edge in (¢, CP). To

see the uniqueness, we first observe that Sy remains as a separator for U, and T(V;)
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by the same argument as above. Let S; be the original RMVS separating U, and S(V,,)
that ultimately evolves into Syy after potentially non-trivial rightwards extensions. Notice
rightwards extension may only unblock path from U, to T(V; ), hence if Sy is a separator
for U, and T(V;), S; is also a separator for U, and T(V;). By the same argument earlier,
we can see we have S; = U, and thus we can deduce there is no non-trivial rightwards
extension, and again U, is the unique MVS separating U, and S(V).

Finally to see ¢” is a right-shape, it suffices to verify there is no floating componentin ¢”,
as otherwise U, being the unique color MVS and any edge-component being connected
to V, are sufficient condition to guarantee ¢’ being a right-shape. And there is no
floating component in ¢’ as component connected to U, U S(U, ) remains connected to the
left/right boundary in ¢/, while there cannot be edge-component connected to only T(V;)
while not to U, U S(U,) as any such component’s incidental T vertex is automatically put
in Ty, and we have a contradiction here.

O]

Corollary 8.8.25. Any color-shape (o, Bs) = (A, Ba) o (B, Bg) with kernel-separator Tyy = @
also has Syy = Uy and A = Id.

Canonical Decomposition of a Kernel Shape We now introduce some properties of the

shapes obtained from the decomposition.

Definition 8.8.26 (Irreducible right shape via decomposition). Call a right color-shape
(0, B¢) = (A, Ba) o (B, Bp) irreducible if B = 1dp g, from the above process.
Observation 8.8.27. In the simple case of no color-dependence, i.e., each edge is pure-colot, o is

irreducible if S(Vi) is an MVS separating U, and S(Vy).

We would like to point out that with the above definition of irreducible right-shapes, Id
is considered to be irreducible. That said, we may further distinguish it with the following

definition.
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Definition 8.8.28 (Trivial and non-trivial irreducible right-shapes). The Id-shape with U, =
Vy = V(o) and rainbow(E(U, NV )) = Dis called trivial. Any other shape is called non-trivial.

Definition 8.8.29 (Kernel coefficient (right-) shape). For any right-shape o with kernel partition
on both Uy, = S(Uy) UT(Uy) and Ve = S(Vo) UT(Vy), and T(Uy), T(Vy) # @, , we call it a

kernel-coefficient shape if

1. It is a right-shape, U, is the unique MVS in o; moreover, S(Uy) is the unique MVS
separating S(Uy) and S(Vy);

2. It is not identity (the trivial shape);

3. Any vertex in T(V,) \ Uy is either a deg-0 vertex, or can be reached from S(V;) without

passing through Uy ;
4. T(Uy) € T(Vy).

When a color-partition CP is given, we additionally require there to be no rainbow edge incident to
UO’:
We additionally let R be the collection of kernel-coefficient-right-shapes, and define its matrix

as

R[(Sw, Bsy) U Tw, (S,Bs) UT] ==

Y. Y. Ar(@)cr - Mocp[(Sw, Bsy) U (Tw, Br(Tw)), (S, Bs) U (T, Br)]
(0,CP)eER Br:T— k]
kernel-coefficient shape for
Us=(Sw.Bsyy ) UTw
Vo=(5,85)UT

Notice that R has indices that does not depend on color of Ty and T throughout, while
we sum over the colors of T in its definition for notational correctness due to the matrix

M, cp are indexed with each vertex receiving some color.
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Proposition 8.8.30 (Decomposition of a right shape). For any right (color-)shape (o, By) =
(A, Ba) o (B, Bp) decomposed by the above process with color-partition, (A, Ba) is an irreducible
right-shape (possibly trivial), and (B, Bg) is either identity (in the case of o being irreducible) or a

kernel-coefficient right-shape.

Proof. We first show A is an irreducible right-shape. By definition of an irreducible right
shape, we are to show (A,Ba) = (Ar,Ba,)© (Ar,Ba,) from our kernel-decomposition
process gives Ag = Id. That said, consider the track of the rightwards extension process,
and observe that in the base level A = A with S 4, being the rightmost MVS for U4 and
S(V4). The subsequent rightwards extensions move S, to the right so that we arrive
at S4 = V, at the end of the process, and consider the decomposition according to the
iterations

A:AOOX1OAIOXZO---OAtOXtO(A\AL)
Ay

for A;, X; rightwards-extension-shapes. We then observe that applying decomposition
process on ¢ undergoes the same iterative process up until obtaining Ay, as we are
applying the same process with the same starting point of Ag (rightmost MVS for U4
and S(V4) remains invariant under composition with a kernel-coefficient shape). Since
the process does not converge until Sy = V4, the same extension process for A does not
converge until we have V4, = Vy, giving us Ag = A\ Ay being identity as desired.

To see B being either an identity or kernel-coefficient-right-shape, it suffices to verify
the conditions that B is a right-color-shape, and any vertex in T(Vg) \ T(Up) is a degree-0
vertex or a vertex reachable from S(Vg) in B without passing through Up.

We start by verifying any vertex in T(V3) \ Up is either a deg-0 vertex from T'(Vp) \ U,
or a vertex reachable from S(V,) without passing through Up. Notice if the vertex is not
connected to S(V,) U Up, yet not degree-0, such vertex is put into T4 and added to Us.

Therefore, it suffices for us to consider the vertex connected to S(V) U Up. If the vertex
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cannot be reached from S(V,;) without passing through Up yet connected to S(V,,), there
must be a path from from Up to the vertex, moreover, the path does not use any edge
reachable from S (V) without passing through Syy. However, we have a contradiction here
as any such T vertex is added to T4, and this proves the desired connectivity condition.
Finally we show B is a color-right-shape. Recall that Up is obtained from adding
T(Vp) \ S as T vertices to S4. By construction, S 4 is the unique MVS separating in E(B)
Sa and S(V;), therefore it is also the unique MVS separating S4 and S(V,,) U Ts where
Ts C T(Vy) is the set of vertices reachable from S(V;) in B without passing through S4.
Since any added vertex to both boundaries is in the mandatory separator, S4 U T4 is also a
unique MVS for S(V,;) U Ts U Tx. Finally, observe that Ts U T4 = T(V;) as any vertex from
T(Vy) not added to T4 is either a degree-0 vertex in T(V,,), or a vertex that can be reached
from S(V,) without passing through Sg (in which case added via T4). Moreover, note
that adding T; a set of deg-0 vertex to S(V;) U Ts U T4 U Ty preserves Sy U T4 = Up being
a unique MVS for both sides, and note that the right boundary is exactly S(V;) U T(V;)
now. Therefore, we have shown B is a right-shape. (It is immediate that it also satisfies

color-constraints and hence a right-color-shape) O

Definition 8.8.31 (Scaling for Kernel-Coefficient). Let Ar(c)cp be the kernel-coefficient for
(0, CP) in R, we define it as

Ax(@)er = ()"0 Eofo)ey
We pay attention to the vertex-factor scaling here.
Claim 8.8.32. For (0,Bs) = (A, Ba) o (B, Bp) in the kernel-decomposition,

AL(0)cp = AL(A)cpa) - AR(B)cp(p) -
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where Ay is the coefficient in the left/right-shape L matrix.

Proof. Recall that in the right-shape matrix o, its coefficient is given by

1 _ Ug|
AL(o)cp = (%)W(U)' 2 - Ev(o)cp
Similarly, we have
1 _ual
AL(A)cpia) = (@'V(A)l - Ev(A)cp(a)

By the above definition, we have

1 _
AR(B)cp(p) = (E)W(B)‘ e - Ev(B)cp(p)

Since V4 = Ugp is a rainbow separator, there is no rainbow component across A and B,
and since our coefficient factorizes over rainbow component and pure-color edges, we

immediately have

Ev(A)cp(a) - Ev(B)cps) = Ev(0)cp,

and our focus shall be on the vertex-factors. This comes down to verifying

1 Ual 1 1 |Ug|
V(A= NVB)[=Usl — (Z\IV(o)]-
- el - Gy,

This follows as we have

V) +1vE)| - 4l jug) = vio)

U4
2

|Uo|

= V(o) - 52,

where we use |V(A)|+ |V(B)| = |V(0)| + |Up| and U4 = U, O

396



Defining Kernel-Filling Vectors Finally, with the construction of R matrix that serves
as the coefficient for our the kernel-vectors, we are now ready to define our kernel-filling

vectors for any kernel-partition.

