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“The mind fears the heart, but the heart doesn’t mind.

No I may not be perfect, but I’m loving this life.

...

I’m a million miles ahead of where I’m from,

But there’s still another million miles to come.”

— Tim Bergling (a.k.a. Avicii), “Trouble”
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Abstract

Given a social network graph, how can we predict connections between users

and determine whether they are based on shared hobbies or common friends?

Given a database containing molecular graphs, how can we determine whether

the graphs inhibit HIV replication based on substructures they frequently share?

Similarly, in time series data from EEG recording, how can we identify seizures

and explain why they are considered abnormal? Although recent machine learn-

ing methods have shown improved performance, many remain black-box models,

making explainability challenging. This leads us to explainable artificial intelli-

gence (XAI), which offers valuable insights through its explanations and is more

practical for deployment in real-world applications.

In this thesis, we focus on developing explainable machine learning methods

tailored for graphs and time series. Each method we propose is either inherently

explainable, or designed to automatically provide data analysis or justification for

its decisions. In each part, we present effective and general algorithms, and explore

a broad range of applications.

In the first part, we focus on node-level graph mining. We propose algorithms

to analyze various types of information in graphs, e.g., the network effects of the

graph structure, and the usable information in the node features. Our proposed

linear methods are not only inherently interpretable and fast, but also outperform

baselines in solving node classification and link prediction tasks. In node classifi-

cation, our method improves the accuracy by 10.3% over the second-best baseline,

while being 2.5 times faster. In link prediction, our method achieves an average rank

1.1, outperforming baselines on 11 out of 12 real-world datasets. In the application

of graph retrieval-augmented generation, our agentic method achieves an average

relative improvement of 51%.

In the second part, we focus on graph-level graph mining. We discover fre-

quent substructures using the minimum description length (MDL) principle and

learnable graph kernels. In graph anomaly detection, our MDL-based method is 58

times faster than the second-best baseline, while achieving 1.3 times higher average

precision. In graph regression, our method with learnable graph kernels improves

the mean absolute error by 14.3%. In the application of human trafficking detection,

our method detects human trafficking ads with 84% precision, while requiring only

8 hours to process 4 million documents.

In the third part, we focus on time series mining, with an emphasis on time

series anomaly detection. Our self-supervised method effectively identifies the

ground truth hyperparameters of anomalies in time series data, resulting in an av-

erage rank 2.2 compared to the baselines. In the application involving medical EEG

signals, unlike traditional point anomaly detection methods, we focus on identify-

ing group anomalies that occur within a short period and exhibit similar abnormal

patterns. Our method is fast and scalable, and discovers and ranks both point and

group anomalies in 2 minutes for 1 million data points on a stock machine.
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Chapter 1

Introduction

1.1 Motivation

In the last decade, many e�ective machine learning (ML) and deep learning methods have been
proposed to solve a variety of problems in graphs and time series. However, the majority of
the methods are designed to optimize performance, often neglecting the importance of model
transparency. In other words, these black-box methods are neither inherently explainable nor
provide explanations for their decisions.

For this reason, in recent years, explainable arti�cial intelligence (XAI) has gained a lot of
attention. These approaches are designed not only to provide explanations but also to remain
e�ective. XAI paves the way for ML methods to be adopted in the real world, especially in
domains that require well-justi�ed solutions. These domains include legal, medical, �nancial,
and so on. For example, if an ML method is developed to help a physician make medical de-
cisions, it must provide explanations. It is crucial that the method and the doctor complement
each other by allowing the doctor to understand why the decision was made. Another example
is �nancial data, where an explainable method can provide insights into suspicious activities,
allowing domain experts to investigate further.

Among the many types of data, graphs and time series are two of the most common in
the real world. Graphs, including social networks and �nancial networks, have been applied
to numerous applications to identify the properties of individual nodes and the relationships
between nodes (Figure 1.1a). Meanwhile, many applications operate on databases containing
multiple graphs (Figure 1.1b), such as anomaly detection and molecular property prediction.
Similarly, time series data have been widely used in monitoring applications in various systems,
such as server machine metrics and EEG recordings, enabling us to detect anomalies in time
series (Figure 1.1c). Hence, the research questions we aim to answer are:
RQ1.Node-Level Graph Mining: How can we determine the information in the graph that

is useful for solving node-level graph tasks e�ectively?

RQ2.Graph-Level Graph Mining: How can we identify frequent substructures in a graph
database and leverage them for downstream graph-level graph tasks?

RQ3.Time Series Mining: How can we detect anomalies in time series data?
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(a) Part I: Node Classi�cation and Link Prediction (b) Part II: Frequent Substructure Mining

(c) Part III: Seizure Detection in EEG Recording

Figure 1.1:Applications on graphs and time series. (a)Node-Level Graph Mining (Part I):
We solve tasks such as node classi�cation and link prediction in an attributed graph. (b)Graph-
Level Graph Mining (Part II): We detect frequent substructures in a graph database and lever-
age them to solve tasks, such as graph anomaly detection and graph regression. (c)Time Series
Mining (Part III): We detect anomalous time periods in a time series data.

1.2 Overview and Contributions

In this thesis, we focus on introducing explainable ML methods tailored for graphs and time
series. Our methods are carefully designed to be either:

1. Inherently explainable, such as linear models, or
2. Capable of providing explanationsfor the dataset or the decisions they make.

More speci�cally, we develop algorithms to address fundamental ML problems, as well as solve
a diverse range of real-world applications with domain-speci�c insights. As shown in Table 1.1,
our contributions can be divided into three topics: node-level graph mining (Part I), graph-level
graph mining (Part II), and time series mining (Part III); as well as two categories: algorithm and
application. We always support the necessity of the designs in our proposed methods through
careful data analysis or systematic analysis of existing algorithms.
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Topic Category Task Method Chapter Link

Part I:
Node-Level

Graph Mining

Algorithm
Node Classi�cation

NetEffect Ÿ 3 [PDF]

SlimG Ÿ 4 [PDF]

" & Link Prediction NetInfoF Ÿ 5 [PDF]

Application Graph RAG HybGRAG Ÿ 6 [PDF]

Part II:
Graph-Level

Graph Mining

Algorithm
Graph Anomaly Detection GAWD Ÿ 7 [PDF]

" & Graph Regression RWK+ Ÿ 8 [PDF]

Application Human Tra�cking Detection DeltaShield Ÿ 9 [PDF]

Part III:
Time Series Mining

Algorithm Anomaly Detection TSAP Ÿ 10 [PDF]

Application Seizure Detection gen2Out Ÿ 11 [PDF]

Table 1.1:Thesis Overview.

1.2.1 Part I: Node-Level Graph Mining

Algorithm In Chapter 3, we proposeNetEffect , including a statistical test to identify if
there are network e�ects (i.e. homophily, heterophily, both or none) in the given graph without
node features. Thanks to our estimated compatibility matrix,NetEffect is12.9%more accurate
and3.4� faster for node classi�cation. In Chapter 4, we further consider the node features and
proposeSlimG, a linear graph neural network (GNN) that e�ectively classi�es the nodes in
both homophily and heterophily graphs. Compared to non-linear GNNs,SlimGis explainable,
while being10.3%more accurate and2.5� faster. In Chapter 5, we extend this idea and propose
NetInfoF to measure and exploit usable information in graphs for both node classi�cation and
link prediction. NetInfoF is the �rst linear GNN that is generalized to link prediction and
achieves anaverage rank 1.1among state-of-the-art baselines.

Application In Chapter 6, we proposeHybGRAG, a retrieval-augmented generation (RAG)
method designed to handle �hybrid� questions that require both relational and textual infor-
mation to be answered. By addressing the fundamental challenges we identi�ed,HybGRAG
achieves an average relative improvement of51%.

Impact NetInfoF was accepted for spotlight presentation (top 5%) at ICLR 2024.

1.2.2 Part II: Graph-Level Graph Mining

Algorithm In Chapter 7, we proposeGAWD, a minimum description length (MDL) method
that identi�es anomalous graphs in a database containing many graphs, based on frequent
substructure mining.GAWDis up to58� faster, while being1.3� better in average precision. In
Chapter 8, we further explore learning frequent substructures with graph kernels and propose
an improved random walk kernel, RWK+ , which can be used to extract structural features from

3



the graph database. Applied to a large graph regression benchmark, a model using features
extracted by RWK+ outperforms the baseline by14.3%in mean absolute error.

Application In Chapter 9, we proposeDeltaShield , which detects shared templates across
millions of escort advertisements based on MDL and allows incremental updates by represent-
ing them as graphs.DeltaShield detects human-tra�cking advertisements with84%precision,
while requiring only 8 hoursfor 4 million documents.

Impact DeltaShield received media coverage from WPXI„ .

1.2.3 Part III: Time Series Mining

Algorithm In Chapter 10, we introduceTSAPthat automatically �ne-tunes the best hy-
perparameters for creating pseudo-time-series anomalies, to learn the anomaly detector in a
self-supervised manner.TSAPachieves anaverage rank 2.2in F1 score and identi�es the true
hyperparameters of anomalies.

Application In Chapter 11, we proposegen2Out to detect seizures (group anomalies) in
time series EEG recordings and to distinguish them from irrelevant noise (point anomalies).
gen2Out is the �rst to detect both types of anomaly and takes only2 minutesto run on 1
million data points.

„ https://www.wpxi.com/news/top-stories/carnegie-mellon-university-res
earchers-develop-human-trafficking-algorithm/4OGNYHSW3VHZDOGFVC2Y6QHET
I/
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Chapter 2

Background

2.1 Explainability

Many explanation methods have been proposed to improve the explainability of machine learn-
ing models [Lip18, DBH18, BH21], including feature importance-based methods [RSG16, LL17,
RSG18], counterfactual explanations [WMR17, VDH20], and contrastive explanations [Mil21,
JSR+ 21]. However, most methods remain post-hoc, interpreting existing black-box models after
they have been trained and evaluated. In contrast, our proposed methods in this thesis not only
achieve state-of-the-art performance on the given tasks, but also generate faithful explanations
that are integrated into the task-solving process.

We compare our proposed methods with existing explanation methods in Table 2.1 and show
that our methods ful�ll all desired properties, including faithfulness, explicitness, and stability
[AJ18]. Faithfulness denotes whether the explanation accurately re�ects the decision-making
process; explicitness denotes whether the explanation clearly demonstrates the reasoning be-
hind a decision; stability denotes whether small perturbations in the input lead to di�erent
explanations. A key distinction is that our proposed methods are capable of solving the task
and achieving state-of-the-art performance, while most explanation methods are post-hoc and
not designed to perform the task, making comparison of explanations less meaningful, as the
methods serve fundamentally di�erent purposes.

Whereas most post-hoc explanation methods are not considered faithful [Rud19], our meth-
ods generate explanations that are integrated into the task-solving process and are therefore
considered faithful by design. For example,SlimG (Chapter 4) andNetInfoF (Chapter 5) are
linear models, where the learned coe�cients directly re�ect the in�uence of input features. As
argued by [AJ18], linear methods are faithful. Similarly,DeltaShield (Chapter 9) andgen2Out
(Chapter 11) provide faithful explanations by explicitly visualizing the intermediate steps of the
task-solving process; scatter-plots have been successfully used before for explanations, such as
in the LookOut paper [GES+ 18].
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Table 2.1:Our explainable ML methods match all specs , while baselines miss one or more.
`?' denotes that it depends on speci�c methods.

Property
Feature-Importance Counterfactual Contrastive

Our Methods
[RSG16, LL17, RSG18] [WMR17, VDH20] [Mil21, JSR+ 21]

Integrated vs. Post-Hoc Post-Hoc (Mostly) Post-Hoc (Mostly) Post-Hoc Integrated

1. Faithful ? "
2. Explicit " " " "
3. Stable ? ? "

4. Task-Solving "

2.2 Graphs

De�nition 2.1: Homogeneous graph

A homogeneous graphG is a data structure that consists of nodesV and edgesE � V �V ,
where both the nodes and edges are of the same type.

For example, in a social network graph, the nodes represent the users, and the edges indicate
whether two users are friends. The structure of a graph withn = jVj nodes can be represented
by an adjacency matrixA 2 Rn� n , whereA uv = 1 if (u; v) 2 E, and 0 otherwise. Each
nodei has a unique labell(i ) 2 f 1; : : : ; cg, wherec is the number of classes. The set of labels
y = f l(1); : : : ; l(n)g can be represented by a one-hot matrixY 2 Rn� c. Graphs that do not
contain node features are calledfeaturelessgraphs, while graphs that contain node features or
attributesX 2 Rn� f , wheref is the number of features, are callednode-attributedgraphs.

De�nition 2.2: Knowledge graph

A knowledge graph (KG) is a heterogeneous graph that contains tripletsK = f (u; r; t ) j
u; t 2 N ; r 2 Rg , whereN andR denote the sets of entities (nodes) and relations (edges),
respectively, and each entityu 2 N has a typet(u) 2 T .

For example, in the Wikipedia KG, a triplet can represent a fact such as {Washington D.C.,
is-capital-of,USA}, where the type of head entity iscity and the type of tail entity iscountry.
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2.3 Graph Databases

De�nition 2.3: Graph database

A graph database consists ofI graphsG = f G1; : : : ; GI g, where each graphGi (Vi ; Ei ) has
a set of nodesVi and a set of edgesEi .