Definition 8.8.33 (Defining Kernel-Filling Vectors f). We give a recursive construction based

on the kernel-partition, for any ((S, Bs), T), we define

f(S,/SS),T = T(S,Bs), T — 2 f(Sw/ﬁs)/Tw “R[(Sw, Bsyy) UTw), (S, Bs) UT]
WC|[n]

W=SwUTw
Bs:Sw—[k]
|W|<|SUT|
@#TwCT

where we remind the reader that R is the kernel-coefficient matrix defined as

R[(Sw, Bsy) U Tw, (S, Bs) UT] =
Y Y. Ar(e)cp - Mocp[(Sw, Bsy) U (Tw, Br(Tw)), (S, Bs) U (T, Br)]
(o,CP)ER Br:T— k]
kernel-coefficient shape for

Ur=(Sw,Bsy, U Tw
Vg:(S,,Bs)UT

and

S|

rsp)r = VE - (=1spe) + Lispe,r) -

Remark 8.8.34. We remind the reader that the \/E‘S| scaling is picked such that LT fis,ps)T =
(\/LE) ‘T‘l(s,ﬁs),r Since the identity shape has Ap (Ids,r) = (\/LE) ISUTI, we use the extra scaling of
\/ﬁs‘ to align back to the candidate kernel from (\/LE) ‘T‘l( s,B5),T Whose outer product corresponds

to the kernel due to 1d° @ (1)T| (up to ordering).

Before we show the desired equality, we first observe that the above construction pro-
cess is well-defined. In particular, when defining f(s s.) 1, we observe that the coefficient

from matrix R is 0 in most places, and ultimately the construction only depends on the
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f function with |W| < |SUT|. By inducting on |S U T|, we ensure each involved fs,, T,
vector is constructed before defining f(s 5.) 1

With this definition, we are ready to introduce our main lemma that says L' f(s.ps),T
gives us the following collection of right-shapes that would ultimately allow us to obtain

a good approximation of Kyis via Kg.

Proposition 8.8.35 (Informal of lemma 8.8.43 by ignoring intersection shapes on both

sides). We have

|S| 1 ‘T‘
L' fispo)1 = Y. AL(0)cp VK Mecpl*, (S, Bs) UT] + (ﬁ) 1(s,p),T
U,CP:non‘—/tri_vgzij 71'1rreducible

holds up to intersection terms on both sides for the f vector defined in definition 8.8.33, i.e.,

f(SI,BS)/T = r(S/ﬁS)/T - Z f SW ﬁs [(SW U TW/ IBSWUTw) (S U T/ ,BSUT)] .

W= SWUTW
Bsyy:Sw—[k]
|W|<\SUT|
Tw#D
In words, the RHS of the equality of LT f(s,ps),T 18 best understood by considering it as a collection
of right-shapes o satisfying the irreducible property (including the trivial shape on S U T) with
fixed right boundary Vo = SUT for any right-boundary coloring B : Vi — [k| such that the

colors restricted to S is given by Bg, i.e. B(S) = Bs.

We refer the reader to the formal statement in lemma 8.8.43 for the inclusion of inter-
section terms, and give the proof when restricted to proper shapes without intersections

at this section for clarity of our presentation.

Proof. For convenience, we call LT Y weln, fswps)w - RIW, Bw), (SUT, Bsur)] com-
Wzs_wUTW
Bs:Sw— k]
[W|<|SUT]
Ty #0
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posable terms. Throughout this section, it is convenient to consider S,T C [n] as fixed
with color Bg also fixed while we sum over the color of T. Unpacking the definition for

S
s e \/—\ | 105 g7 — Vi1 5] 1(gp,) itis equivalent to showing

S S
\/? y LTl(S,ﬁS),T = \/El . LTl(S,ﬁS) + Composable Terms + Irreducible Terms

Remark 8.8.36. For intuition, the reader should think of Irreducible Terms as the desired kernel
for the corresponding kernel-partition. It contains the desired all-1 component, but also contains

extra terms that are necessary.

Set-up We first point out that we are considering vector equality here, and each term
may be viewed as obtained from starting with a ribbon R with fixed right-boundary, i.e.,
VR = (SUT,BsUPBr) or Vg = (S, Bs) in the case of LT15 g and remove its right boundary
Vr. Therefore, it is equivalent for the purpose of the vector equality that we transform the
ribbon with original right boundary Vg = (S, Bs) into a ribbon with right boundary of
Vr = (SUT,Bs U Pr), and this allows us to focus solely on ribbons with the same right

boundary:.

To handle this discrepancy, for any ribbon R with Vg = S, consider the set of vertices
T € T(Vy) = T such that T; are not incident to any edge in E(R), add T; as deg-0
vertex into V(R), and finally modify the right boundary from (S, Bs) to (SU T, Bs U BT).

Formally we have

AL(R) g Mg g(r) [(UR, Buy), (S, Bs)] = Y AL(RUTY) -Mpyr, gryup(r) [(Ur, Bug), (SUT, Bs U Br)]
B(T1)
where we remind the reader that adding deg-0 vertex outside the left/right boundary
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does not affect the graph matrix for a ribbon, i.e.

Mg,p(r) = MruT; B(R)UB(T))

With this transformation, it remains for us to show a bijection among ribbons with right
boundary being (SU T, Bs U Br) in the above equality. We prove this by strong induction
by inducting on |S U T|. At this point, it is convenient for us to ignore the labeling of
vertices in [1] and consider shapes, except noting the right boundary have labels given by

SUT.

Partitioning the RHS by W  Recall our desired equality of

1

vk

1

( NG

)Tl LTl(S,ﬁS),T = (—)IT. LTl(S,ﬁs) + Composable Terms + Irreducible Terms .

Viewing the RHS as shapes with right boundary being (S U T, Bs U Br), we note that
the three terms in the equation can be viewed as partitioning based on the intermediate

separator W = Sy U Ty by the right-shape-decomposition process as the following,

1. LT1 5,85 corresponds to right shapes with intermediate separators W such that Tyy =

;

2. For right shapes with Tyy # @, we further case on whether W = S U T, if so, this is

a irreducible shape;

3. Otherwise, we have W # S U T with Tyy # @, and this is a shape in the composable

term.

And at the same time, the LHS can be viewed as right-shapes from LT with right boundary
being (SUT, Bs U BT).
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The bijection restricted to the first two terms can be proven directly as the following,

and we prove the bijection for composable term via an induction on |S U T]|.

Bijection for Shapes with Ty = @ and Intermediate Separator W = SUT

Claim 8.8.37. There is a bijection between shapes on the LHS with Tyy = O, and shapes in
LT1g..

Proof. The injective map from the LHS to the RHS follows by the self-cancellation property
in proposition 8.8.24. The other direction follows by observing that for each right-shape
with V, = S, let ¢’ be the shaped obtained by adding vertices from T to V, preserves the
shape being a right-shape: as any separator with added vertices into V;; is also a separator
for the original right-shape. Finally, notice that applying the decomposition process on
0’ yields an intermediate separator W with Tyy = @, since U,» = Sy is also the unique
MVS for U, and S(V,) = V;;), and each vertex in T (V) is either reachable from S(V)
without passing U, since it appears as a vertex in V(o) \ (U, U V;), or it is a deg-0 vertex
outside the boundary in o (i.e. it is a vertex that gets added), and such vertex is not in
Tw by our decomposition (factored out by the kernel-coefficient shape). Hence, we have
shown a bijection between Tyy = @ and LT1 S,Bs

]

Claim 8.8.38. There is also a bijection between ribbons on the LHS with W = SU T and (non-

intersected) shapes in the irreducible terms.

Proof. The bijection on shapes with W = S U T follows by definition of irreducible shape

with B = Id in the decomposition. O

Bijection for W # S U T with Tyy # @ and Composable Terms
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Lemma 8.8.39. There is a bijection between shapes in the composable terms on the RHS, and

shapes with intermediate kernel separator W # S U T with Ty # O on the LHS.

Proof. We prove this by induction on |SU T|. The base case is when |[SUT| = 1, in

particular, S = @, and the hypothesis holds trivially as

1. Any right shape with V,; = T has the intermediate separator W = T = SUT, and
any shape of this form is in the irreducible term. In other words, there are no shape

with W #£ SUT and Ty # @.

2. As for the composable terms, notice there are no kernel-coefficient term with |V,| =
|ISUT| = 1 as we require Ty C W # @ and |W| < |SUT|, hence there are no

composable terms either.

For the induction case, we assume the hypothesis appleid on LT fs 1, holds for any W
with Ty # @ and |W| < |SUT|. From LHS to RHS, notice this holds by construction
as for a shape (0,8) = (A,Ba) o (B, Bp) from the kernel-decomposition process with
intermediate separator W = V4 # V; and Tyy # @, there is a unique term on the RHS
from the corresponding W where A is obtained from LT 5 1, as an irreducible term and
B is a kernel-coefficient term with Ug = W as W # V.

For the other direction, for any irreducible term A and kernel-coefficient-shape B with
A, B additionally consistent on the kernel-partition on W, observe trivially that R = Ao B
is also a ribbon on the LHS while it remains to verify that R is only obtained from A and B
on the RHS, i.e., applying the decomposition process on A o B gives us the decomposition
via the intermediate separator W with prescribed kernel partition.

Recall that intermediate separator is built from the rainbow-MVS separating U4 and
S(Vg), it suffices for us to show Sy = Syy. In fact, we will show that these two separators
are built from the same base separator Sy, = Swy before any rightward extension process.

Let X be the set of vertices in W’ that can be reached from U4 without passing through
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Sw, and Z the vertices in W that can be reached without passing through Swé, and let
Y = Sw, N Syy. Analogously, let C be the set of vertices in W that can be reached from
S(Vp) without passing through Swy, and let D be the set of vertices in Sy that can be
reached from S(Vp) without passing through W. We observe the following. Note that we
have Sy, = CUYUZandswé = XUYUD.
L. [X] < [C| with equality only if X = C: Sy = XUY U D is a unique MVS separating
Swr and S(Vp). At the same time, C UY U D is also separating Swy and S(VB);

2. |Z| < |D| with equality only Z = D: Sy = CUY U Z is a unique MVS separating

Sw, and S(Vp). At the same time, C UY U D is also separating these two sets;

3. Unless both of the above hold as equalities, X UY U Z is a smaller separator sepa-
rating U4 and S(V3), and we have a contradiction here as Sy, and SW(/J both start as
the RMVS separating U4 and S(Vg). Therefore, we have shown X = C,Z = D and

SWO — Swé

4. We then observe that by construction of our rightwards extension process, this

guarantees Sy = Sy, and additionally Tyy = Tyy.
This completes the proof to our bijection. O

]

Intersection Patterns Put Back As foreshadowed in the previous proposition, there are
intersection terms that arise in the construction of LT f as we are essentially applying
graph matrix multiplication again, and intersection beyond the boundary injectivity are
expected. More interestingly, it turns out that our constructed kernel LT f(s,ps),r will
contain intersection terms as they are truly part of the kernel of Q.

We now give the full characterization for shapes that appear in our final result of

LTf(S/ﬁs)/T‘
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Formal Irreducible Kernel for Q

Definition 8.8.40 (Intersection Shape, and Intersection Pattern). Given a (possibly improper)
shape o obtained from t-way product of shape T o y1 o o - - - © ¢, we call « an intersection shape.
For each shape w, we let P(a) denote its corresponding intersection pattern defined s the following.
Intersection pattern P(«) isa graph on V(T 0 1 0 7o - - - 0 7y¢) such that for each vy;, it specifies how

vertices in V (vy;) \ U, intersects with vertices in prior level, i.e. vertices in V(T oyjo---07_q)

Remark 8.8.41. Any proper shape w is also trivially an intersection shape.

Definition 8.8.42 (Valid Intersection Profile for Kernel). For each intersection pattern P, with
intersection shape & = T oy o---o0;. We call it a valid intersection profile if each vy; is a

right-intersection shape such that ,
1. S(U,,) is the unique color-MVS separating S(U.,,) and S(V.,.) for v;;

2. and S(V.,) is a color-MVS for S(U,) U Int(v;) and S(V.,) where Int(y;) is the set of
vertices in 7y; that intersect with vertices in previous level beyond the necessary boundary in

Uy,;

3. T(U,,) C T(V,,), and any vertex in T(U,,) is not incident to any edge; any vertex in
T(V,,) \ T(U,,) is reachable from S(V.,,) without passing through S(U,,).

4. In other words, vy; is a kernel-coefficient shape in R for (S(Us,), Bs(u,)) U T(Uy,) and
(S(Vai) Bsv,)) UT (V)

and additionally,

1. T is a proper irreducible right-shape, i.e., S(Vz) is the rightmost color-MVS separating
Uy = Uy and S(V7).
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Lemma 8.8.43. Define

S|
fispor = Vk (Lspur —Lspe) — L fsw.s, ) - RISW, Bsy, ) U Tw), (S, Bs) UT],
iy
we have
S(Vy
LT fis.ps)T = » ()P () cp - Mal, (5, Bs) U T)

(a,CP):(color) intersection-shape
Py:valid intersection-profile

In words, the RHS reads as the collection of shapes satisfying the property prescribed by valid
intersection profile with Vi, evaluated on (S, Bs) U (T, Br) for any coloring B : T — [k|.
For convenience, we assume (x, CP) to come with Py specified within and ignore the extra

dependence on DP,.

Proof. We focus on ribbons with non-trivial intersection pattern here, as the bijection be-
tween ribbons with trivial intersection is proven in earlier section. We note that ribbons
with non-trivial section pattern on the LHS come from term in LT ZSW'CTVTV fisw.p sy ) Tw
R[(Sw U Tw, B(s,yuty)), (SUT, Bsur)]. Note that the direction from RHSV.Vt_o LHS is imme-
diate as any irreducible right shape via intersection records the intersection profile, i.e.,
how it appears in the product of LT f. IT suffices for us to show the direction from LHS

to RHS, in particular, the cancellation of intersections that does not satisfy the condition

identified by definition 8.8.42.

Let o be a ribbon of kernel-coefficient shape. Observe that any term coming from
LTf - R may be viewed as & o 0, where a is a shape with valid intersection-profile for the
intermediate separator Sy U Ty via the induction hypothesis. Fix an intersection profile
restricted to o be P,. In the case ¢ is not a proper-intersection right-shape under Py, i.e.,

S(Vy) is not the color-MVS for S(U,) UInt(c), we claim that we can another term of the
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same shape on the LHS (that comes with a flipped sign) so that they cancel and do not
contribute to the RHS of LT f(s,ps),7- To see this, let v be the proper-intersection shape
on (o, Py), and note that we can write ¢ = v o (¢ — ) where we take V,, to be the color-
MVS for ¢ under intersection pattern P,. By induction hypothesis, the shape a o v with
intersection profile P(«) U P, where we let P, be the intersection pattern of P, restricted
to the 7y part appears in LT fg ;. ) 7y, ) with coefficient (—1)/*1A; (a 0 ) where we note
that the additional +1 comes from the outmost intersection level of y. Therefore, these
two shapes cancel each other and do not contribute the final RHS.

On the other hand, if ¢ is a proper intersection-right-shape, such term appears on the
RHS with an extra factor of (—1) from the minus sign ahead of the composable terms. And
importantly, observe that such shape with the prescribed intersection pattern continues

to admit the characterization of a valid intersection profile for kernel term. O

8.8.4 Summary of Kernel Operations

Recall from our roadmap in the PSD analysis, the goal of this section is to find a matrix

K that approximates

Kirivial = ), Y. Kswyurw) -
WCln]  S(W)UT(W)
|W|<dsos kernel-partition

The K matrix is formally defined definition 8.8.15 as

m L B E (Hewrs s S s o).

BC[n| S(B)UT(B) Bs:S(B)—k
Kernel-Partition for B

To enable a combinatorial analysis, we will shift to the description of Kq via right-shape

obtained by our vectors LT f described in definition 8.8.42. Plugging in our main lemma
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from construction f vectors in lemma 8.8.43, we have

L" fis pe)r = Yy ()P AL @)cp - VE M, (S, Bs) U T

(a,CP):(color) intersection-shape
P,:intersection-pattern

Via the claim 8.8.19, vector outer-prouct with a left/right shape produces a corresponding

kernel-shape, we now expand Ky in the kernel-shape basis. For convenience, we define

S(Vy 1
Ax(a)cp = Ap(a)cp - Vil (—=) (V)

S

Therefore, we have

Is(Ve)l 1 1 ,
Kg = y (=Pl Ap (a)cp vk (5 Miga).cp + M (a).cp) (W)T(Va)
(a,CP):irreducible right-shape
1 1
= Kirivial +- ). (—1)Pd /\K(“)CP<§MK(R),CP + §MIT<(0¢),CP)

(a,CP):mon-trivial irreducible right-shape

where we observe that the trivial shape is the only shape that is both a left and right
shape, hence we can combine the coefficient of 3 (i.e. it is invariant under left/right
symmetrization), and their coefficient groups to be Kiiyial by construction. Note that the
second term is exactly the matrix Kontrivial- To show that Kg is a good approximation as

desired, we now proceed to show

1 1

[ Knontriviat | = || Y. (—1)!Pl '/\K(“)CP(EMK(a),CP + §M1T<(a),CP)H
(a,CP):non-trivial irreducible right-shape
<2 Y (—=1)"Pel Ak (@) cpMig o cpl

(a,CP):non-trivial irreducible right-shape

Similar to charging analysis for middle shapes in Q, we next perform combinatorial

analysis in the next section to lower bound the slack of each shape in the above summation
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that ultimately allows us to deduce

1Ko — Kirivial|| = Y. [Ak(a)cp - Mi(a),cpll = 0(1)
(a,CP):non-trivial irreducible right-shape

8.9 Combinatorial Charging Analysis for Irreducible Right

Shape

Lemma 8.9.1. For (o, CP) a non-trivial irreducible color-right-shape with kernel partition SU T

on V, from lemma 8.8.43, consider its corresponding kernel shape K(c, CP), we have

Ak (o) cp - Mk (o,cp)ll < slack(c, CP)

for
3V(O\UNS (V)] L jrainbow(Uy NS (V)|
slack(o, CP) = vn (L) .
k k
O(|rainbow(E(Uy N S(Vy))))cp|) @inbow(EUsNS(Ve))epl.
O(|V () \ Uy N S(V,)])?VO\UNVE])
and

Ax(0) = AL(@)cpvE <%)mv€>

The analysis in this section is largely identical to the analysis in the fashion of section 8.6
and section 8.7 with minor modification adjusted to the structural properties. We start by

applying piecewise decomposition of each irreducible right shape,
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8.9.1 Piecewise Decomposition of Irreducible Right Shape

A color-right-shape (0, CP,) is called irreducible if its kernel-decomposition (¢, CP,) =
(A,CPy4) o (B,CPg) via our prescribed process gives B = Id. That said, by tracking
our recursive process that yields the decomposition of A o B, we also obtain a finer
decomposition of A as the following. Recall that the process keeps track of intermediate
separator Sy, throughout, even though the process does not append Ty, vertices for the
intermediate level, observe that we may apply the Tyy vertices for intermediate separators,
and obtain W; = Sy, U Ty, .