For example, in a molecule graph database, each graph represents a molecule, where the nodes
are atoms, and the edges are chemical bonds. If the database is node-labeled and weighted,
each nodev 2 V i has a labell(v) 2 T , whereT is the set of unique node labels, and each edge
(u; v) 2 Ei is associated with a weightw(u; v). If the database is node-attributed, each graph
Gi is associated with a node feature matrixX G i 2 RjV i j� f , wheref is the feature dimension.

2.4 Time Series Anomaly Detection

De�nition 2.4: Univariate time series

A univariate time seriesx = f x1; x2; : : : ; xT g is a sequentially ordered collection ofT data
points, wherex i 2 R corresponds to a scalar observation at time stepi .

For example, a time series can represent an EEG recording, or the memory utilization of a
monitoring server, collected every second.

Anomaly detection in time series can be divided into two categories: sequence-level and
point-level. In sequence-level anomaly detection, given a set of time seriesX = f x1; : : : ; xM g,
the task is to detect anomalous time series by assigning a labelyi 2 f� 1; +1g to x i 2 X . In
point-level anomaly detection, given a time seriesx, the task is to detect anomalous time points
by assigning labelsy = f y1; : : : ; yT g to x, wherey 2 f� 1; +1g.

2.5 Linear Algebra Preliminaries

This section reviews key linear algebra operations used throughout this thesis.
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De�nition 2.5: Hadamard product

The Hadamard product for two matricesX 2 Rm� n andY 2 Rm� n is as follows:

(X � Y ) ij = X ij Y ij ; (2.1)

whereX ij is the element at rowi and columnj .

De�nition 2.6: Vectorization

The vectorization for a matrixX 2 Rm� n is as follows:

vec(X ) = [ X 11; � � � ; X m1; X 12; � � � ; X m2; � � � ; X mn ]| ; (2.2)

whereX ij is the element at rowi and columnj .

De�nition 2.7: Kronecker product

The Knronecker product for two matricesX 2 Rm� n andY 2 Rp� q is as follows:

X 
 Y =

2

6
6
6
4

X 11Y X 12Y � � � X 1nY
X 21Y X 22Y � � � X 2nY

...
...

...
...

X m1Y X m2Y � � � X mn Y

3

7
7
7
5

; (2.3)

whereX ij is the element at rowi and columnj , and the size ofX 
 Y is pm � qn.

De�nition 2.8: Mixed Kronecker matrix-vector product property

The mixed Kronecker matrix-vector product for matricesX , Y andZ is as follows:

(X 
 Y )vec(Z) = vec(YZX | ) (2.4)

2.6 Acronyms

Table 2.2 lists the acronyms used in this thesis, sorted in alphabetical order.
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Table 2.2: Table of Acronyms.

Acronym De�nition

AP Average Precision
ARI Adjusted Rand Index

AUC Area Under Curve
BP Belief Propagation
ES Early-Stopping

GCN Graph Convolutional Networks
GNE Generalized Network-E�ects
GNN Graph Neural Network

GRAG Graph Retrieval-Augmented Generation
HQA Hybrid Question Answering

HT Human Tra�cking
ICL In-Context Learning

IF Isolation Forest
KBQA Knowledge Base Question Answering

KCN Kernel Convolution Network
KG Knowledge Graph

LLM Large Language Model
LR Logistic Regression

MAE Mean Absolute Error
MDL Minimum Description Length

ML Machine Learning
MSA Multiple Sequence Alignment
NUI Network Usable Information

ODQA Open-Domain Question Answering
PCA Principal Component Analysis
POA Partial Order Alignment
PPR Personalized PageRank
RAG Retrieval-Augmented Generation
ROC Receiver Operating Characteristic
RWK Random Walk Kernel
SGC Simple Graph Convolution
SKB Semi-Structured Knowledge Base
SSL Self-Supervised Learning

SVD Singular Value Decomposition
TSAD Time Series Anomaly Detection

VSS Vector Similarity Search
XAI Explainable Arti�cial Intelligence
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Part I

Node-Level Graph Mining
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Overview of Part I

Given a graph, how can we solve node classi�cation and link prediction?
How can we identify which information in the graph is useful for the given node-level tasks?

In a graph, the structure may or may not be useful for inferring node labels. Similarly, in
an attributed graph, node features are not necessarily useful for the task. In this chapter, given
a graph, we want an explanation of whether graph tasks can be e�ectively solved. In other
words, we aim to determine which aspects of the graph, such as its structure and node features,
are useful for the task.

We address this problem in three di�erent settings of increasing di�culty and propose three
correspondingalgorithms :

ˆ Ÿ 3: Node classi�cation in a featureless graph �NetEffect solves it and provides a statis-
tical test to determine whether nodes with di�erent class labels are randomly connected.

ˆ Ÿ 4: Node classi�cation in an attributed graph �SlimGsolves it by identifying whether
the graph structure or node features are useful based on the learned weights.

ˆ Ÿ 5: Node classi�cation and link prediction in an attributed graph �NetInfoF solves both
and quantitatively measures how informative the graph structure and node features are.

We further extend this problem to a real-world graphapplication :
ˆ Ÿ 6: In graph retrieval-augmented generation (GRAG),HybGRAGdetermines if a question

should be answered by the information from knowledge graphs or text documents.
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Chapter 3

NetEffect : Discovery and
Exploitation of Generalized
Network E�ects

Chapter based on work that appeared at PAKDD 2024 [LSYF24] [PDF].

Given a large graph with few node labels, how can we (a) identify whether there isgener-
alized network-e�ects(GNE) or not, (b) estimate GNE to explain the interrelations among
node classes, and (c) exploit GNE e�ciently to improve the performance on downstream
tasks? The knowledge of GNE is valuable for various tasks like node classi�cation and
targeted advertising. However, identifying GNE such as homophily, heterophily or their
combination is challenging in real-world graphs due to limited availability of node labels
and noisy edges.

In this chapter, we proposeNetEffect , a graph mining approach to address the above
issues, enjoying the following properties: (i)Principled: a statistical test to determine the
presence of GNE in a graph with few node labels; (ii)Generaland Explainable: a closed-
form solution to estimate the speci�c type of GNE observed; and (iii)AccurateandScalable:
the integration of GNE for accurate and fast node classi�cation.

Applied on real-world graphs,NetEffect discovers unexpected absences of GNE in
numerous graphs, which were recognized to exhibit heterophily. Further, we show that
incorporating GNE is e�ective on node classi�cation. On a million-scale graph,NetEffect
achieves over7� speedup (14 minutesvs. 2 hours) compared to most competitors.
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(a) NetEffect_Test :
Principled

(b) NetEffect_Est :
General and Explainable

(c) NetEffect_Exp :
Accurate and Scalable

Figure 3.1: NetEffect works well in node classi�cation , thanks to its three novel con-
tributions: (a)NetEffect_Test statistically tests the existence of GNE. (b)NetEffect_Est
explains the graph with thex-ophily compatibility matrix. (c)NetEffect_Exp wins and is fast.

3.1 Introduction

Given a large graph with few node labels and no node features, how can we check whether
the graph structure is useful for classifying nodes or not? Node classi�cation is often used to
infer labels on large real-world graphs. Since manual labeling is expensive, it is common that
only a few node labels are available. For example, in a million-scale social network, identifying
even a fraction (say 5%) of users' groups is prohibitive, limiting the application of methods
that assume many labels are given. With the prevalence of graphs in industry and academia
alike, there is a growing need among users to know whether these graph structures provide
meaningful information for inference tasks. Therefore, before investing a huge amount of time
and resources into potentially unsuccessful experiments, a preliminary test is earnestly needed.

That is to say, we want to know whether the given graph hasgeneralized network-e�ects
(GNE) or not. A graph with GNE provides meaningful information through the structure that
can be used to identify the labels of nodes. For example, �engineers tend to have engineer
friends� denotes homophily, while �talkative person tends to make friends with silent ones� de-
notes heterophily. It is thus important to distinguish which GNE the graph has, i.e., homophily,
heterophily, or both (which we call �x-ophily�), if there is any. We de�nex-ophily as follows:

De�nition 3.1: x-ophily Generalized Network-E�ects

An x-ophily graph exhibits both homophily and heterophilygeneralized network-e�ects
(GNE).

For example, in anx-ophily social network, lawyers only make friends with other lawyers
(homophily), while managers are friends with engineers but not with other managers (het-
erophily). Givenc classes, an intuitive way to describe GNE is via ac � c compatibility matrix,
which shows the relative in�uence between each class pair. It can be used to explain the graph
property, as well as be exploited to better assign the labels in the graph.
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However, identifying GNE is commonly neglected in literature: inference-based methods
such as belief propagation (BP) [WGKM18, EKF20, GGKF15, WG20] often assume that the re-
lationship is given by domain experts; most graph neural networks (GNNs) assume homophily
[KW17, KBG19, WJZ+ 19]. Although some works [LHL+ 21, MLST22, ZYZ+ 20] use homophily
statistics to analyze graphs, our work is very di�erent for three reasons. First, they are designed
to identify the absence of homophily, and thus cannot clearly distinguish GNE, which includes
di�erent non-homophily cases, i.e., heterophily, both, or no GNE. Second, to compute accurate
statistics, they use all the node labels in the graph, which is impractical during node classi�-
cation. Finally, their analyses rely heavily on the results of GNNs, which means in addition to
the graph structure, the node features also signi�cantly in�uence the conclusions of GNE. In
contrast, our work aims to answer following research questions:
RQ1.Hypothesis Testing : How to identify whether the given graph has GNE or not, with

only few labels?
RQ2.Estimation : How to estimate GNE in a principled way, and explain the patterns of node

connection based on the estimation?
RQ3.Exploitation : How to e�ectively and e�ciently exploit GNE on node classi�cation with

only a few node labels?
We proposeNetEffect , with 3 contributions as the corresponding solutions:

1. Principled: NetEffect_Test uses statistical tests to decide whether GNE exists at all.
Figure 3.1a shows how it works, and Figure 3.2 shows its discovery, where many large
real-world datasets known as heterophily graphs have little GNE.

2. General and Explainable: NetEffect_Est explains whether the graph is homophily,
heterophily, orx-ophily by precisely estimating the compatibility matrix with the derived
closed-form formula. In Figure 3.1b, it explains the interrelations of classes by the esti-
mated compatibility matrix, which impliesx-ophily.

3. Accurate and Scalable: NetEffect_Exp e�ciently exploits GNE to perform better
in node classi�cation. It wins in both accuracy and time on a million-scale heterophily
graph �Pokec-Gender�, only requiring14 minutes(Figure 3.1c).

Reproducibility : Our code is publicly available athttps://github.com/mengchi
llee/NetEffect .

3.2 Background and Related Work

Table 3.1 presents qualitative comparison of state-of-the-art approaches against our proposed
NetEffect . Notice that onlyNetEffect ful�lls all the specs.

3.2.1 Background

An overview of symbols and acronyms is provided in Table 3.2 and Table 3.3, respectively. Let
G be an undirected, unweighted and featureless graph withn nodes,m edges and an adjacency
matrix A . Each nodei has a unique labell(i ) 2 f 1; : : : ; cg, wherec is the number of classes.
Let E 2 Rn� c be the initial belief matrix with prior information, i.e., labeled nodes.E ik = 1 if
l(i ) = k, andE ik = 0 if l(i ) 6= k. For nodes without labels, their entries are set to1=c. H 2 Rc� c
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Table 3.1:NetEffect matches all specs, while baselines miss one or more. `?' and `N/A'
denote unclear and not applicable.
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1. Principled
1.1. Statistical Test " " "
1.2. Convergence Guarantee " " "

2. Explainable 2.1 Compatibility Matrix Estimation N/A N/A "

3. General
3.1 Handle Heterophily ? ? ? " "
3.2 Handle GNE ? ? "

4. Scalable
4.1. Linear Complexity " " " "
4.2. Thrifty " " ? ? "

is a row-normalized compatibility matrix, whereH ku is the relative in�uence of classk on class
u. The residual of a matrixE around1=cis Ê = E � 1=c� 1, where1 is matrix of ones.

3.2.2 Belief Propagation

FaBP[KKK+ 11] andLinBP [GGKF15] accelerate belief propagation (BP) by approximating the
�nal belief assignment. In particular,LinBP approximates the �nal belief as:

B̂ = Ê + A B̂ Ĥ ; (3.1)

whereB̂ is a residual �nal belief matrix, initialized with zeros. The compatibility matrix̂H and
initial beliefs Ê are centered around1=cto ensure convergence. HOLS [EKF20] is a BP-based
method, which propagates the labels by weighing with higher-order cliques.

3.2.3 Analysis by Homophily Statistics

Many studies [LHL+ 21, MLST22, ZYZ+ 20] utilize homophily ratio to measure how common
the labels of the connected node pairs share the same class. Our work focuses on very di�erent
aspects, as discussed in the introduction.
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Table 3.2: Table of Symbols and De�nitions.

Symbol De�nition

G Undirected, unweighted and featureless graph
l(i ) Label of nodei

n Number of nodes
c Number of classes

A 2 Rn� n Adjacency matrix
E 2 Rn� c Initial belief matrix
B 2 Rn� c Final belief matrix
H 2 Rc� c Compatibility matrix

�̂ Residual of a matrix, e.g.,̂E = E � 1=c� 1

E Set of edges
P Set of priors
B Number of rounds forNetEffect_Test

F 2 Rc� c p-value table

A � 2 Rn� n Emphasis matrix
W 0 2 Rn� n Approximated proximity matrix
D 2 Rn� n Degree matrix with node degrees along diagonal

N (i ) Neighbors of nodei
L Length of random walks

M Trials of random walks
d Rank for decomposition

H � 2 Rc� c Compatibility matrix estimated withA �

f Scaling factor for propagation

Table 3.3: Table of Acronyms.