Formally, for each (rightwards) extension, we factor out edges and vertices involved,

and define the extension piece as

Definition 8.9.2. A kernel (rightwards) extension piece y from adjacent separators Sy, and Sy, |
is a shape defined as the following. Assume each intermediate separators comes with additional Ty,

vertices,

1. Let Uy = Sw, U Tw,, and Vo, = S, , U Tw,,, with inherited kernel partition. In other
words, S(Uy) = Sw,, and T(V.,,) = Tw,. and similarly for V..

2. Let E(7y) be the set of edges that can be reached from S(V.,) without passing through any

vertex in U.,.

Definition 8.9.3 (Kernel rightwrds-extension shape: rainbow). A shape (X, CPx ) with kernel

partitions on both boundaries is a kernel rightwrads-MVS-extension shape if
1. Uy is a unique MVS for X ;

2. Any vertex in S(Vyx) is in the same rainbow component as S(Ux): each vertex in S(Vx) is

in the rainbow component of some vertex in S(Ux) under CPx.

3. T(Ux) C T(Vx) and any vertex in T(Ux) N T(Vx) is dormant in X.
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4. Anyvertex in T(Vx) \ T(Ux) is reachable from S(Vx) without passing through Ux.

Additionally there are kernel-partitions for both Ux and V, and any vertex in T(Ux) is dormant

in X, ie., itisin T(Ux) N T(Vx) and degree-0.

Remark 8.9.4. Notice we may have an T vertex in T(V;) \ T(Uy) joining the boundary yet it is

connected via a pure-color edge.

Definition 8.9.5 (Kernel rightwrds-extension shape: MVS). A shape (Y, CPy) with kernel

partition on both boundaries is a kernel rightwrads-MVS-extension shape if

1. S(V,) is the unique MVS separating S(U.,) and S(V.,), moreover, Vy is a unique MVS for
Y.

2. Any edge in E(Y) incident to Uy is pure-color under CP.

3. T(Ux) C T(Vx) and any vertex in T(Ux) N T(Vx) is dormant in X.

4. Any vertex in T(Vx) \ T(Ux) is reachable from S(Vx) without passing through Ux.
Let Tp be the intersection resultin To Y.

Proposition 8.9.6. For an irreducible color-right-shape (A, CP 4), we have

(A,CPA) = (T,CPT) o} (Xl,Cle) O (Yl,CPyl) O---0 (Xt/CPXt) o} (Yt/CPYt)

where
1. T is a base piece such that S(Vr) is an MVS separating U and S(Vz);
2. (X;,CPy,) fori € [t — 1] is a kernel-rightwards-rainbow-extension shape;

3. (Y;,CPy,) fori € [t — 1] is a kernel-rightwards-MVS-extension shape;
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With some abuse of notation, we allow the final extension Y; to be trivial (i.e. identity).

Proof. Notice may view the base piece T as an MVS-extension, thus it suffices for us to
show each 7 piece factored out is an MVS/rainbow-extension piece satisfy the desired
properties.

Let y be a rightwards rainbow-extension from S; to S;41 (along with T; and T, their
corresponding T vertices). By construction of rainbow extension from S; to S;1, any
vertex in S;41 is the boundary of rainbow components incident to S; that can be reached
from V4, and hence S(V,) = S;;1 are in the same rainbow components as S(U,) = S;.

For the other case, let v be arightwards MVS-extension S; to S; 1 (along with Ty and T4
their corresponding T vertices). The condition S(V,,) being the unique MVS separating
S(U,) and S(V,,) follows immediately by definition from MVS-extension. To see that U, is
a unique MVS, notice U, = S; U T; and as we show below, T; C T(U,) N T(V,) is dormant
in v, therefore U, is the MVS separating U, and V., U T (U, ). Finally adding vertices in
T(V,)\ T(U,) preserves the MVS and proves the claim.

To verify T(Ux) C T(Vx), note that any vertex is added to T(Uy) either has a path to
Uy in X without using edges to the right of S; (i.e. edges reachable from S(V4) without
passing through S4), or a T vertex not connected to U U S(V4) yet incident to edges. In
the former case, any such path is a also a path from U 4 without using edges to the right of
St+1, hence such vertex continues to be in T;;;. The latter case is immediate as any such
component is in Ty, regardless of the rightwards-extensions. Additionally, observe that
any vertex in T(U,) N T(V,,) is dormant in <y as any T vertex in U, is not incident to edges

to the right of Sy = S(U,) while any edge in 1 is to the right of S; by definiton.

Norm Bound for Kernel Shape Next, we observe the following norm bound for kernel

shape.
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Proposition 8.9.7 (Weight function for K(c)). For any right shape (o, CP) with kernel partition

on V,, and its corresponding kernel-shape K(c, CP) , we have

IMk (o) cpll < wi(@)ep - (1V(0) \ Us N V| )OIV

we(0)ep = max SV @ISHIEL Icp(o)|- ISP JRT)!

S:separator for o

Proof. We first focus on the norm bound factor of n, which is given by

max JlV@NHI _

H:separator for K(o

max  /mlV@I-IskHI@)]

S:separator for o

where we observe that K(c) has the same separator as ¢, and the MVS is given by U, as
any o is a right-shape. In other words, K(¢) and ¢ share the same norm bound factor from

[n].

For the color factors, the factor on [k] coming from the connected component is therefore
bounded by

ICP(Ug () [+ICP(S(Vig (o))
k|CP(K(U))|— K(o) - K(o) S k|CP(0_)|_ |CP(U{7)‘+|2CP(S(V¢7))‘_,'_\T(\z/g)\

To see this bound, notice we continue to apply the factor assignment scheme that we a

factor of v/k for each vertex making its first, or last appearance in the trace calculation, and
this implies that

1. Each color that only appears in V(K(¢)) gives at most a factor k;

2. Each color that appears in Uy (,) = Uy has half of its k factor assigned to the previous

block, which means it gets at most a factor of Vk for the current block;
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3. Each vertex that appears in Vi, has half its k factor assigned to the subsequent

block, which means it gets at most a factor of v/k for the current block.

To see the upper bound on the RHS which connects back to the color factor of ¢ as opposed
to K(co), we observe that it is equivalent to apply the above scheme on ¢, by ignoring the
original right boundary condition for vertices in T(V; ) , as its color is not guaranteed to
appear in the subsequent block. Moreover, for each vertex connected by a dotted line in
Vk(v,), an extra factor of V'k is sufficient as this color is bound to appear in the subsequent

block via being in the block boundary. This gives us

k|CP( )— |CP(Uy) |+\CP (Vo)) \/—\T (V)]

color -jump

This completes our bound for |[Mg(,) cp|| by the identical argument in the norm bound

for color-shape. O

With the above weight function, we apply the same idea of factorizing the weight

function into pieces.

8.9.2 Charging Analysis for Proper Irreducible Right Shapes

We start by considering proper irreducible right shapes without any intersection, and note
that the norm bound conveniently simplifies for a proper right shape (o, CP) as U, is by

definition the (unique) MVS, and we have

wi(0)cp = /! O\l CP(o) |- [PUALTEL Al T(Ve)

Set-up of Piecewise Weight Function and Coefficient Function Similar to middle

shapes and intersection shapes in the analysis for Q , irreducible color-right-shapes are
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obtained via a sequence of rightwards extensions starting from the MVS for U, and S(V,).
We apply the weight function and coefficient function from middle-shape charging, and
show that the desired quantity is small throughout the rightwards extension process.

Towards that end, we define weight function for each piece as the following.

Definition 8.9.8 (Weight function for kernel pieces). Define weight function for each kernel

piece as

1. For (t,CP) the base piece, define

wK(T)CP _ \/%‘V(T)\UT‘ ) k|cp(7)|_\CP(UT)HIZCP(S(VT)D ) \/E‘CP(T(VT)N

2. For (X, CP) the rightwards extension piece (including both rainbow and MVS-extension),

for each piece, let Dx be the dormant vertices in T(Ux) N T(Vx), define

i (X)ep = /il NI RCPTTRONTIO 4 cpo ) - P TUpIsCrswa)l

We ignore the subscript dependence of wi (- ) in this section as it is clear we are working with kernel

pieces throughout unless otherwise specified.

Proposition 8.9.9. Recall that

V(o)\Uy _ [CPUA)I+[CP(S (Vo)) |, IT (Vo)
wi(0)cp = \/ﬁl (ON\Us| 4 |CP(0)] ’ +5

Foro=ToXj0Y{0---0X;0Y;, we have

w(o) < w(t) [Jw(X) - w(¥).

Proof. Observe that the /n factor of each vertex not in U, comes from the leftmost piece
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it first appears in, and for the color-factors of k not via dotted line, i.e. colorjump factor,
follow identically to the piecewise decomposition for middle shape; on the other hand,
we note that the color-jump factor of v/k is assigned to the piece in which the T vertex first

appears (i.e., the leftmost piece). O

For clarity, we define the coefficient function for kernel piece in essentially the same

tashion as that for middle shape,

Definition 8.9.10 (Approximate coefficient function for kernel piece). Define the coefficient

function for kernel piece as the following,

1. For the base piece T, we define

~

1 [S(Vr)|+|Ux| ~ 1
A (T e (VOIS T i)

E~(t) =[] (%)W(gi)u

giEQ(T,CP)

2. For a rightwards-rainbow-extension shape X, we define

1

k)|V(X)\DX|W B0 (X)ep - (—o) TVONT ()|

A?(X)CP = ( \/%

for
Ev™(X)cp = I (%)'Wgﬂl : 1 (1)|v<gi>\—1'

G;€G(X,CP) G;eG(X,CP) k
Giincident toS(Uy) G;not connected to S(Ux)

3. For a rightwards-MVS-extension shape Y, we define

~ 1 sy ) [+s(Vy)l — 1
AZ(Y)ep = () VOONDY =225 200 py (y) op - (—= )| TANT(Uy)|

k vk
415



~ 1 N
Ev™(Y)cp = I1 (V@
G;€G(Y,CP)

G;connected toS(Uyx )US(U)

Proposition 8.9.11. Recall that

1 |V (o)|— \UOH\ZS(VUH

A ©@)er = () )T Eof pprox(e)cp

1

we have

AR (0)cp < AR (T H)\K ) AR (Yi)ep(y,)

Proof. The proof is identical to that of middle shape, except noting that the additional
factor of (\/LE)WV")‘ is assigned to the piece in which each vertex in T(V,) first appears

(i.e., the leftmost piece). O

8.9.3 Charging for the Base Irreducible Right Shape

Lemma 8.9.12 (Charging for base kernel piece). Let (T, CP) be a base piece such that S(Vz) is
MVS for Uy and S(Vz), we have

&

AR (T)ep - w(T)ep < (V) VIONUH

Similar to our bound for the base piece Y in the middle shape, any left shape in L
originally does not contain any floating components that act as a scalar should be factored
out. Here, even though every component is connected to S(Vr) U T(V;), components
connected to T(Vr) alone while disconnected from U U S(V7) act as floating components
in the kernel-matrix of K(¢). That said, by construction of our correction scheme, any
shape without such floating component have vanishing value. Therefore, it suffices for us

to consider shapes with each component connected to Ur U S(V7).
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Unpacking the factors, we have

A(T)cp - w(T)cp

_ @yww'“”éﬂ . (1)\v<gi>>|fl . (L
k G;€G(7,CP) k \/E

'\/ElV(T)\UT"k|CP( )— |CP(Ur) |+\CP (Vo) \/—|CP (V1))

)lT(Vr)\

It then follows by the subsequent claims.

Claim 8.9.13.
IT(Vz)| > [CP(T (V7))

Proof. This is immediate as |CP(T(V~))| the number of distinct colors on T(V;) is at most

T(Vo)l. 0
Claim 8.9.14.
1 S(Vo) |+\u‘f\ 1
Live) vl o L= jsvl L (Vv
) Vi (%) ()
Proof. Rearranging the above,
(%)m B VO BE =l .(%)|v<r>|—|uT|.\/EVM\UTI

1 ~ n
< (-l (%)vu)\uf

]

It should be noted here that since we assume S(Vz) to be the MVS for U, and S(Vz),
this guarantees the above quantity is at most 1. However, it gives us an extra gap of factor

vk that would be useful for the following bound on color-factors.
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Claim 8.9.15.

1 1 |CP(Ur)|+|CP(S(VT)])
(_)|UTI*IS(VT)\ . H (_)lV(Qi)\*l .|CP(conn(7))|— ) <1
\/E gieg(T/CP) k

J/

~

Ev™(1)cp
Proof. Taking logarithm with base k, it suffices for us to show

[Ue| = [S(Vo)
2

_ |CP(UL)[ + [CP(S(V7))|
2

+ ), (V@) -1) = |CP(7)]
GicG(t,CP)

To show this, we first apply process each component in 7, and then remove possible
pure-edges it may contain and process the rainbow components therein. To begin with,
observe that for any component connected to S(Vr) U Uy, it must also be connected to Uy:
suppose not, we have a component connected to S(V;) but not Uz, consider the alternate
separator obtained by removing the incident vertex from S(V;) preserves a separator
separating Ur and S(V;), and this contradicts the assumption that S(Vr) is an MVS for U

and S(Vr). That said, it suffices for us to consider components connected to U.

Proposition 8.9.16.
(#components connected to Uy but not S(Vz)) < |U¢| — |S(V7)|

Proof. For each component C, since S(Vr) isan MVS separating U, and S(V~), we also have
|[V(C)NU| > |V(C)NS(Vr)| as otherwise we can obtain a smaller MVS by considering
S(Vr) —(V(C)NS(Vz)) +|V(C)NU¢|. Thatsaid, summing over components C connected

to Uy,

1. Component C connected to S(Vr) gives a 0 to the LHS, while a non-negative factor

on the RHS;
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2. Component C not connected to S(Vr) gives an 1 to the LHS, while |U, N V(C)| —
|IS(Ve) N V(C)| = U N V(C)| > 1, hence the inequality continues to hold.

This proves our proposition as we have

U] = )3 [U:NV(C),

C:connected to U¢

and

S(Ve)| = )3 S(Ve) nV(C)|

C:connected to Uz

as each vertx/component is connected to Us. O
Proposition 8.9.17.

Y, (IV(G)l-1) = |CP(T)| - |CP(Ur)],

Gi€G(T,CP)

and additionally,

(#components connected to Uy but not S(Ve))+ Y, (|V(Gi)|—1) > [CP(1)| — |CP(S(Vr))] .
Gic€G(1,CP)
Proof. The proof to the first line is identical to that of proposition 8.6.13, as any component
is connected to U-.
For the second line, it is not true that any component in 7 is connected to S(Vr) here.
However, for each such component, it suffices for us to identify a vertex in |V (C) N U, | and
apply the induction process on the rainbow components therein, this change is accounted

for by the additional factor on the LHS. O

We are now ready to prove the desired claim. Taking average of the sum of the two
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equations in the proposition, we have

_ |CP(UL) |+ |CP(S(Vr))|

cP(7)| .
#components connected to U, but not S(V-
< (feomp edto U WDy v avgn -
gieg(’rly))
U.| —|S(V
MBI v vigy -,
G;€G(7,CP)

]

Proof to lemma 8.9.12. We may now complete the proof to the lemma combining the above

claims,

AR (T)cp - wr(T)cp

1 |S(Vr)|+|Ux| 1 1
— (_)|V(T)‘_f ) H (_)\V(Gi))l—l ) (_)IT(VT)I
k GieG(t,.CP) k \/%

.\/E|V(T)\UT|.k|CP(T)‘_|CP(UT)\+\2CP(S(VT)I).\/%|CP(T(VT))|

1 _ vt _lepu)l+jepsva)) 1 |CP(T(V,,))]
< (Ll |s<vT>|.(%)|V< N\Us| . lCP(r) f .(ﬁ)nw.\@

<1via claim 8.9.13

=

N

n T
< ( )IV( NUx|

T

where the last line follows by claim 8.9.15. O

8.9.4 Charging for Rainbow Extension

Lemma 8.9.18. For (X, CP) a rightwards-rainbow kernel-extension piece, we have

MR (Xep - w(X)ep < (VYO
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Proof. Unpacking the factors, we have

wK(X)CP : )‘E(X)CP

1 _Isw)l+Is(vy)| -~
- _)IV(X)\Dxl 7 CEv™(X)cp - (—=

= ( )lT(VX)\T Uy)| \/—\CP (Vx)\T(Ux))|
k

Yk )
<1
) \/ﬁ|V(X)\uX| ) k|cp(x\DX)|7\CP(UX\T(UX%)H‘CP(S(VX)”
for
1 1
Eov~™ = HIVEGil. \IV(G)|-1
XK= 1 0 m o
Gi€G(X,CP) GieG(X,CP)
Giincident toS(Uy) Gmot incident to S(Uy)

where we first observe |CP(T(Vx) \ T(Ux))| < |T(Vx) \ T(Ux)| by definition. We

next focus on the vertex factors, and observe that

(Ux)|+|S(Vy) [S(Ux)|+]S(Vx)
M Dx|— M

1)|v<x>\DX\— SV CO\Dx IS ()

(k \/_|V NUx| = (

1

VX

(i) X)\Uy| . 200115
k

Combining with the remaining factors, it remains for us to show

‘S(VX)‘;‘S(UX)‘ (X\Dyx)|— ‘CP(UX\NUX%)HCP(S(VX))\

- Ev(X)cp - kIP <1.