Acronym De�nition

GNE Generalized Network-E�ects
BP Belief Propagation

SVD Singular Value Decomposition
GNN Graph Neural Network
GCN Graph Convolutional Networks

3.2.4 Node Classi�cation

GCN [KW17] and APPNP [KBG19] incorporate neighborhood information to do better predic-
tions and assume homophily. MixHop [APK+ 19], GPRGNN [CPLM21], and H2GCN [ZYZ+ 20]
make no assumption of homophily. Nevertheless, H2GCN requires too much memory and thus
can not handle large graphs.LINKX [LHL+ 21] introduces multiple large heterophily datasets,
but it is not applicable to graphs without node features.

3.3 Proposed GNE Test

Given a graph with few labels, how can we identify whether the graph hasgeneralized network-
e�ects(GNE) or not? In other words, how can we check whether the graph structure is useful
for inferring node labels? We proposeNetEffect_Test , a statistical approach to identify the
presence of GNE in a graph. Applying it to real-world graphs, we show that many popular
heterophily graphs exhibit little GNE.
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3.3.1 NetEffect_Test

We �rst provide two main de�nitions regarding GNE:

De�nition 3.2

If the nodes with classci in a graph tend to connect randomly to the nodes with all classes
1; : : : ; c (with no speci�c preference), classci has no GNE.

De�nition 3.3

If all classes in a graph have no GNE, this graph has no GNE.

We distinguish heterophily graphs from those with no GNE by the de�nition. In heterophily
graphs, the nodes of a speci�c class are likely to be connected to the nodes of other classes,
such as in bipartite graphs that connect di�erent classes of nodes. In this case, knowing the
label of a node gives meaningful information about the labels of its neighbors. On the other
hand, if a graph has little GNE, knowing the label of a node gives no useful information about
its neighbors. In other words, the structural information of a graph is not useful to infer the
unknown labels of nodes.

Next, we describe how we propose to determine the existence or absence of GNE. In the
inner loop, we need to decide whether classci (say, �talkative people�), has statistically more,
or fewer edges to classcj (say, �silent people�). We propose to use Pearson's� 2 test for that.
Speci�cally, given a class pair(ci ; cj ), the input to the test is a2� 2contingency table containing
the counts of edges that connect pairs of nodes whose labels are inf ci ; cj g. The null hypothesis
of the test is:

Null Hypothesis 3.1

Edges are equally likely to exist between nodes of the same class and those of di�erent
classes.

If the p-value from the test is no less than 0.05, we accept the null hypothesis, which represents
that the chosen class pair(ci ; cj ) exhibits no statistically signi�cant GNE in the graph. Then
we call themmutually indistinguishable:

De�nition 3.4: Mutually indistinguishable

Two classesci andcj aremutually indistinguishableif we cannot reject the null hypothesis
above.
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Algorithm 3.1: NetEffect_Test
Data: EdgesE and priorsP
Result: p-value tableF

1 ExtractE
0
such that(i; j ) 2 E; i; j 2 P 8 (i; j ) 2 E

0
;

2 T  Oc� c; // Test statistic table

3 for b1 = 1; :::; B do
4 for c1 = 1; :::; c � 1 do
5 for c2 = c1 + 1; :::; c do
6 V  O2� 2; // Contingency table

7 for (i; j ) 2 Sampled(E
0
) do

8 if l (i ) = l(j ) = c1 or l(i ) = l(j ) = c2 then
9 V 11  V 11 + 2;

10 end
11 else if (l (i ) = c1 andl(j ) = c2) or (l(i ) = c2 andl(j ) = c1) then
12 V 21  V 21 + 1 andV 12  V 12 + 1;
13 end
14 end
15 T = � 2-Test-Statistic(V =2);
16 T c1c2  T c1c2 + T=B andT c2c1  T c2c1 + T=B;
17 end
18 end
19 end
20 Computep-value tableFc� c with average statistics inT ;
21 ReturnF;

Novel Implementation Details The detailed procedure ofNetEffect_Test is in Algo-
rithm 3.1. A practical challenge on the test is that if the numbers in the table are too large,
p-value becomes very small and meaningless [LJS13]. Uniform edge sampling can be a natural
solution, but sampling for only a single round can be unstable and output very di�erent results.
To address this, we combinep-values from di�erent random sampling by Universal Inference
[WRB20]. We �rstly sample edges to add to the contingency table until the frequency is above a
speci�ed threshold, and compute the� 2 test statistic for each class pair. Next, following Univer-
sal Inference, we repeat the procedure for random samples of edges forB rounds and average
the statistics. At last, we use the average statistics to compute thep-value tableFc� c of � 2 tests.
Our NetEffect_Test is robust to noisy edges thanks to the sampling process, and works well
given either a few or many node labels. Given a few observations, the� 2 test works well when
the frequency in the contingency table is at least 5; given many observations, our sampling trick
ensures the correctness and consistency of the computedp-value by limiting the frequency to
no more than 500.

If a class accepts the null hypotheses with all other classes, this class has little GNE, and
satis�es De�nition 3.2. Moreover, if all classes exhibit little GNE, the whole graph satis�es
De�nition 3.3. In that case, no label propagation methods will help with node classi�cation.
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(a) �Genius�: No GNE (b) �Penn94�: No GNE (c) �Twitch�: No GNE

(d) �arXiv-Year�: Weak GNE (e) �Patent-Year�: Weak GNE (f) �Pokec-Gender�: Strong GNE

Datasets Genius Penn94 Twitch Patent-Year Pokec-Gender arXiv-Year Synthetic
# of Nodes 422K 42KM 168K 1.3M 1.6M 169K 1.2M
# of Edges 985K 1.4M 6.8M 4.3M 22.3M 1.2M 34.0M

# of Classes 2 2 2 5 2 5 6
Edge Homophily 0.618 0.470 0.545 0.132 0.425 0.222 0.314

ĥ 0.080 0.046 0.090 0.000 0.000 0.272 0.245
GNE No GNE No GNE No GNE Heterophily Heterophily x-ophily x-ophily

(g) Homophily statistics of graphs and their GNE

Figure 3.2:NetEffect_Test discovers real-world heterophily graphs with little GNE.
For each graph, we report the edge counting on the left (not available in practice), and thep-
value table output fromNetEffect_Test on the right, where �P� denotes the presence of GNE,
and �F� denotes the absence of GNE.

3.3.2 Discoveries on Real-World Graphs

We applyNetEffect_Test to 6 real-world graphs and analyze their GNE. For each dataset,
we sample 5% of node labels and compute thep-value table usingNetEffect_Test . This is
because: a) only few labels are available in most node classi�cation tasks in practice, and thus
it is reasonable to make the same assumption in the analysis, and b)NetEffect_Test can
analyze GNE even from partial observations.B is set to 1000 to output stable results. Based on
De�nition 3.3, our surprising discoveries are:

Discovery 3.1: Little GNE

NetEffect_Test identi�es the lack of GNE in �Genius� [LB21], �Penn94� [TMP11], and
�Twitch� [RS21].
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They are widely known as heterophily graphs. In �Genius� (Figure 3.2a), we see that both classes
1 and 2 tend to connect to class 1, making class 2 indistinguishable by the graph structure.Net-
Effect_Test thus accepts the null hypothesis, and identi�es the lack of GNE. We can observe
a similar phenomenon in �Penn94� (Figure 3.2b). �Twitch� (Figure 3.2c) used to be considered
as a heterophily graph because of its weak homophily e�ect, butNetEffect_Test �nds that
each of the classes uniformly connects to both classes, and thus it has little GNE.

Discovery 3.2: Heterophily and x-ophily

NetEffect_Test identi�es GNE in �Arxiv-Year�, �Patent-Year�, and �Pokec-Gender�.

While �Patent-Year� and �Pokec-Gender� exhibit heterophily (Figure 3.2e and 3.2f), �Arxiv-Year�
exhibitsx-ophily, i.e., not straight homophily or heterophily (Figure 3.2d). They are thus used
in our experiments.

Discovery 3.3: Weak vs strong GNE

NetEffect_Test identi�es weak, and strong GNE: �Arxiv-Year� and �Patent-Year� exhibit
weak GNE; and �Pokec-Gender� exhibits strong GNE.

We consider graphs to have weak GNE if there exists at least one class which is not distinguish-
able from some other classes. Such graphs limit the accuracy of node classi�cation, compared
with graphs with strong GNE (i.e., all classes have GNE), regardless of the speci�c method used
for classi�cation.

Discussion of Homophily Statistics In Figure 3.2g, we report two homophily statistics.
Edge homophily [ZYZ+ 20] is the edge ratio that connect two nodes with the same class, and
ĥ [LHL+ 21] is an improved metric which is insensitive to the class number and size. We �nd
even using all labels, they are not enough to capture the interrelations of all class pairs in
detail, and the graphs with low homophily statistics are not guaranteed to be heterophily. They
can only detect the absence of homophily, instead of distinguishing di�erent non-homophily
cases, including heterophily,x-ophily, and no GNE. In contrast, ourNetEffect_Test identi�es
whether the graph exhibits GNE or not from only a few labels.

3.4 Proposed GNE Estimation

Given that a graph exhibits GNE, how can we estimate the all-pair relations between classes? A
compatibility matrixis a natural strategy to describe the relations, which has been widely used
in the literature. We proposeNetEffect_Est , which turns the compatibility matrix estimation
into an optimization problem based on a closed-form formula.NetEffect_Est not only over-
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comes the limitation of naive edge counting, but is also robust to noisy observations even with
few observed labels.

3.4.1 Why NOT Edge Counting

The graph in Figure 3.3a exhibits heterophily between class pairs (1, 2) and (3, 4), while it
exhibits homophily in classes 5 and 6. A compatibility matrix is commonly used in existing
studies, but assumed given by domain experts, instead of being estimated. A naive way to
estimate it is via counting labeled edges, but it has two limitations: 1) rare labels are neglected,
and 2) it is noisy or biased due to few labeled nodes. The result is even more unreliable if the
given labels are imbalanced. In Figure 3.3, we upsample the training labels 10 times for class 1
using the graph in Figure 3.1b. Edge counting in Figure 3.3b biases towards the upsampled class
and clearly fails to estimate the correct compatibility matrix in Figure 3.3a, while our proposed
NetEffect_Est succeeds in Figure 3.3c. This commonly occurs in practice, since we observe
only limited labels, and becomes fatal if the observed distribution is di�erent from the true one.

3.4.2 Closed-Form Formula

We begin the derivation by rewriting Equation (3.1) of BP. The main insight is reminiscent of
`leave-one-out' cross validation. That is, we �nd̂H that would make the results of the propa-
gation (RHS of Equation (3.2)) to the actual values (LHS of Equation (3.2)):

Ê|{z}
reality

� A ÊĤ| {z }
estimate

(3.2)

Formally, we want to minimize the di�erence between the reality and the estimate:

min
Ĥ

X

i 2P

cX

u=1

kÊ iu �
cX

k=1

X

j 2 N (i )\P

Ê jk Ĥ ku k2; (3.3)

whereN (i ) denotes the neighbors of nodei . In other words, we aim to minimize the di�erence
between initial belief̂E of each nodei 2 P by the ones of its neighborsN (i ) 2 P , i.e.,N (i ) \P .
To estimate the compatibility matrix̂H , we solve the optimization problem in Equation (3.3)
with the proposed closed-form formula:

Lemma 3.1: Network E�ect Formula

Given adjacency matrixA and initial beliefsÊ, the closed-form solution of vectorized
compatibility matrix vec(Ĥ ) is:

vec(Ĥ ) = ( X | X )� 1X | y (3.4)

whereX = I c� c 
 (A Ê), y = vec(Ê), andI c� c is ac � c identity matrix.
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(a) Ground Truth (b) Edge Counting(c) NetEffect_Est

Figure 3.3: NetEffect_Est handles imbalanced
case well. Labels of class1 is upsampled.

(a) Adjacency
Matrix

(b) Emphasis
Matrix

Figure 3.4:Emphasis matrix at work:
it prefers well-connected neighbors.

Proof.We derive the solution using the closed linear regression formula, and the property of
the mixed Kronecker matrix-vector product introduced before in De�nition 2.8. By vectorizing
Equation (3.2) as introduced in De�nition 2.6, we have:

vec(Ê) = vec(A ÊĤ )

= vec((A Ê)ĤI c� c)

= ( I c� c 
 (A Ê))vec(Ĥ );

(3.5)

where
 denotes the Kronecker product (De�nition 2.7). LetX = I c� c 
 (A Ê) andy = vec(Ê),
the above equation can be solved by linear regression with the closed-form solution of vec(Ĥ ),
which completes the proof. �

3.4.3 NetEffect_Est

The algorithm is presented in Algorithm 3.2. In practice, we can use any form of adjacency
matrix for the estimation. Our proposed formula allows us to estimate the compatibility matrix
by solving this optimization problem, but there still exists a practical challenge that need to be
addressed. With few labels, it is di�cult to properly separate them into training and validation
sets for the regression, and the estimation can easily be interfered by the noisy observations.
We thus use ridge regression with leave-one-out cross-validation (RidgeCV). This allows us to
fully utilize the observations without having biases caused by random splits of training and
validation sets. Moreover, the regularization e�ect of RidgeCV makes the compatibility matrix
more robust to noisy observations. It is noteworthy that its computational cost is negligible.

3.5 Proposed GNE Exploitation

We proposeNetEffect_Exp to exploit GNE for accurate and fast node classi�cation with few
labels. With few labels, it becomes crucial to better utilizing the graph structure. First, we
address this by paying attention to in�uential neighbors by the proposed �emphasis� matrix;
and then describeNetEffect_Exp with theoretical analysis.
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Algorithm 3.2: NetEffect_Est

Data: Adjacency matrixA , initial belief Ê, and priorsP
Result: Estimated compatibility matrixĤ

1 X  I c� c 
 (A Ê); // Feature matrix

2 y  vec(Ê); // Target vector

3 Extract indicesi with nodes in priorsP;
4 Ĥ  RidgeCV(X [i ]; y [i ]);
5 ReturnĤ ;

3.5.1 �Emphasis� Matrix

Rationale and Overview With few priors, we propose to better utilize the graph structure,
by paying attention to only the most important part of it. That is to say, not all neighbors are
equally in�uential: In Figure 3.4, best practice shows that well-connected neighbors (i.e., nodes
`B', `C', and `D') have more in�uence on node `A' than the rest. Thus, we propose �emphasis�
matrix A � to pay attention to such neighbors.NetEffect_Est can also bene�t from it by
replacingA with A � , where we denote the improved compatibility matrix aŝH � . Algorithm 3.3
shows the details. In short, it has 3 steps:

1. Favors in�uential neighbors by quickly approximating the node-to-node proximity
using (non-backtracking) random walks with restarts (lines 2-5);

2. Touches-up the new node-proximity by applying a series of transformations (including
the best-practice element-wise logarithm) on the proximity matrix (line 6);

3. Symmetrizes and weighs the adjacency matrix with structural-aware embedding (lines
7-8), giving higher weights to neighbors with closer embeddings (line 9).

Proximity Matrix Approximation We propose to utilize random walks to approximate the
proximity matrix. The approximated proximity matrixW 0

ij records the times we visit nodej if
we start a random walk from nodei . Only the well-connected neighbors will be visited more
often. We theoretically show that it converges quickly:

Lemma 3.2: Convergence of Random Walks

With probability 1 � � , the error � between the approximated and true distributions for
a node walking to its 1-hop neighbor by random walks of lengthL with M trials is no

greater thand(L � 1)=2e
L

q
log (2=� )

2LM .

We further speed up the convergence by using non-backtracking random walks [ABLS07].
Given the start nodes and walk lengthL, its function is de�ned as follows:

W(s; L) =

(

(w0 = s; :::; wL )
wl 2 N (wl � 1); 8l 2 [1; L]

wl � 1 6= wl+1 ; 8l 2 [1; L � 1]
: (3.6)
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Algorithm 3.3: �Emphasis� Matrix
Data: Adjacency matrixA , number of trialsM , number of stepsL, and dimensiond
Result: Emphasis matrixA �

1 W 0  On� n ;
/* Approximate proximity matrix by random walk */

2 for nodei in G do
3 for m = 1; :::; M do
4 for j 2 W m (i; L ) do
5 W 0

ij  W 0
ij + 1;

6 end
7 end
8 end

/* Masking, degree normalization and logarithm */

9 W n� n  log (D � 1(W 0 � A ));
10 U n� d; � d� d; V T

d� n  SVD(W ; d); // Embedding

11 U  
p

�U ; // Scaling

/* Boost weights of close-embedded neighbors */

12 WeighA �
n� n , whereA �

ij = S(U i ; U j ); 8f i; j jA ij = 1g;
13 ReturnA � ;

Thanks to it, we improve Lemma 3.2 to have a tighter bound of error� :

Lemma 3.3: Convergence of Non-Backtracking Random Walks

With the same condition as in Lemma 3.2, the error� by non-backtracking random walks

is no greater thand(L � 1)=3e
L

q
log (2=� )

2LM .

Proof.For aL-steps random walk sequenceS with M trials, its lengthjSj is LM . A random
variableX denotes the probability of nodei will walk to its j -th neighbor is:

X = P(nodei walks toN (i ) j ) =
P jSj

k=1 1(N (i ) j = Sk)
jSj

; (3.7)

whereP is the probability and1 is the indicator. With regular random walk in the graph,X is
upper-bounded byd(L � 1)=2e

L . By applying Hoe�ding's inequality, we have:

P(j�̂ jSj � � j � � ) � 2 exp
� 2L3Mt 2

d(L � 1)=2e2
; (3.8)

where �̂ jSj denotes the sampled mean of the given random variable, and� denotes the expec-
tation. Let� = 2 exp � 2L 3Mt 2

d(L � 1)=2e2 , with probability 1 � � , we have the error:

� = j�̂ jSj � � j �
d(L � 1)=2e

L

r
log (2=� )

2LM
(3.9)
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Algorithm 3.4: NetEffect_Exp

Data: �Emphasis� matrixA � , estimated compatibility matrix̂H � , and initial beliefÊ
Result: Final beliefB

1 B̂ (0)  On� c; t  0;
/* Propagation */

2 while kB̂ (t+1) � B̂ (t )k1 > 1 do
3 B̂ (t+1)  Ê + f A � B̂ (t )Ĥ � ;
4 t  t + 1;
5 end
6 ReturnB  B̂ (t ) + 1=c;

With non-backtracking random walk [ABLS07], the upper bound ofX can be decreased to
d(L � 1)=3e

L . Let� = 2 exp � 2L 3Mt 2

d(L � 1)=3e2 , with probability 1 � � , we now have the error:

� = j�̂ jSj � � j �
d(L � 1)=3e

L

r
log (2=� )

2LM
(3.10)

�

Structural-Aware Node Representation Based onW , we apply a series of transformations
to generate better and unbiased representations of nodes in a fast way. An element-wise multi-
plication byA (i.e., the Hadamard product in De�nition 2.5) is done to keep the approximation
of 1-hop neighbor for each node, which is sparse but supplies su�cient information. We use
the inverse of the degree matrixD � 1 to reduce the in�uence of nodes with large degrees. This
prevents them from dominating the pairwise distance by containing more elements in their
rows. The element-wise logarithm rescales the distribution inW , in order to enlarge the dif-
ference between smaller structures. We use Singular Value Decomposition (SVD) for e�cient
rank-d decomposition of sparseW , and multiply the left-singular vectorsU by the squared
eigenvalues

p
� to correct the scale.

�Emphasis� Matrix Construction Directly measuring the node similarity in the graph is
not trivial, or may be time consuming (e.g., by counting motifs). Therefore, we propose to
compute the node similarity via the structural-aware node representations, which capture the
higher-order information, and construct the �emphasis� matrixA � by weighing A with the
node similarity. The intuition is that the nodes that are closer in the embedding space are better
connected with higher-order structures. The similarity function isS(U i ; U j ) = e�D (U ik ;U jk ) ,
where e is the Euler's number. It is a universal law [She87], which turns the distance into
similarity, and bounds it from 0 to 1. WhileD can be any distance metric, we use Euclidean as
it works well empirically.
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3.5.2 NetEffect_Exp

The algorithm of NetEffect_Exp is given in Algorithm 3.4.NetEffect_Exp takes as input
the �emphasis� matrixA � , the compatibility matrixĤ � estimated byA � , and the initial beliefs
Ê. It computes the beliefŝB iteratively by aggregating the beliefs of neighbors throughA �

until they converge. This reusage ofA � aims to draw attention to the neighbors that are more
structurally important. By exploiting GNE withĤ � , NetEffect_Exp propagates properly in
heterophily graphs.

Convergence Guarantee To ensure the convergence ofNetEffect_Exp , we introduce a
scaling factorf during the iterations. A smallerf leads to a faster convergence but distorts the
results, thus we setf to 0:9=� (A � ). Its exact convergence is as follows:

Lemma 3.4: Exact Convergence

The criterion for the exact convergence ofNetEffect_Exp is 0 < f < 1=� (A � ), where
� (�) denotes the spectral radius of the matrix.

Proof.NetEffect_Exp exactly converges if and only if� (A � )� (Ĥ � ) < 1. H � is normalized by
row, where� (H � ) = 1 is a constant and it is less than1 after centering. The scaling factorf of
propagation must be in the range of(0; 1=� (A � )) to meet the criterion of exact convergence.

�

Complexity Analysis NetEffect_Exp utilizes sparse matrix representations of graphs and
scales linearly. Its complexity is as follows:

Lemma 3.5: Time and Space Complexity

The time complexity ofNetEffect_Exp is approximatelyO(m) and the space complexity
is O(max (m; n � L � M ) + n � c2).

Proof.ForNetEffect_Est , since there arec sets of parameters are independent, we can sepa-
rate the problem intoc tasks, where each containsc features andjPj samples. The complexity
can then be reduced toO(jPj � c3), and the e�cient leave-one-out cross-validation only needs
to be done once. ForNetEffect_Exp , for each random walk, each node visits at mostL � M
unique nodes, so the maximum number of non-zero elements inW is eithern �L �M if we have
not walked through all the edges, orm otherwise. SVD onW takesO(d � max (m; n � L � M )).
It takes at mostO(m + n) for sparse matrix multiplication to runt iterations. Thus, the time
complexity isO(dmax (m; n � L � M ) + jPj � c3 + m). In practice,c, jPj andt are usually small
constants which are negligible, andm is usually much larger. Keeping only the dominating
terms, the time complexity is approximatelyO(m). W contains at mostmax (m; n � L � M )
non-zero elements. The Kronecker product at most containsn � c2 non-zero elements. The
space complexity isO(max (m; n � L � M ) + n � c2). �
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Table 3.4:NetEffect wins on x-ophily and heterophily datasets. Green ( , , ) marks
the top three (better is darker).

Dataset Synthetic Pokec-Gender arXiv-Year Patent-Year

# of Nodes 1.2M 1.6M 169K 1.3M
# of Edges 34.0M 22.3M 1.2M 4.3M

# of Classes 6 2 5 5
Label Fraction 4% 0.4% 4% 4%

GNE Strength Strongx-ophily Strong Heterophily Weakx-ophily Weak Heterophily

Method Acc. Time Rel. Time Acc. Time Rel. Time Acc. Time Rel. Time Acc. Time Rel. Time

GCN 16.7� 0.0 3456 4.1� 51.8� 0.1 2906 3.4� 35.3� 0.1 132 2.5� 26.0� 0.0 894 2.3�
APPNP 18.6� 1.1 7705 9.2� 50.9� 0.3 6770 7.8� 33.5� 0.2 423 8.1� 27.5� 0.2 2050 5.2�

MixHop 16.7� 0.0 58391 70.0� 53.4� 1.2 53871 62.1� 39.6� 0.1 2983 57.4� 26.8� 0.1 18787 47.6�
GPRGNN 18.9� 1.2 7637 9.1� 50.7� 0.2 6699 7.7� 30.1� 1.4 400 7.7� 25.3� 0.1 2034 5.1�

HOLS 46.1� 0.1 1672 2.0� 54.4� 0.1 8552 9.9� 34.1� 0.3 566 10.9� 23.6� 0.0 510 1.3�

NetEffect -Hom 45.6� 0.1 835 1.0� 56.9� 0.2 869 1.0� 37.0� 0.3 52 1.0� 24.3� 0.0 429 1.1�
NetEffect 80.4� 0.0 841 1.0� 67.3� 0.1 867 1.0� 38.9� 0.1 52 1.0� 28.7� 0.1 395 1.0�

3.6 Experiments

In this section, we aims to answer the following questions:
RQ1.Accuracy: How well doesNetEffect work by estimating and exploiting GNE?
RQ2.Scalability : How does the running time ofNetEffect scale w.r.t. graph size?
RQ3.Explainability : How doesNetEffect explain the real-world graphs?

Datasets We focus on large graphs and include 8 graphs with at least 20K nodes. For each
dataset, we sample only a few node labels for training for �ve times and report the average.
�Synthetic� is the enlarged graph in Figure 3.1b, which exhibitsx-ophily GNE.

Baselines We compareNetEffect with �ve baselines and separate them into four groups:
General GNNs:GCN [KW17], APPNP [KBG19].Heterophily GNNs:MixHop [APK+ 19], GPRGNN
[CPLM21]. BP-based methods:HOLS [EKF20].Our proposed methods:NetEffect -Hom and
NetEffect . NetEffect -Hom is NetEffect using identity matrix as compatibility matrix,
which assumes homophily and does not handle GNE.

Experimental Settings For GNNs, one-hot node degrees are used as the node features, as
implemented by PyG [FL19]. Experiments are run on a server with 3.2 GHz Intel Xeon CPU.

3.6.1 RQ1 � Accuracy

In Table 3.4 and 3.5, we report the accuracy and running time. We highlight the top three from
dark to light by , and denoting the �rst, second and third place. In summary,NetEffect
wins onx-ophily, heterophily and homophily graphs.

x-ophily and Heterophily In Table 3.4,NetEffect outperforms all the competitors signi�-
cantly by more than 34.3% and 12.9% accuracy on �Synthetic� and �Pokec-Gender�, respectively.
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Table 3.5:NetEffect wins on homophily datasets. Green ( , , ) marks the top three
(better is darker).