We complete the proof by the following claim which considers the above equation under

logarithm with k.

Claim 8.9.19.

S(Vx)[ = [S(Ux)| |CP(Ux \ T(Ux))| + CP(S(Vx))|

+|CP(X\ Dx)| -

2 2
< ) V@)+ ). (IV(G)| -1
G;:incident to Uy G;:not incident to Ux
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O]

Proof to claim 8.9.19. The proof is identical to that of proposition 8.6.15 where we crucially
observe that each vertex in S(Vx) is in the rainbow component of some vertex of some

vertex in S(Uy). O

8.9.5 Charging for MVS Extension

Lemma 8.9.20. For (X, CP) a rightwards-MVS kernel-extension piece, we have
AR (X)cp - wi(X)cp < slack(X, CP)

for
slack(X, CP) = (X11)IV()\Ux|

T

Proof. Start by unpacking the factors, we have

AR (X)cp - wr(X)cp =

|CP(S(Ux))[+ICP(S(Vx))I 1 IS(Ux)[+S(Vx)]
\/E\V(X)\le . KICP()\CP(Dy)| - xJIE X  Eo(X)cp - (%)IV(X)\Dx\—%

Since this is a rightwards-MVS-extension piece, we have Vx being an MVS for X. Hence,

!V MUl (%)V(X)\DX|S<”X>;5(VX)' _ !V ENDxlIsWol (%)W(X)\DXS(“X)';S(W

o s (%)W(X)\le.

Rewrite |Vx| = |S(Vx)| + |T(Ux) N T(Vx)|+|T(Vx) \ (T(Ux) N T(Vx))| as these three

sets are piecewise-disjoint, by Vx being an MVS for X, we have

Vx| < JUx| = [S(Ux)| + |T(Ux) N T(Vx)|,
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rearranging gives us

IS(Vx)[ + |T(Vx) \ (T(Ux) N T(Vx))| < [S(Ux)]|,

and hence |S(Vx)| < [S(Ux)].

We now consider the remaining color-factors of the above equation,

LICP(X)\CP(Dy)| - ISP ICPS ) Eo(X)ep < 1

by the following claim.

Claim 8.9.21.

|CP(X)\CP(Dx)|— ‘CP(S(UX))‘_ZF’CP(S(VX))’ < Z (|V(gi)|_1)
Gi€G(CP)

1

This follows by bounding

|CP(X) \ CP(Dx)| — |CP(S(Ux))| < Y. (V@) -1),
G,€G(X,CP)
GiE(G;)NE(X)#D

and
[CP(X) \ CP(Dx)[ = [CP(S(Vx))| < Y,  (v@)l-1,
Gi€G(X,CP)
GiE(Gi)NE(X)#D
respectively by considering a traversal from Ux and Vx, and notice each vertex is connected

to Ux and to Vx for an MVS-extension piece. Taking the average of the above proves the

claim and this completes the charging for MVS extension piece. O
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8.9.6 Charging for Irreducible Right Shapes with Intersections

We consider the slack for irreducible right shapes with non-trivial intersections. Similar
to our intersection analysis for Q, for any level of intersection T and 7 that intersects
into 7p, we factorize out the intersection component in ¢y = Yo A;0 X;... Ao X; for Y
a proper intersection-left-shape, and {A;, X;} the collection of rightwards rainbiw/MVS
extension pieces from the process of identifying rainbow MVS. This allows us to write
Tp = Tpo Ajo Xjo---0 A0 Xr, and apply weight function and approximate coefficient
for Tp.

Formally, we define the base piece for y as the following while the extension pieces are

identical to the kernel extension pieces for proper irreducible right shape.

Definition 8.9.22 (Base Piece for Kernel Intersection <y-shape). The base piece for intersection
of T oy into Tp is a shape Y obtained at the first stage of applying rainbow MVS decomposition
process without applying any further rightwards extensions. In other words, it is defined via the

following process,

1. S(Vy) is a MVS separating Uy U Int(7y)<, and S(V,) = S(Vz,) where Int(7y)<, is the set

of vertices in V (vy) intersecting with vertices in T beyond the boundary;

2. Let E(oy —Y) be the set of edges that can be reached from S(V.,) without passing through
S(Vy), and define edges E(Y) = E(y) \ E(E(y = Y);

3. We additionally apply the Ty update operation to give kernel partition on Y: Uy = V;
with inherited kernel partition, and T(Vy) is any vertex from T (V) \ S(Vy) that is either
reachable from Uy U Int(vy)+, without using any edge in E(-y —Y') or vertex not connected

to Uy U Int(y)x, U S(V.,) but incident to edges.

With the base piece defined, observe it satisfies the following structural property by

our decomposition,
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Definition 8.9.23. A shape Y is a base piece for kernel interesction if
1. Uy and Vy both come with kernel partitions;
2. S(Vy) is the MVS separating Uy U Int(Y);

3. T(Uy) C T(Vy) are dormant in Y, and any vertex in T(Vy) \ T(Uy) is reachable from

S(Vy) without passing through Uly.

Recall that Dy = T(Uy) N T(Vy) is the set of dormant vertices in T, we define the approximate

coefficient for Y as
~ N e (L ITET ()
AR = (7) S (G ()
Proposition 8.9.24.

A(1) <A TIAR (A1) - AR (X)

Proof. This follows by analogous proof to our decomposition of coefficient of irreducible

right shape into pieces. D

Lemma 8.9.25 (Slack for Intersection Base Piece).
AR (Tp)cpzy) - wk(Tp) < AK(T)ep(r) - Wk (T)cp(r) - slack(Y,CP(Y))

for
slack(Y,CP(Y)) := (%)W(Y”—W

Proof. This is analogous to lemma 8.7.4 by considering the left-intersection-shape to be

trivial. while we contain the full proof here for completeness On the LHS, we have

(Ly v -l

AR (Tp)cp(z) - wk(Tp) = Eo(T)cp(r) - EV™(Y)cp(y)
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max \/EIV(?p)I—IS\HI(?p)\_k|cp(roy)\ [ty FFISOA)I \/—\CP (W) ,(

S:sep. fortp

Apply intersection-trade-off lemma from claim 8.7.6, for any separator S of Tp, and write

S(7) as the MVS for 7 (to be distinguished from kernel-partition), we have

(+ )|V( )| — L Sl \/—\V )| =S|+ [1(p)|
k

(\/T_)W T0Y)]

Ur|+|V, Ur|+|V; g (Vy)l
Y "ai s QI LOTEES

Plugging into the original equation and writing
[CP(T(Vy))| < [CP(T(Vy) \ T(Uy))| + [CP(T(V=))|

as T(Vy) = T(Uy) C T(Vy), we have

T T Ly (V5
VI v (o) - L Wl Vel 5 )+ ()] - ey

AR (Tp)cp(zy) - wi(Tp) < (T

1
Tl 1
-

Ev(T)cp(r) - V1

T PIOANTD Ly

vk

(.