Dataset Facebook GitHub arXiv-Category Pokec-Locality

# of Nodes 22.5K 37.7K 169K 1.6M
# of Edges 171K 289K 1.2M 22.3M

# of Classes 4 2 40 10
Label Fraction 4% 4% 4% 0.4%

Method Acc. Time Rel. Time Acc. Time Rel. Time Acc. Time Rel. Time Acc. Time Rel. Time

GCN 67.0� 0.8 12 2.0� 81.0� 0.6 28 2.2� 25.4� 0.3 216 2.3� 17.3� 0.4 4002 2.9�
APPNP 50.5� 2.2 46 7.7� 74.2� 0.0 73 5.6� 19.4� 0.6 1176 12.3� 16.8� 1.7 11885 8.6�

MixHop 69.2� 0.7 296 49.3� 77.8� 1.3 526 40.5� 33.0� 0.6 3203 33.4� 16.9� 0.3 52139 37.9�
GPRGNN 51.9� 1.5 47 7.8� 74.1� 0.1 75 5.8� 19.7� 0.3 1174 12.2� 30.0� 2.0 11959 8.7�

HOLS 86.0� 0.4 934 155.7� 80.8� 0.5 126 9.7� 61.4� 0.2 627 6.5� 63.7� 0.3 8139 5.9�

NetEffect -Hom 85.2� 0.5 6 1.0� 81.3� 0.5 13 1.0� 61.7� 0.2 96 1.0� 66.0� 0.2 1437 1.0�
NetEffect 85.2� 0.5 6 1.0� 81.3� 0.5 13 1.0� 58.8� 0.6 108 1.1� 64.8� 0.8 1377 1.0�

Table 3.6:Ablation Study: Estimating the compatibility matrix using our proposed �emphasis�
matrix allowsNetEffect to perform better. Green () marks the winner.

Dataset GNE Strength NetEffect -Hom NetEffect -EC NetEffect -A NetEffect

Synthetic
Strong

77.7� 0.0 68.0� 0.1 77.4� 0.0 80.5� 0.0
Pokec-Gender 56.9� 0.1 64.9� 0.2 64.8� 0.2 67.3� 0.1

arXiv-Year (imba.)
Weak

37.0� 0.3 36.5� 1.0 35.7� 0.6 38.4� 0.0
Patent-Year (imba.) 24.1� 0.0 24.0� 0.9 28.7� 0.1 28.7� 0.0

These graphs exhibit strong GNE, thusNetEffect boosts the accuracy owing to precise estima-
tions of compatibility matrix. Heterophily GNNs give results close to majority voting when the
observed labels are not adequate. With homophily assumption, General GNNs and BP-based
methods also not perform well. Both �arXiv-Year� and �Patent-Year� have weak GNE (Sec-
tion 3.3.2). Even so,NetEffect still outperforms the competitors by estimating a reasonable
compatibility matrix (Figure 3.6c).

Homophily In Table 3.5,NetEffect -Hom outperforms all the competitors on 3 out of 4
homophily graphs, namely �GitHub�, �arXiv-Category� and �Pokec-Locality�, andNetEffect
performs similarly toNetEffect -Hom. In addition,NetEffect -Hom performs competitively
with HOLS on �Facebook�, while being 155.7� faster.

Ablation Study We evaluate di�erent compatibility matrices � (i)NetEffect -EC uses edge
counting on the labels of adjacent nodes in the priors, and (ii)NetEffect -A uses the adjacency
matrix instead of �emphasis� matrix as the input ofNetEffect_Est . To evaluate the cases
when imbalanced labels are given, we upsample 5% labels to the class with the fewest labels
in the datasets with weak GNE during the estimation. In Table 3.6, we �nd thatNetEffect
outperforms all its variants in all datasets. In the graphs with strong GNE,NetEffect shows
its robustness to the structural noises and gives better results. In the imbalanced graphs, while
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Table 3.7:NetEffect is thrifty. AWS dollar cost ($) is reported, by t3.small and p3.2xlarge.
Green ( ) marks the winner.

Dataset NetEffect GCN

Pokec-Gender $0.33 (1.0� ) $12.61 (45.0� )
Pokec-Locality $0.53 (1.0� ) $13.66 (29.1� )

Figure 3.5:NetEffect is scalable. It is fast and scales linearly with the edge number.

NetEffect -EC brings its vulnerability to light,NetEffect stays with high accuracy. This
study highlights the importance of a compatibility matrix estimation, as well as forming it into
an optimization problem as shown in Lemma 3.1.

3.6.2 RQ2 � Scalability

NetEffect is scalable. We vary the edge number in �Pokec-Gender� and plot against the run-
ning time, including training and inference. In Figure 3.5,NetEffect scales linearly as ex-
pected, following Lemma 3.5.

NetEffect is also thrifty. Table 3.7 shows the estimated AWS dollar cost in �Pokec-Gender�,
assuming that we use an AWS CPU machine forNetEffect , and an AWS GPU machine for
GCN. For CPU machine, we select t3.small with 3.3GHz CPU, which is faster than ours, and
costs $0.023 per hour. For GPU machine, we select p3.2xlarge with a V100 GPU, which costs
$3.06 per hour, which is about 0.89 slower than the RTX A6000 GPU when running PyTorch.
The running time of GCN on �Pokec-Gender� and �Pokec-Locality� are 673 and 730 seconds,
respectively. Using the information provided, the results in Table 3.7 can be computed.

3.6.3 RQ3 � Explainability

Figure 3.6 shows the compatibility matrices thatNetEffect recovered, and the results agree
well with intuition. For �Synthetic�, NetEffect matches the answer used for graph generation
(Figure 3.3c). For �Pokec-Gender�,NetEffect report heterophily (Figure 3.6a), where people
tend to interact more with the opposite gender [GMB+ 19]. For �arXiv-Year� and �Patent-Year�,
NetEffect �nd that papers and patents often cite nearby-year works (Figure 3.6b and 3.6c).
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(a) �Pokec-Gender�:
Heterophily

(b) �arXiv-Year�:
x-ophily

(c) �Patent-Year�:
Heterophily

Figure 3.6:NetEffect is explainable. Our estimated compatibility matrices are much more
robust to noises compared to edge counting (in Figure 3.2).

3.7 Conclusion

We analyze thegeneralized network-e�ects(GNE) in node classi�cation in the presence of only
few labels. Our proposedNetEffect has the following desirable properties:

1. Principled : NetEffect_Test to statistically identify the presence of GNE,
2. General andExplainable : NetEffect_Est to estimate GNE with derived closed-form

solution, if there is any, and
3. Accurate and Scalable: NetEffect_Exp to e�ciently exploit GNE for better perfor-

mance on node classi�cation.
Applied on a real-world graph with22.3Medges,NetEffect only requires14 minutes, and
outperforms baselines on both accuracy and speed (� 7� ).
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Chapter 4

SlimG: Accurate, Robust, and
Interpretable Graph Mining

Chapter based on work that appeared at KDD 2023 [YLSF23] [PDF].

How can we solve semi-supervised node classi�cation in various graphs possibly with noisy
features and structures? Graph neural networks (GNNs) have succeeded in many graph
mining tasks, but their generalizability to various graph scenarios is limited due to the dif-
�culty of training, hyperparameter tuning, and the selection of a model itself. Einstein said
that we should �make everything as simple as possible, but not simpler.� We rephrase it into
thecareful simplicityprinciple: a carefully designed simple model can surpass sophisticated
ones in real-world graphs.

In this chapter, based on the principle, we proposeSlimG for semi-supervised node
classi�cation, which exhibits four desirable properties: It is (a)Accurate, winning or tying
on 10 out of 13real-world datasets; (b)Robust, being the only one that handles all scenarios
of graph data (homophily, heterophily, random structure, noisy features, etc.); (c)Fast and
Scalable, showing up to18� faster training in million-scale graphs; and (d)Interpretable,
thanks to the linearity and sparsity.

We explain the success ofSlimGthrough a systematic study of the designs of existing
GNNs, sanity checks, and comprehensive ablation studies.
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Figure 4.1:SlimG wins on all sanity checks. Each row is a speci�c scenario of graph data
that we propose for comprehensive evaluation in Section 4.5. The table is generated from the
actual accuracy in Table 4.4:X means the accuracy� 80%.

4.1 Introduction

How can we solve semi-supervised node classi�cation in various types of graphs possibly
with noisy features and structures? Graph neural networks (GNNs) [KW17, HYL17, GSR+ 17,
VCC+ 18] have succeeded in various graph mining tasks such as node classi�cation, cluster-
ing, or link prediction. However, due to the di�culty of training, hyperparameter tuning, and
even the selection of a model itself, many GNNs fail to show their best performance when ap-
plied to a large testbed that contains real-world graphs with various characteristics. Especially
when a graph contains noisy observations in its features and/or its graphical structure, which
is common in real-world data, existing models easily over�t their parameters to such noises.

In response to the question, we proposeSlimG, our novel node classi�cation model on
graphs based on thecareful simplicityprinciple: a simple carefully-designed model can be more
accurate than complex ones thanks to better generalizability, robustness, and easier training.
The four design decisions ofSlimG(D1-4 in Section 4.4) are carefully made to follow this prin-
ciple by observing and addressing the pain points of existing GNNs; we generate and combine
various types of graph-based features (D1), design structure-only features (D2), remove redun-
dancy in feature transformation (D3), and make the propagator function contain no hyperpa-
rameters (D4).

The resulting model,SlimG, is our main contribution (C1) which exhibits the following
desirable properties:

ˆ C1.1 � Accurate on both real-world and synthetic datasets, almost always winning or
tying in the �rst place (see Figure 4.2, Table 4.4, and Table 4.5).

ˆ C1.2 � Robust , being able to handle numerous real settings such as homophily, het-
erophily, no network e�ects, useless features (see Figure 4.1 and Table 4.4).

ˆ C1.3 � Fast and scalable, using carefully chosen features, it takes only32 seconds on
million-scale real-world graphs (ogbn-Products) on a stock server (see Figure 4.2).

ˆ C1.4 � Interpretable , learning the largest weights on informative features, ignoring
noisy ones, based on the linear decision function (see Figure 4.5).
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Figure 4.2:SlimG wins both on accuracy and training time on (left) ogbn-arXiv, (middle)
ogbn-Products, and (right) Pokec, which are large real-world graphs (1.2M, 61.9M, and 30.6M
edges, resp.). Several baselines run out of memory (crossed out).

Figure 4.3:Why `less is more': The simple modelf 0(x) = c (in blue) matches the reality (in
purple), while richer models with more polynomial powers end up capturing noise in the given
data: the tiny downward trend byf 1(x) (in red) and the spurious curvature byf 2(x) (in green).

Not only we propose a carefully designed, e�ective method (in Section 4.4), but we also
explain the reasons for its success. This is thanks to our three additional contributions (C2-4):

ˆ C2 � Explanation (Section 4.3): We proposeGnnExp, a framework for the system-
atic linearization of a GNN. As shown in Table 4.3,GnnExphighlights the similarities,
di�erences, and weaknesses of successful GNNs.

ˆ C3 � Sanity checks (Section 4.5): We propose seven possible scenarios of graphs (ho-
mophily, heterophily, no network e�ects, etc.), which reveal the strong and weak points
of each GNN; see Figure 4.1 with more details in Table 4.4.

ˆ C4 � Experiments (Section 4.6): We conduct extensive experiments to better under-
stand the success ofSlimGeven with its simplicity. Our results in Tables 4.6 to 4.10 show
that SlimGe�ectively selects the most informative component in each dataset, fully ex-
ploiting its robustness and generality.

37



Less is more Our justi�cation for the counter-intuitive success of simplicity is illustrated in
Figure 4.3: A set of points are uniformly distributed inx 2 (� 1; 1) andy 2 (0; 1), and the �tting
polynomialsf i (x) with degreei = 0; 1; 2are given. Notice that the simplest modelf 0 (blue line)
matches the true generatorf (x) = 0 :5. Richer models use the 1st and the 2nd degree powers
(many cooks spoil the broth) and end up modeling tiny artifacts, like the small downward slope
of f 1 (red line), and the curvature off 2 (green line). This `many cooks' issue is more subtle and
counter-intuitive than over�tting, asf 2 andf 3 have only 2 to 3 unknown parameters to �t to
the hundred data points: even asmallstatistical can fail if it is not matched with the underlying
data-generating mechanism.
Reproducibility : Our code, along with our datasets forsanity checks, is available athttps:
//github.com/mengchillee/SlimG .

4.2 Background and Related Work

4.2.1 Background

We de�ne semi-supervised node classi�cation as follows:
ˆ Given an undirected and attributed graphG = ( A ; X ), whereA 2 Rn� n is an adjacency

matrix,X 2 Rn� d is a node feature matrix,n is the number of nodes, andd is the number
of features.

ˆ Given the labelsy 2 f 1; � � � ; cgm of m nodes inG, wherem � n, andc is the number
of classes.

ˆ Predict the unknown classes ofn � m testing nodes.
An overview of symbols and acronyms is provided in Table 4.1 and Table 4.2, respectively.
We use the following symbols to represent adjacency matrices with various normalizations
and/or self-loops. ~A = A + I is the adjacency matrix with self-loops.~D = diag( ~A1 n� 1) is
the diagonal degree matrix of~A , where 1n� 1 is the matrix of sizen � 1 �lled with ones.
~A sym = ~D � 1=2 ~A ~D � 1=2 is the symmetrically normalized~A . Similarly,A sym = D � 1=2AD � 1=2

is also the symmetrically normalizedA but without self-loops. We also use a di�erent type of
normalizationA row = D � 1A (and accordingly~A row ), which we call row normalization, based
on the position of the matrixD .

As background, we de�ne logistic regression (LR) as a function to �nd the weight matrix
W that best maps given features to labels with a linear function.
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Table 4.1: Table of Symbols and De�nitions.

Symbol De�nition

G Undirected and attributed graph
n Number of nodes
d Number of features
c Number of classes

m Number of known node labels
y Set of node labels

A 2 Rn� n Adjacency matrix
X 2 Rn� d Node feature matrix
I 2 Rn� n Identity matrix

D 2 Rn� n Degree matrix with node degrees along diagonal
W 2 Rd� c Weight matrix for classi�cation

P Feature propagator function

Table 4.2: Table of Acronyms.

Acronym De�nition

LR Logistic Regression
SVD Singular Value Decomposition
PCA Principal Component Analysis
GNN Graph Neural Network
GCN Graph Convolutional Networks
SGC Simple Graph Convolution

De�nition 4.1: Logistic Regression

Given a featureX 2 Rn� d and a labely 2 Rm , wherem is the number of observations
such thatm � n, let Y 2 Rm� c be the one-hot representation ofy , andyij be the(i; j )-th
element inY . Then, logistic regression (LR) is a function that �nds an optimal weight
matrix W 2 Rd� c from X andy as follows:

LR(X ; y) = arg max
W

mX

i =1

cX

j =1

yij log softmaxj (W > x i ); (4.1)

wheresoftmaxj (�) represents selecting thej -th element of the result of the softmax func-
tion. We omit the bias term for brevity.

4.2.2 Graph Neural Networks

We provided a brief review of GNNs in Section 3.2.4 and o�er a more comprehensive review
here. There exist many recent GNN variants; recent surveys [ZCH+ 20a, WPC+ 21] group them
into spectral models [DBV16, KW17], sampling based models [HYL17, YHC+ 18, ZYZ+ 20], at-
tention based models [VCC+ 18, KO21, BAY22], and deep models with residual connections
[LMTG19, CWH+ 20]. Decoupled models [KBG19, KWG19, CPLM21] separate the two major
functionalities of GNNs: the node-wise feature transformation and the propagation. GNNs
are often fused with graphical inference [YJK19, HHS+ 21] to further improve the predicted re-
sults. These GNNs have shown great performance in many graph mining tasks, but su�er from
limited robustness when applied to graphs with various characteristics possibly having noisy
observations, especially in semi-supervised learning.
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4.2.3 Linear Graph Neural Networks

[WJZ+ 19] proposed SGC by removing the nonlinear activation functions of GCN [KW17], re-
ducing the propagator function to a simple matrix multiplication. [WWYL21] and [ZK21] im-
proved SGC by manually adjusting the strength of self-loops with hyperparameters, increasing
the number of propagation steps. [LGW+ 22] proposed G2CN, which improves the accuracy of
DGC [WWYL21] on heterophily graphs by combining multiple propagation settings (i.e. band-
widths). The main limitation of these models is the high complexity of propagator functions
with many hyperparameters, which impairs both the robustness and interpretability of deci-
sions even with linearity.

4.2.4 Graph Kernel Methods

Traditional works on graph kernel methods [SK03, IMN+ 18] are closely related to linear GNNs,
which can be understood as applying a linear graph kernel to transform the raw features. A
notable limitation of such kernel methods is that they are not capable of addressing various
scenarios of real-world graphs, such as heterophily graphs, as their motivation is to aggregate
all information in the local neighborhood of each node, rather than ignoring noisy and useless
ones. We implement three popular kernel methods as additional baselines and show that our
SlimGoutperforms them in both synthetic and real graphs.

4.3 Proposed Framework: GnnExp

Why do GNNs work well when they do? In what cases will a GNN fail? We answer these ques-
tions with GnnExp, our proposed framework for revealing the essence of each GNN. The idea
is to derive the essentialfeature propagatorfunction on which each variant is based, ignoring
nonlinearity, so that all models are comparable on the same ground. The observations from
GnnExpmotivate us to propose our methodSlimG, which we describe in Section 4.4.

De�nition 4.2: Linearization

Given a graphG = ( A ; X ), let f (�; � ) be a node classi�er function to predict the labels of
all nodes inG asŷ = f (A ; X ; � ), where� is the set of parameters. Then,f is linearizedif
� = f W g and the optimal weight matrixW � 2 Rh� c is given as

W � = LR( P(A ; X ); y); (4.2)

whereP is a feature propagator function that is linear withX and contains no learnable
parameters, andP(A ; X ) 2 Rn� h. We ignore the bias term without loss of generality.
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De�nition 4.3: GnnExp

Given a GNNf , GnnExpis to representf as a linearized GNN by replacing all (nonlinear)
activation functions inf with the identity function and deriving a variantf 0that is at least
as expressive asf but contains no parameters inP.

GnnExprepresents the characteristic of a GNN as a linear feature propagator functionP, which
transforms raw featuresX by utilizing the graph structureA . Lemma 4.1 shows thatGnnExp
generalizes existing linear GNNs. Logistic regression is also represented byGnnExpwith the
identity propagatorP(A ; X ) = X .

Lemma 4.1

GnnExp includes existing linear graph neural networks as its special cases: SGC, DGC,
S2GC, and G2CN.

Proof.We prove the lemma for each of SGC, DGC, S2GC, and G2CN. The propagator function
of SGC [WJZ+ 19] directly �ts the de�nition of linearization. DGC [WWYL21] has variants
DGC-Euler and DGC-DK. We focus on DGC-Euler, which is mainly used in their experiments.
Then, DGC also �ts the de�nition of linearization. S2GC [ZK21] computes the summation of
features propagated with di�erent numbers of steps. The original formulation divides the added
features byK , which is safely ignored as we multiply the weight matrixW to the transformed
feature for classi�cation.

G2CN [LGW+ 22] does not provide an explicit formulation of the propagator function. The
parameterized versionP0 of the propagator function isP0(A ; X ; f � i gN

i =1 ) =
P N

i =1 � i H i;K ,
where� i is a parameter. Thek-th feature representationH i;k is recursively de�ned asH i;k =
[I � Ti

K ((bi � 1)I + A sym)2]H i;k � 1, whereL = I � A sym is the normalized Laplacian matrix,N , Ti ,
andbi are hyperparameters, andH i; 0 = X . Then, we make it contain no learnable parameters
asP(A ; X ) = kN

i =1 H i;K . We prove the lemma from the four cases. �

In Table 4.3, we conduct a comprehensive linearization of existing GNNs usingGnnExpto
understand the fundamental similarities and di�erences among GNN variants. The models are
categorized into linear, decoupled, coupled, and attention models. We ignore bias terms for
simplicity, without loss of generality.

4.3.1 Pain Points of Existing GNNs

Based on the comprehensive linearization in Table 4.3, we derive four pain points of existing
GNNs which we address in Section 4.4.
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Table 4.3:GnnExp encompasses popular GNNs. The * and ** superscripts mark fully and
partially linearized models, respectively. We derive Pain Points (Section 4.3.1) and Distinguish-
ing Factors (Section 4.3.2) of the variants throughGnnExp.

Model Type Propagator functionP(A ; X )

LR Linear X

SGC Linear ~A K
sym X

DGC Linear [(1 � T=K)I + ( T=K) ~A sym]K X
S2GC Linear

P K
k=1 (� I + (1 � � ) ~A k

sym) X
G2CN Linear kN

i =1 [I � (Ti =K )(( bi � 1)I + A sym)2]K X

PPNP* Decoupled (I � (1 � � ) ~A sym)� 1 X
APPNP* Decoupled [

P K � 1
k=0 � (1 � � )k ~A k

sym + (1 � � )K ~A K
sym]X

GDC* Decoupled S = sparse� (
P 1

k=0 (1 � � )k ~A k
sym) for ~Ssym X

GPR-GNN* Decoupled kK
k=0

~A k
sym X

ChebNet* Coupled kK � 1
k=0 A k

sym X
GCN* Coupled ~A K

sym X
SAGE* Coupled kK

k=0 A k
row X

GCNII* Coupled kK � 2
k=0

~A k
symX k ((1 � � ) ~A K

sym + � ~A K � 1
sym ) X

H2GCN* Coupled k2K
k=0 A k

symX

GAT** Attention
Q K

k=1 [diag(Xw k;1) ~A + ~A diag(Xw k;2)] X
DA-GNN** Attention

P K
k=0 diag(~A k

symXw ) ~A k
sym X

Pain Point 4.1: Lack of Robustness

All models in Table 4.3 fail to handle multiple graph scenarios at the same time, i.e., graphs
with homophily, heterophily, no network e�ects, or useless features.

Most models in Table 4.3 make an implicit assumption on given graphs, such as homophily or
heterophily, rather than being able to perform well in multiple scenarios at the same time. For
example, all models except ChebNet, SAGE, and H2GCN have self-loops in the new adjacency
matrix, emphasizing the local neighborhood of each node even in graphs with heterophily or no
network e�ects. This is the pain point that we also observe empirically from the sanity checks
(in Table 4.4), where none of the existing models succeeds in making reasonable accuracy in all
cases of synthetic graphs.

Pain Point 4.2: Vulnerability to Noisy Features

All models in Table 4.3 cannot fully exploit the graph structure if the features are noisy,
since they depend on the node feature matrixX .
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If a graph does not have a feature matrixX , a common solution is to introduce one-hot features
[KW17], i.e.,X = I , although it increases the running time of the model a lot. On the other
hand, if X exists but some of its elements are meaningless with respect to the target classes,
models whose propagator functions rely onX su�er from the noisy elements. In such cases, a
desirable property for a model is to adaptively emphasize important features or disregard noisy
ones to maximize its generalization performance, which is not satis�ed by any of the existing
models in Table 4.3.

Pain Point 4.3: E�ciency and E�ectiveness

Concatenation-based models in Table 4.3 create spurious correlations between feature el-
ements, requiring more parameters than in other models.

Existing models such as GPR-GNN and GCNII in Table 4.3 perform the concatenation of mul-
tiple feature matrices transformed in di�erent ways. For example, GPR-GNN concatenates
~A k

symX for di�erent values ofk from 0 toK , whereK is a hyperparameter. Such a concatenation-
based propagation limits the e�ciency of a model in two ways. First, this increases the number
of parametersK times, since the model needs to learn a separate weight matrix for each given
feature matrix. Second, this creates spurious correlations in the resulting features, since the
feature matrices like~A symX and ~A 2

symX have high correlations with each other.

Pain Point 4.4: Many Hyperparameters

Hyperparameters inP impair its interpretability and require extensive tuning.

Most models in Table 4.3, even the linear models such as DGC and G2CN, contain many hy-
perparameters in the propagator functionP. Such hyperparameters lead to two limitations.
First, the interpretability of the weight matrixW is impaired, since it is learned on top of the
transformed featureP(A ; X ) whose meaning changes arbitrarily by the choice of its hyperpa-
rameters. For example, DGC changes the numberK of propagation steps between 250 and 900
in real-world datasets, making it hard to have consistent observations from the generated fea-
tures. Second,P(A ; X ) should be computed for every new choice of hyperparameters, while
it can be cached and reused for searching hyperparameters outsideP.

4.3.2 Distinguishing Factors

What are the potential choices in designing a general approach that addresses the pain points?
We analyze the fundamental similarities and di�erences among the GNN variants in Table 4.3.
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Distinguishing Factor 4.1: Combination of Features

How should we combine node features, the immediate neighbors' features, and theK -
step-away neighbors' features?

GNNs propagate information by multiplying the featureX with (a variant of) the adjacency
matrix A multiple times. There are two main choices in Table 4.3:(1) the summation of trans-
formed features (most models), and(2) the concatenation of features (GPR-GNN, GraphSAGE,
GCNII, and H2GCN). Simple approaches like SGC are categorized as the summation due to the
self-loops in~A sym.

Distinguishing Factor 4.2: Modi�cation of A

How should we normalize or modify the adjacency matrixA ?

The three prevailing choices are given as follows:(1) symmetric vs. row normalization,(2) the
strength of self-loops, including making zero self-loops, and(3) static vs. dynamic adjustment
based on the given features. Most models use the symmetric normalization~A sym with self-
loops, but some variants avoid self-loops and use either row normalizationA row or symmetric
oneA sym. Recent models such as DGC, G2CN, and GCNII determine the weight of self-loops
with hyperparameters, since strong self-loops allow distant propagation with a large value of
K . Finally, attention-based models learn the elements inA dynamically based on node features,
making propagator functions quadratic withX , not linear.

Distinguishing Factor 4.3: Heterophily

What to do if the direct neighbors di�er in their features or labels?

In such cases, the simple aggregation of the features of immediate neighbors may hurt perfor-
mance, and therefore, several GNNs do su�er under heterophily as shown in Table 4.4. GNNs
that can handle heterophily adopt one or more of these ideas:(1) using the square ofA as the
base structure (G2CN); (2) learning di�erent weights for di�erent steps (GPR-GNN, ChebNet,
SAGE, and GCNII), and(3) making small or no self-loops in the modi�cation ofA (DGC, S2GC,
G2CN, and H2GCN). The idea is to avoid or downplay the e�ect of immediate (and odd-step-
away) neighbors. Self-loops hurt under heterophily, as they force to have information of all
intermediate neighbors by acting as the implicit summation of transformed features.