<1
- |CP(UY>‘;|CP(VY)‘

- Ev(Y)cpyyy - KT

- \CP(Uy)\JZHCP(Vy)\

Finally, and notice Ev(Y)cp(y) - kICP(Y) < \/EI‘”(VY) from claim 8.7.8, plug-

ging the bound from the previous level for T, we have

A~ ( )CP w(fP)CP \/ﬁ ‘V(Y)|_‘UY"2HVY|
= ere oD = k)

Multiplying our slack across each intersection-level, and the extension pieces within,

426

vk

L)mvm



our base piece bounds from lemma 8.9.25, lemma 8.9.12, and extension bounds from
lemma 8.9.18 and lemma 8.9.20, and our slack bound for approximating Ev (section 8.11.1)

and norm bound gives us

Lemma 8.9.26. For any irreducible right shape with t-level of intersections o, we have
Ak (0)cp(o) - Mk(e),epll < slack(c, CP)

for

slack(cr, CP) = (\/Tﬁ)zl- V(D) |~ L v ()] - e

- O(|rainbow(E(c))cp|)mmbow E@)eel . O(|V (1) \ Uy N Vi |)2IV @ONUNS(Va)l)

8.9.7 Well-conditionedness of L

Lemma 8.9.27. For the left-(color)-shape matrix,

L:= Y. AL(0,CP) - Mg cp),
(o,CP):color-left-shape
[V(e)[<Dy

we have

LLT - n—O(dsos)Id

Proof. This isidentical to analogous lemmas in prior works while we include the proof here
for completeness. For clarity, we suppress the dependence on truncation limit |V ()| <
Dy asitholds throughout, and we write o = (¢, CP,) for a color-shape without making the

dependence on CP explicit while noting that o, ¢’ are color-shapes throughout . Observe
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the block-structure in LL7,

T
T dsos
LL" = Z Z /\L((T, CP) . M(O’,CP) Z /\L(U, CP) . M(U,CP)
j=0 | (o,CP):color-left-shape (0,CP):color-left-shape
[V(e)| <Dy |V(0)|<Dy
|Vo|=j |Vo|=j
In particular, using Lemme E.56 [JPRX23] , we note that it is sufficient to find non-negative
weights {w;} for |V;| = j that rescales columns of L, and show that
T
dsos
Z Z A /ZU]' . )\L((T, CP) . M(U,CP) Z A /ZU]'/\L((T, CP) . M(U’,CP) > Id
j=0 | (o,CP):color-left-shape (0,CP):color-left-shape
|V(0)|<Dy |V(0)|<Dy
Vo|=j |Vo|=j
which would then imply in the unscaled version
T 1
LL" > Id.
max; w]
Unpacking the above rescaled columns, we have
T

dsos
Z Z \/W] “AL (0’, CP) : M(U’,CP) Z \/wj)\L (0-/ CP) ’ M((T,CP)

j=0 | (o,CP):color-left-shape (0,CP):color-left-shape
[V(0)|<Dy |V(0)|<Dy
V| =] Vo |=j
dsos

Zij(Id]-—i— Y, Ae(Me+Myr)+ ) /\UMU/\U/M;)
=0 oo’

j onon-trivial
non-trivial
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Since the last two term is PSD, it suffices to focus on the first term. Next we observe that

for each term in the summand above, i.e. for any fixed j,

Y AL(o) (Mo +Myr) = Y —2A1(0)[[Me]| - Idy

o:non-trivial |U|<j

Summing over all j gives us

dsos
ij(ldj+ Z )\U(M0+MUT)) = Zwv‘Idv_zwvAL(U-)HMUHIdU
v o

j=0 omon-trivial

Picking wy, = O((})"/2) gives us the desired lower bound of Id by applying Lemma E.57.

That said, this implies a final lower bound of

LT L 4= (1)O<d5°5> . 1d
max wy, k
via observing the largest | V;;| has size at most dsos in the decomposition. O

Lemma 8.9.28. For Qyyunc the term for truncation terms such that LQtruncLT = Mipune, we have

HQtrunc” < 0(1)

This is standard as in prior works, picking truncation parameter Dy = ©(dsoslogn)
ensures us that

IA(T)cp - Mycp]| < n—dsos)

where the constant slack in the exponent can be tweaked by modifying the constant in
Dy. Combining with our count function gives the corresponding bound for || Mgync|| <

O(n=d0s)) " The proof is identical to its analog in [BHK*16, JPR*22]. As a corollary,
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combining with our well-conditiondess bound, we have

1Qtruncll < IL7HI* - | Mirunc|| < o(1)

by taking a large enough constant for Dy = ¢ - dsoslog n.

8.10 Spectral Norm Bound for Graph Matrix for Color Shapes

We recall the definition of graph matrix for color-shape,

Definition 8.10.1 (Graph matrix for Color-Shape). Given a color-shape («, CP), we define its
corresponding graph M(a)cp as a matrix with rows and columns indexed by any order-tuple of

[n] x [k] of size at most 95 with entries given by

Mcr (U Bu), (V.Bv)] =} D [T %60)(G)-
:V ()= [n] BV(a)—[k  (ij)eE(a)
injective BGCP
HEP V=) By = pu vy =py
Again, this is the usual graph matrix except each vertex receives an additional label in

k] for its color, and CP is a grouping of coloring for vertices in the shape.

Trace moment method Our proof proceeds by analyzing trace moments of matrices us-
ing that for any A, the spectral norm || A||spec < tr((AAT)1) 2, Taking g to be logarithmic
in the dimension of A suffices to get a bound on ||A|| sharp up to 1 + ¢ for an arbitrarily
small § > 0.

The trace power can be expanded as a sum of weighted walks of length 2g over the
entries of M,, and each walk can be viewed as a labeling of a graph composed of g blocks
of « and aT: each term in the expansion of tr((MyM, )7) corresponds to a labeling of the

vertices in g copies of a and a with labels from [n] (i.e, vertices of the graph G) and a
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label from [k] satisfying some additional constraints that correspond to a valid walk. In
particular, we recover the usual graph matrix without colors if we restrict ourselves to

labels in [n]. The following definition captures these constraints.

Definition 8.10.2 (Color-Shape walk and its valid labelings). Let  be a shape and q € IN.
For each walk P, let Gp(w,2q) be the Color-Shape Walk graph of the shape-walk P vertices on

vertices Vp(a,2q) formed by the following process,
1. Take q copies of ay, ..., &g of &, and q copies of af, ..., a] of a;

2. For each copy of a; (and a]), we associate it with a labeling, i.e., an injective map ;

V() — [n] (and respectively ! for aT);

3. For each i € [q|, we require the boundary labels to be consistent as ordered tuples, i.e.
Yi(Un) = ;1 (Vi) and ¢;(U,r) = ¢i(Viy,);

4. Additionally, each such walk must be closed, i.e., Yo (V,r) = 11(Uy) as a tuple-equality;

5. Each vertex in Vp(w,2q) receive a color-label in [k|;

6. We call each a; and o] block a block-step in the walk.
For each walk-graph , we associate it with a natural decomposition P =y opjogppo---opgo i,

Proposition 8.10.3. For shape T and any color-partition CP, forany g > O ((|U|+ | Vz|) polylogn),

for any € > 0, we have
T \1 2g
E[Tr (Mr.crMcp) ] < ((14€) - By(x,CP)

for candidate norm bound

V(D\S] Vi 1—p o)
By(7,CP) = smax (Vn-(2q- V(D)) : (m)'“”' ( —) (29 [V (1)]) IS\
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max kB - EUD BVl
peCp

E(5)
c ﬁwm\syﬁmr)_( 1—19)

2|V (7)|q) [V (T)\UNVe|

" S:separator p

(24 - |V (1) \ Uy N V| 21V (D\UNVa] | [CP(m)| - PR ICEe]

where as usual 1(T) is the set of isolated vertices, and |B(T)| is the number of distinct colors of
V(7) under B, and analogously |B(U<)|, |B(Vz)| the number of distinct colors under p in U, and
VT-

With some abuse of notation, we also ignore the dependence on  and write

k|CP(T)|_\CP<UT)\2w |— B +1A(e)]

= max klf(7)
BeCP

by fixing CP to be the coloring maximizer B € CP , so that we can view CP also a coloring with

label in [k| abstracted out, and have |CP(t)| = |B(7)| and analogously |CP(U)| = B(U.)|

[CP(Va)| = |B(V2)].

4

As a corollary, we obtain the following norm bound for graph matrix that holds with

high probability,

Corollary 8.10.4. With probability at least , for any € > 0, we have

Loy

Pr[”MT,CPH > Bq(T,CP)} < (1 s e
norm

for some constant cnorm > 1.

For application to our SoS lower bounds, standard to prior works in [BHK ™16, GJJ*20b,
JPR"22, JPRX23, KPX24] we pick a global parameter 4 = ®(Dy ) so that the bound holds
for all graph matrices after a union bound over all shapes of concerned. We are now ready

to prove the block-value bound via race moment calculation.
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Proof. We apply trace moment method as introduced. The dependence of norm bound in
the factor of [n] follows straightforwardly from [JPR*22] and [KPX24] while we restate the
proof here for completeness and to highlight its adaptation to the factor of [k], i.e., factors
incurred by identifying color of each vertex. Using ideas from Sec 2.1 in [KPX24] and
[HKPX23], the crux of finding B,(7,CP) is to identify a vertex/edge-factor assignment

scheme for each block-step in the trace expansion, and verify that
q
E[Tr(MT,CPMZ,CP> ] < Cost of Identifying the Start - B,(t,CP)% .

for some candidate upper bound B, (7, CP) that upper bounds the contribution of each
step (or more formally, block-step). We refer interested reader to [KPX24] for a thorough
introduction, while we highlight the adaptation to our setting. In our case, the cost of
identifying the start is at most (1k)!Ul, and we note that we have (nk)!Ul < (1 + €)?7 for
any € > 0 provided g > O(|U;|polylogn). That said, our focus is simply to identify a

candidate upper bound function B, for each block, which would then give us
q 2
E[Tr (MM cp) ] < ((1+€) - By(r,CP))™ .