4.4 Proposed Method: SlimG

We proposeSlimG, a novel method that addresses the limitations of existing models with strict
adherence to thecareful simplicityprinciple. We �rst derive fourdesign decisions(D1-D4) that
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directly address the pain points (PPs) of existing GNN models and propose the following prop-
agator function ofSlimG:

P(A ; X ) = U|{z}
Structure

k g(X )
| {z }
Features

k g(A 2
row X )

| {z }
2-step neighbors

k g( ~A 2
symX )

| {z }
Neighbors

(4.3)

whereg(�) is the principal component analysis (PCA) for the orthogonalization of each com-
ponent, followed by an L2 normalization, andU 2 Rn� r containsr -dimensional structural
features independent of node featuresX , derived by running the low-rank singular value de-
composition (SVD) on the adjacency matrixA .

D1: Concatenating winning normalizations (for PP 4.1 � robustness) The main prin-
ciple of SlimG to acquire robustness and generalizability, in response to Pain Point 4.1, is to
transform the raw features into various forms and then combine them through concatenation.
In this way, SlimG is able to emphasize essential features or ignore useless ones by learning
separate weights for di�erent components. The four components ofSlimG in Equation (4.3)
show their strength in di�erent cases: structural featuresU for graphs with noisy features,
self-featuresX for a noisy structure, two-step aggregationA 2

row for heterophily graphs, and
smoothed two-hop aggregation~A 2

sym of the local neighborhood for homophily.
Speci�cally, we use the row-normalized matrixA row with no self-loops due to the limita-

tions of the symmetric normalization~A sym: First, the self-loops force one to combine all inter-
mediate neighbors of each node until theK -hop distance, even in heterophily graphs where
the direct neighbors should be avoided. Second, neighboring features are rescaled based on
the node degrees during an aggregation, even when we want simple aggregation ofK -hop
neighbors preserving the original scale of features. We thus useA 2

row along with the popular
transformation ~A 2

sym in SlimG.

D2: Structural features (for PP 4.2 � noisy features) In response to Pain Point 4.2, we
have to resort to the structureA ignoring X when features are missing, noisy, or useless for
classi�cation. Thanks to our design decision (D1) for concatenating di�erent components, we
can safely add toP structure-based features which the model can utilize adaptively based on
the amount of informationX provides. However, it is not e�ective to use rawA , which requires
the model to learn a separate weight vector for each node, severely limiting its generalizability.
We thus adopt low-rank SVD with rankr to extract structural featuresU . The value ofr is
selected to keep 90% of the energy ofA , where the sum of the largestr squared singular values
divided by the squared Frobenius norm ofA is smaller than 0.9. If the chosen value ofr is larger
than d in large graphs, we setr to d for the size consistency between di�erent components.

D3: Orthogonalization and sparsi�cation (for PP 4.3 � collinearity) To improve the ef-
�ciency and e�ectiveness ofSlimGin response to Pain Point 4.3, we use two reliable methods to
further transform the features: dimensionality reduction by PCA and regularization by group
LASSO. First, we run PCA on each of the four components to orthogonalize them and to im-
prove the consistency of learned weights. Second, we use group LASSO to learn sparse weights
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on the component level, preserving the relative magnitude of each element and suppressing
noisy features. To assure the consistency between components (especially with the structural
featuresU ), we force all components to have the same dimensionality by selectingr features
from each component when adopting PCA.

D4: Multi-level neighborhood aggregation (for PP 4.4 � hyperparameters) Our prop-
agator functionP considers multiple levels of neighborhoods through the concatenation of
di�erent components. This allows us to remove all hyperparameters fromP to tune for each
dataset, in response to Pain Point 4.4, gaining in both interpretability and e�ciency. Speci�-
cally, X , ~A 2

sym, andA 2
row aggregate the zero-, one-, and two-hop neighborhood of each node,

respectively, considering the self-loops included in~A 2
sym. Then,U considers the global topology

information of each node, which is in e�ect the same as considering the distant neighborhood
in the graph. As a result,SlimGperforms well in di�erent real-world datasets without tuning
any hyperparameters inP, unlike existing GNNs that are often required to increase the value
of K up to hundreds [WWYL21].

Time Complexity The time complexity ofSlimG, including all its components SVD, PCA,
and the training of LR, is linear with a graph size in most real-world graphs where the number
of edges is much larger than the numbers of nodes and features.

Lemma 4.2: Time Complexity

Given a graph, letn ande be the numbers of nodes and edges, respectively, andd be the
number of features. Then, the time complexity of the training ofSlimGisO(de+ d2n+ d3).

Proof.The training ofSlimGconsists of three parts: SVD, PCA, and LR. The time complexity of
SVD isO(de+ d2n) asSlimGruns the sparse truncated SVD for generating structural features.
The complexity of PCA, which is applied to each of the four components in Equation (4.3), is
O(d2n + d3). The complexity of the gradient-based optimization of LR isO(dnt), wheret is the
number of epochs. We safely assumet < n , sincet < 100in all our experiments. We prove the
lemma by combining the three complexity terms. �

4.5 Proposed Sanity Checks

We propose a set ofsanity checksto directly evaluate the robustness of GNNs to various sce-
narios of node classi�cation.

4.5.1 Design of Sanity Checks

We categorize possible scenarios of node classi�cation based on the characteristics of node
featuresX , a graph structureA , and node labelsy. We denote byA ij and Yi the random
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Structure
Feature

SemanticX StructuralX RandomX

Homophily A Both help Both help A helps
HeterophilyA Both help Both help A helps
Uniform A X helps None helps None helps

(a) Sanity Check Matrix

(b) HomophilyA (c) HeterophilyA (d) UniformA

Figure 4.4:Illustration of our sanity checks. (a) We consider 3 possibilities for each ofA
andX , creating a total of 9 cases. (b - d) We visualize the adjacency matrices from the three
cases ofA , which exhibit di�erent structural patterns.

variables for edge(i; j ) between nodesi andj and labelyi of nodei , respectively, andaij refers
to a connection inA . We summarize the nine possible cases in Figure 4.4a.

Structure We consider three cases of the structureA : uniform, homophily, andheterophily,
which are de�ned as follows:

ˆ Uniform: P(Yi = y j A ij = 1; Yj = y) = P(Yi = y)
ˆ Homophily: P(Yi = y j A ij = 1; Yj = y) > P (Yi = y)
ˆ Heterophily: P(Yi = y j A ij = 1; Yj = y) < P (Yi = y)

The uniform case means that the label of a node is independent of the labels of its neighbors.
This is the case when the graph structure provides no information for classi�cation. In the
homophily case, adjacent nodes are likely to have the same label, which is the most common
assumption in graph data. In the heterophily case, adjacent nodes are likely to have di�erent
labels, which is not as common as homophily but often observed in real-world graphs.

We assume the one-to-one correspondence between the structural property and the labels:
uniform with uniformly random A , homophilywith block-diagonalA , andheterophilywith
non-block-diagonalA . Note that the other combinations, e.g., homophily with non-block-
diagonalA , or uniform with block-diagonalA , are not feasible by de�nition. Figure 4.4 il-
lustrates the three cases ofA . The number of node clusters in the graph, which is four in the
�gure, is the same as the number of node labels in experiments.
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Table 4.4:SlimG wins on all sanity checks. Each value denotes the average and the standard
deviation of accuracy from �ve runs. There are three groups of scenarios: (left) only featuresX
help; (middle) only connectivityA helps; (right) both help. Green (, , ) marks the top three
(higher is darker); red () marks the ones that are too low (2� below the third place).SlimG
is the only method without red cells and achieves the best average accuracy and average rank
(variance in the parentheses).

Model
Only X helps Only A helps Both X andA help

Avg. Acc. Avg. RankSemanticX RandomX RandomX StructuralX StructuralX SemanticX SemanticX
Uniform A Homophily Heterophily Homophily Heterophily Homophily Heterophily

LR 83.7� 0.6 24.2� 0.7 24.2� 0.7 71.4� 0.9 66.8� 2.2 83.4� 0.6 83.4� 0.6 62.4 (26.9) 10.7 (5.4)

Reg. Kernel 82.7� 0.5 27.9� 0.4 24.3� 1.0 75.7� 0.2 65.3� 1.6 91.5� 0.5 79.5� 0.3 63.8 (27.0) 10.4 (4.3)
Di�. Kernel 26.8� 1.7 38.0� 8.7 37.6� 7.5 79.5� 0.3 73.5� 0.6 70.9� 23. 56.1� 27. 54.6 (20.7) 10.6 (4.0)
RW Kernel 72.2� 0.7 37.0� 0.4 24.5� 1.3 81.3� 1.2 51.0� 1.1 94.5� 0.9 57.8� 0.7 59.8 (24.7) 10.4 (3.6)

SGC 44.6� 9.8 64.3� 0.7 50.2� 14. 87.1� 0.6 84.3� 0.5 93.9� 0.9 91.5� 0.5 73.7 (20.4) 5.7 (3.1)
DGC 63.8� 1.0 50.5� 13. 26.0� 0.9 88.6� 1.0 45.3� 1.3 96.2� 0.4 54.0� 0.6 60.6 (24.6) 8.3 (5.9)
S2GC 79.9� 0.6 38.5� 12. 25.4� 0.9 88.4� 1.0 67.9� 1.5 95.9� 0.6 78.0� 0.5 67.7 (26.2) 7.4 (3.4)
G2CN 25.2� 0.3 24.2� 1.1 25.0� 0.1 88.5� 1.0 88.6� 1.2 24.3� 1.1 50.7� 31. 46.6 (30.2) 11.6 (6.3)

GCN 36.3� 3.5 46.7� 8.0 43.7� 1.9 83.3� 1.3 72.2� 1.7 91.2� 1.2 80.3� 3.9 64.8 (22.1) 8.1 (3.0)
SAGE 80.3� 1.1 31.1� 0.7 34.6� 2.1 83.9� 0.8 81.3� 0.7 94.4� 0.5 94.4� 0.9 71.4 (27.0) 5.7 (2.9)
GCNII 73.5� 1.2 30.7� 0.7 27.1� 1.3 84.2� 0.8 69.0� 1.4 90.6� 0.9 80.4� 1.2 65.1 (25.7) 8.7 (1.8)
H2GCN 80.2� 1.5 27.0� 1.0 27.5� 0.8 78.0� 0.9 74.6� 1.3 91.9� 0.7 92.2� 0.9 67.3 (28.2) 8.0 (3.9)
APPNP 66.0� 2.6 30.3� 1.2 25.2� 0.7 71.2� 4.9 43.8� 2.0 83.2� 3.8 58.7� 4.5 54.1 (21.6) 12.9 (2.0)
GPR-GNN 73.4� 0.4 74.6� 0.7 65.9� 2.1 89.9� 0.6 87.6� 1.2 95.0� 1.1 91.9� 1.1 82.6 (11.2) 3.3 (2.1)
GAT 32.7� 5.5 42.6� 4.8 36.8� 5.7 64.0� 5.7 55.6� 6.8 68.5� 7.1 67.0� 12. 52.5 (15.0) 11.6 (4.1)

SlimG(Ours) 81.0� 1.1 87.1� 1.4 89.2� 1.2 88.1� 0.5 88.9� 0.7 94.4� 0.6 93.9� 0.5 88.9 ( 4.5) 2.6 (1.8)

Features We consider three cases of node featuresX : random, semantic, andstructural. The
three cases are de�ned in relation toA andy. We use the notationp(�) since the features are
typically modeled as continuous variables:

ˆ Random: p(x i ; x j j yi ; yj ; aij ) = p(x i ; x j )
ˆ Structural: p(x i ; x j j yi ; yj ; aij ) 6= p(x i ; x j j yi ; yj )
ˆ Semantic: p(x i ; x j j yi ; yj ; aij ) 6= p(x i ; x j j aij )

The random case means that each feature elementx ij is determined independently of all other
variables in the graph, providing no useful information. The semantic case represents a typical
graph whereX provides useful information ofy. In this case, the featurex i of each nodei is
directly correlated with the labelyi . In the structural case,X provides information of the graph
structure, rather than the labels. Thus,X is meaningful for classi�cation ifA is notuniform, as
it gives only indirect information ofy.

4.5.2 Observations from Sanity Checks

Table 4.4 shows the results of sanity checks for ourSlimGand all baseline models whose details
are given in Section 4.6. We assume 4 target classes of nodes, making the accuracy of random
guessing 25%. Among the nine cases in Table 4.4a, we do not report the results on two cases
where the graph does not give any information (i.e., �none helps�), since all methods produce
similar accuracy.

SlimGwins on all sanity checks, thanks to its careful design for the robustness to various
graph scenarios. Although homophilyA and useful (i.e., not random)X is a common assump-
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tion in many datasets, many nonlinear GNNs show failure (i.e., red cells) in such cases. This
implies that thetheoretical expressivenessof a model is often not aligned with its actual per-
formance even in controlled testbeds, as we also show in our intuitive example in Figure 4.3.
Only a few baselines succeed in other scenarios with di�erentA andX , as we present in the
observations below.

Observation 4.1: Summary

SlimGwins on all sanity checks without failures (i.e., no red cells).SlimGshows the best
average accuracy and the average rank compared to 15 competitors.

Observation 4.2: No Network E�ects

Only a few models including S2GC and GraphSAGE perform well in uniformA , where the
graph structure provides no useful information, since they have the rawX (not multiplied
with A ) in their propagator functionsP.