Each block-function is associated with a factor-assignment scheme, and we consider the

following scheme.

1. For each vertex appearing for the first/last time in the given block, assign a factor of

Vi (2q|V(T) \ U N Ve|);

2. For each vertex appearing for the middle time (but also not in U, N V7) in the given

block, assign a factor of 2|V (7) \ Ur N V¢|;

3. For each edge making a middle appearance (i.e. an H-step in the language of

[KPX24]), assign a factor of 4/ 177’0.
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Claim 8.10.5. The above is a valid assignment scheme.

Proof. To see that this is a valid assignment scheme, note that one can write

1 mu e
E[Tr (MeceMEcp) 1= Y TTEe(G)™r)
P:walk ecP

by straightforward trace expansion, and there are two kinds of factors in the above, vertex-
factor (for combinatorial counting) that is used to identify the walk, and analytical edge-
factor from expectation of the random variables.

In our case, as we are working with normalized Fourier variables, observe that the
above is 0 if any edge appears only once, and each edge gives value 1 if appearing twice,

t—2

and moreover, a value I_Tp for any edge that appears t-times in the walk for t > 2.

That said, we distribute the 177’7 factor of each edge to each block it makes a middle
appearance, and crucially, notice that we simply assign a factor 1 if the edge is making
tirst/last time.

For vertex factors (restricted to labels in [n]), notice to identify the walk, it suffices for
us to put down a label in [n] the first time a vertex appears, and a cost of 2|V (7)|q each
time the vertex appears beyond the first time. Therefore, we crucially distribute the factor
n to the first and last time of which the vertex appears, which is therefore a /1 for each

appearance. Moreover, we give an additional factor 2|V (7)|g for each time the vertex

appears as a loose upper bound. O

We next show how to relate the block-value bound B, (1) to vertex separators. For each

block-step, include each vertex making middle appearance in the block into the set S.

Claim 8.10.6. S is a separator for T unless some edge appears only once in the walk.

Proof. To see this, suppose S is not a separator, we have a path from U; to V; that does

not pas through S. By construction of our set S, no vertex along the path is making a
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middle appearance. Since by definition, a vertex cannot be making first appearance in U
or last appearance in Vz, starting from the vertex making last appearance in U, at some
point the path must pass through a switch-edge, an edge with one endpoint making last
appearance and one endpoint making its first appearance. Any such edge appears only

once throughout the walk, and this proves the claim. O

That said, to upper bound the contribution of each BlockStep, it is sufficient for us to
upper bound its corresponding value from the set S as a separator. For each separator
S, notice the value of the blockstep is upper bounded by its corresponding factors on the
RHS. This completes the proof to our factors in #.

To see the factor in k, consider the following factor-assignment scheme similar to the

above,
1. For each color appearing for the first/last time, assign a factor of v/k;

2. For each color used by vertex outside U; N V; appearing for the middle time, assign

a factor of 2|V (7)|g.
3. Vertices in U; N V; have their color fixed, and therefore no factor is needed.

Therefore, for each block with coloring B for 7, its contribution of color-factor is at most
lB() |- AL 2|V (7)|q)IV(O\UVe] where we use a loose upper bound as only ver-
tices in V(7) \ Ur N Vr may require encoding for its color. Since we do not optimize the
dependence of subpolynomial factors in this work, we subsume this factor into the depen-

dence of 2|V (7)|q in our final bound. O

8.11 Deferred Proofs
8.11.1 Correction Magnitude Bound
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Proposition 8.11.1 (Restatement of proposition 8.4.2). For any component C,

[Rbginnea(C)| < 217 (2 |E(C)IFE.

Proof. We focus on component C that is not a ground-component, i.e., a tree or a single

cycle. For non-ground component C, we first observe that

Y. |Colorval[Clg| < 1

B:rainbow,B(v)=a k—1
as we can reserve a cross-color edge (with a factor of ﬁ) unused in the above process.
and apply the prior argument to get a bound of 215 (k — 1) = 1 for each vertex beyond the
tirst one. Moreover, since the value for pure-color (once the first vertex’s color is pinned)

is 1, we shall now focus on the factors from mixed-color.

By our recursive process, any mixed-coloring B corresponds to pure(C, ) # @ be the
subset of edges that get removed. Let G = {G; }; be the sequence of connected components
obtained by removing pure(C, ) from E(C). Note that any of the resulting components

be G; under B is a rainbow-color component, and the value is defined as

[Eo(C)g| =1 T Ev(Gi)gcy)l
G;eg

Let us now group the collection of mixed-colorings 8 based on the pure-edge subset Ep
and observe the following. For any Ep # @, we note that once we pin down an arbitrary
vertex v in C to an arbitrary color, there is a path to traverse the collection of connected
components using pure-color edge, such that each component (including the first one

being pinned down by color for v) has at least one vertex’s color pinned.
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We have

Y eyl XTI |Ee(Gga)

Brmixed B:mixed G;€G
Pure(C,B)=Ep Pure(C,B)=Ep
p(v)=a p(v)=a

< TI ) |E0(Gy)g|
Gieg Bi:V(Gi)—[K]
rainbow
B(v;)pinned for some v;€V(G;)

where we observe the second line inequality as given the first color f(v) = a, any compo-
nent has its root vertex pinned while potentially more, hence there are potentially more
terms on the RHS while any term on the LHS can be mapped injectively to a decomposi-

tion into {B(R;)} on the RHS. Finally, notice

2 }EU(Gi)ﬁi‘ < Rbpinned(Gi)
‘BiZV(G];)%[k]
,B(vi)pinnecf?g; s(c))vl\1’1e 0;,€V(G)

by recalling the original definition, we have arrived at

Z ‘EU(C)ﬁ‘ < ]_—[ Rbpinned(Gi)
B:mixed G;eg
Pure(C,B)=Ep
p(v)=a

where § is the collection of components obtained from removing Ep. Let us now return
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to the original equation bounding Rbpinned(C),

Rbpinned (C) == ) |Colorval[Clg|+ Y |Colorval[Clg|+ Y |Colorval[Clg| + [x(C)g|

B:rainbow B:pure B:mixed

N J/ J/

Sl+—+ ) IT Rbpinned(Gi)
@#EpCE(C) GG (Ep)
Applying the expansion recursively for the Rb on the RHS until G; is a ground-component.
By the sum-product structure, expanding out all the mixed-value terms, each term in
the ultimate expansion corresponds to a monomial given by a product of a collection of
ground-level components G = {G;} obtained by removing edges in C, and each monomial

product has magnitude at most

H |Rbpinned (Gi)| < pLi([V(Gi)|=1) < 2lV(C)]
Gieg

and the coefficient of such monomial is at most (1 + 2;)F < e T < (14 0(1))El for the

dense regime when |E| = o(k).

It now remains to bound the number of such product terms. Notice each product
corresponds to an ordering of edges in E(C) being removed that gives rise to the final
decomposition of G = {G;}, there are 2/E(C)l many of such collections. For any collection
of ground-components, notice we have at most |E(C)| levels as each level some edge gets
removed, and since each term such collection appears corresponds to some ordering of
edge-removal, we have at most |E(C)|/E(©)| many such terms. Therefore, we have proven
a bound of

Rbpined(C) < (1+0,(1)2) EC)1-2VOL. [E(C) [EO,
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As a corollary, we also have

Rb(C) < 7IV(O) . (2- ]E(C)\)‘E(C)‘ )

Lemma 8.11.2 (Slack Bound for Proxy Coefficient ). For a shape T, we have

T < (v

Ev™(T)

. ~ 1 |V(Cl)‘_1
where we remind the reader that Ev™ () = []c,cg(xcp) (E) _

Proof. Observe that the approximation is only applied on each rainbow component, and

for rainbow component C the exact coefficient is given by

k- ‘Rbpinned(c)‘
[Rs(C)]

H |C0|0rVa|[Ci]rainbow + K(C + i)rainbow| < H
C; Ci

where we remind the reader that |Rs(C)| is the collection of rainbow coloring for C, and
notice that there are at least |k — Dy|!V(€)l many rainbow coloring for each component C.

That said, for each component, we have factor

k 1 k v (©l D
Loy (k0 Do) _ v (C)l

as we consider Dy = @(dsoslogn) and dsos < k!/¢ for some constant ¢; > 0 in our
hardness result.
Plugging our bound for |Rbp;uea(C)|, the slack from |Rbp;ueq(C)| ultimately domi-
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nates, and we have

< O(|V (1) VOF)

‘ Ev(T)cp
Ev~(T)
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