Observation 4.3: Useless Features

None of the existing models in Table 4.4 succeeds with useless (i.e., random) featuresX ,
since their propagator functionsP rely on X in all cases.

Observation 4.4: Heterophily Graphs

Models that can utilize even-hop neighbors, such as G2CN, GraphSAGE, and GPR-GNN,
succeed in heterophily graphs either with semantic or structuralX .

4.6 Experiments

We conduct experiments on13real-world datasets to answer following research questions (RQ):
RQ1.Accuracy: How well doesSlimG work for semi-supervised node classi�cation on real-

world graphs?
RQ2.Success of Simplicity: How doesSlimG succeed even with its simplicity? What if we

add nonlinearity toSlimG?
RQ3.Speed and Scalability: How fast and scalable isSlimGto large real-world graphs?
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Table 4.5:SlimG wins most of the times on 13 real-world datasets (7 homophily and 6 het-
erophily graphs) against 15 competitors. We color the best and worst results as green and red,
respectively, as in Table 4.4.SlimG is the only approach that exhibits no failures (i.e., no red
cells) in all datasets. Most competitors cause out-of-memory (OOM) errors on large graphs.

Model Cora CiteSeer PubMed Comp. Photo ArXiv Products Cham. Squirrel Actor Penn94 Twitch Pokec Avg. Rank

LR 51.5� 1.2 52.9� 4.5 79.9� 0.5 73.9� 1.2 79.3� 1.5 48.3� 1.9 56.4� 0.5 24.9� 1.7 26.7� 1.9 27.8� 0.8 63.5� 0.5 53.0� 0.1 61.3� 0.0 11.7 (4.2)

Reg. Kernel 67.8� 2.5 62.1� 4.4 83.4� 1.4 80.3� 1.4 87.1� 1.2 O.O.M. O.O.M. 29.4� 2.6 24.3� 2.3 29.6� 1.4 O.O.M. O.O.M. O.O.M. 12.2 (3.8)
Di�. Kernel 70.6� 1.5 62.7� 3.8 82.1� 0.4 83.1� 1.0 89.8� 0.6 O.O.M. O.O.M. 34.5� 7.9 28.3� 1.5 24.7� 0.9 53.5� 0.8 O.O.M. O.O.M. 11.8 (2.5)
RW Kernel 72.7� 1.7 64.1� 3.9 83.1� 0.7 84.2� 0.7 90.6� 0.7 63.2� 0.2 74.2� 0.0 34.9� 3.5 25.0� 1.6 26.4� 1.1 63.1� 0.7 57.6� 0.1 59.5� 0.0 8.3 (3.3)

SGC 76.2� 1.1 65.8� 3.9 84.1� 0.8 83.7� 1.6 90.1� 0.9 65.0� 3.4 74.6� 5.1 38.1� 4.5 33.1� 1.0 24.6� 0.8 64.0� 1.1 56.5� 0.1 69.8� 0.0 6.6 (4.2)
DGC 77.8� 1.4 66.1� 4.2 84.3� 0.6 83.9� 0.7 90.4� 0.2 65.2� 4.0 68.7� 13. 37.2� 3.7 29.2� 1.2 25.2� 2.1 62.5� 0.4 58.2� 0.2 60.7� 0.1 6.6 (3.2)
S2GC 78.3� 1.5 66.9� 4.4 84.3� 0.3 83.1� 0.8 90.1� 0.8 62.0� 7.4 58.3� 18. 34.9� 4.9 27.6� 1.8 26.7� 1.8 63.1� 0.5 58.7� 0.1 61.2� 0.0 6.6 (2.7)
G2CN 76.6� 1.5 64.2� 3.3 81.4� 0.6 82.8� 1.6 88.8� 0.5 O.O.M. O.O.M. 40.7� 2.9 32.1� 1.5 24.3� 0.5 O.O.M. O.O.M. O.O.M. 10.5 (4.5)

GCN 76.0� 1.2 65.0� 2.9 84.3� 0.5 85.1� 0.9 91.6� 0.5 62.8� 0.6 O.O.M. 38.5� 3.0 31.4� 1.8 26.8� 0.4 62.9� 0.7 57.0� 0.1 63.9� 0.4 6.3 (2.4)
SAGE 74.6� 1.3 63.7� 3.6 82.9� 0.4 83.8� 0.5 90.6� 0.5 61.5� 0.6 O.O.M. 39.8� 4.3 27.0� 1.3 27.8� 0.9 O.O.M. 56.6� 0.4 68.9� 0.1 8.5 (3.5)
GCNII 77.8� 1.7 63.4� 3.0 84.9� 0.8 82.3� 1.8 90.8� 0.6 45.7� 0.5 O.O.M. 30.5� 2.5 21.9� 3.0 29.0� 1.3 64.5� 0.5 56.9� 0.6 62.1� 0.3 8.4 (4.6)
H2GCN 77.6� 0.9 64.7� 3.8 85.4� 0.4 49.5� 16. 75.8� 11. O.O.M. O.O.M. 31.9� 2.6 25.0� 0.5 28.9� 0.6 63.9� 0.4 58.7� 0.0 O.O.M. 8.9 (4.9)
APPNP 80.0� 0.6 67.1� 2.8 84.6� 0.5 84.2� 1.7 92.5� 0.3 53.4� 1.3 O.O.M. 30.9� 4.7 23.9� 3.2 26.1� 1.0 63.7� 0.9 47.3� 0.3 57.4� 0.4 7.6 (4.8)
GPR-GNN 78.8� 1.3 64.2� 4.0 85.1� 0.7 85.0� 1.0 92.6� 0.3 58.5� 0.8 O.O.M. 31.7� 4.7 26.2� 1.6 29.5� 1.1 64.5� 0.4 57.6� 0.2 67.6� 0.1 5.4 (3.7)
GAT 78.2� 1.2 65.8� 4.0 83.6� 0.2 85.4� 1.4 91.7� 0.5 58.2� 1.0 O.O.M. 39.1� 4.1 28.6� 0.6 26.4� 0.4 60.5� 0.8 O.O.M. O.O.M. 7.5 (3.7)

SlimG 77.8� 1.1 67.1� 2.3 84.6� 0.5 86.3� 0.7 91.8� 0.5 66.3� 0.3 84.9� 0.0 40.8� 3.2 31.1� 0.7 30.9� 0.6 68.2� 0.6 59.7� 0.1 73.9� 0.1 1.9 (1.5)

Table 4.6:SlimG e�ectively combines di�erent components. SlimG-Ci represents that we
use only thei -th component shown in Equation (4.3). Node classi�cation is done accurately
even we use a single component at each time, andSlimG outperforms the best accuracy of a
single component in 11 out of the 13 datasets. Green (, ) marks the top two.

Model Cora CiteSeer PubMed Comp. Photo ArXiv Products Cham. Squirrel Actor Penn94 Twitch Pokec

SlimG-C1 46.3� 3.0 29.2� 2.5 64.5� 1.0 77.6� 1.0 78.5� 0.9 51.4� 0.2 73.6� 2.9 41.9� 2.0 29.1� 1.0 21.6� 1.2 60.9� 0.6 59.3� 0.1 66.7� 0.0
SlimG-C2 53.5� 1.5 53.6� 3.6 79.3� 0.3 74.5� 1.1 81.4� 0.9 49.8� 0.2 57.4� 0.1 25.1� 1.5 21.8� 0.9 29.9� 2.1 62.3� 0.5 53.0� 0.1 61.1� 0.0
SlimG-C3 77.6� 0.7 62.7� 4.3 77.4� 0.8 86.0� 1.0 90.3� 0.8 66.2� 0.2 82.5� 0.0 40.6� 1.0 27.6� 3.2 24.1� 1.4 64.7� 0.6 53.1� 0.1 73.2� 0.1
SlimG-C4 76.8� 0.9 64.7� 3.6 82.1� 0.7 85.3� 1.2 90.9� 0.7 65.3� 0.3 78.3� 0.1 40.4� 2.2 31.6� 1.4 23.7� 1.4 64.3� 0.7 56.3� 0.1 68.4� 0.2

SlimG 77.8� 1.1 67.1� 2.3 84.6� 0.5 86.3� 0.7 91.8� 0.5 66.3� 0.3 84.9� 0.0 40.8� 3.2 31.1� 0.7 30.9� 0.6 68.2� 0.6 59.7� 0.1 73.9� 0.1

RQ4. Interpretability: How to explain the importance of graph signals through the learned
weights ofSlimG?

RQ5.Ablation Study: Are all the design decisions ofSlimG, such as two-hop aggregation,
e�ective in real-world graphs?

Flexibility Table 4.6 illustrates the accuracy ofSlimGwhen only one of its four components
in Equation (4.3) is used at each time. The accuracy ofSlimGwith only a single component is
higher than those of most baselines in Table 4.5 when an appropriate component is picked for
each dataset, e.g., C1 for Twitch, C2 for Actor, C3 for Cora, and C4 for CiteSeer. This shows
that high accuracy in semi-supervised node classi�cation can be achieved by a well-designed
simple model even without highexpressivity. SlimG focuses on the best component in each
dataset e�ectively, improving the accuracy of individual components in 11 out of 13 datasets.

Datasets We use 7 homophily and 6 heterophily graph datasets in experiments, which were
commonly used in previous works on node classi�cation [CPLM21, PWC+ 20, LHL+ 21]. Cora,
CiteSeer, and PubMed [SNB+ 08, YCS16] are homophily citation graphs between research ar-
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Table 4.7:Linearity is enough for SlimG: it outperforms its own variants with nonlinearity
that replace the linear classi�er or the PCA functiong with a nonlinear neural network. Green
( , ) marks the top two.

Model Cora CiteSeer PubMed Comp. Photo ArXiv Products Cham. Squirrel Actor Penn94 Twitch Pokec

w/ MLP-2 65.9� 1.1 54.2� 5.3 83.3� 0.2 84.8� 0.5 90.1� 1.9 65.8� 0.1 85.7� 0.0 40.0� 2.5 30.5� 0.5 28.8� 1.0 66.7� 1.7 60.3� 0.3 76.5� 0.1
w/ MLP-3 66.1� 2.0 50.3� 3.6 80.9� 0.9 85.2� 0.8 90.0� 0.8 63.0� 0.1 84.9� 0.9 38.5� 5.5 30.9� 0.7 28.9� 1.2 65.1� 0.6 60.3� 0.2 76.4� 0.2
w/ NL Trans. 70.7� 2.3 57.5� 5.1 81.0� 0.4 71.4� 10. 77.9� 2.2 57.0� 0.6 O.O.M. 41.3� 3.2 30.0� 1.6 27.6� 2.4 61.8� 1.6 61.5� 0.3 75.7� 0.5

SlimG 77.8� 1.1 67.1� 2.3 84.6� 0.5 86.3� 0.7 91.8� 0.5 66.3� 0.3 84.9� 0.0 40.8� 3.2 31.1� 0.7 30.9� 0.6 68.2� 0.6 59.7� 0.1 73.9� 0.1

ticles. Computers and Photo [SMBG18] are homophily Amazon co-purchase graphs between
items. ogbn-arXiv and ogbn-Products are large homophily graphs from Open Graph Bench-
mark [HFZ+ 20]. Since we use only2:5%of all labels as training data, we omit the classes with
instances fewer than100. Chameleon and Squirrel [RAS21] are heterophily Wikipedia web
graphs. Actor [TSWY09] is a heterophily graph connected by the co-occurrence of actors on
Wikipedia pages. Penn94 [TMP11, LHL+ 21] is a heterophily graph of gender relations in a so-
cial network. Twitch [RS21] and Pokec [LK14] are large graphs, which have been relabeled by
[LHL+ 21] to be heterophily. We make the heterophily graphs undirected as done in [CPLM21].

Evaluation We perform semi-supervised node classi�cation by randomly dividing all nodes
in a graph by the 2.5%/2.5%/95% ratio into training, validation, and test sets. In this setting
[CPLM21, DWCL22], which is common in real-world data where labels are often scarce and ex-
pensive, we can properly evaluate the performance of each method in semi-supervised learning.
We perform �ve runs of each experiment with di�erent random seeds and report the average
and standard deviation. All hyperparameter searches and early stopping are done based on
validation accuracy for each run.

Competitors and Hyperparameters We include various types of competitors: linear mod-
els (LR, SGC, DGC, S2GC, and G2CN), coupled nonlinear models (GCN, GraphSAGE, GCNII,
and H2GCN), decoupled models (APPNP and GPR-GNN), and attention-based models (GAT).
We perform row-normalization on the node features as done in most studies on GNNs. We
search their hyperparameters for every data split through a grid search. The hidden dimension
size is set to 64, and the dropout probability is set to 0.5. For the linear models, we use L-BFGS
to train 100 epochs with the patience of 5. For the nonlinear ones, we use ADAM and update
them for 1000 epochs with the patience of 200.

We also include three graph kernel methods [SK03], namely Regularized Laplacian, Dif-
fusion Process, and theK -step Random Walk. They focus on feature transformation and are
used with the LR classi�er asSlimGis. Thus, they perform as the direct competitors ofSlimG
that apply di�erent feature transformations. The propagator functions of graph kernel methods
[SK03] are given as follows:

(Reg. Kernel)P(A ; X ) = ( I n + � 2 ~L)� 1X (4.4)

(Di�. Kernel) P(A ; X ) = exp( � � 2=2~L)X (4.5)

(RW Kernel)P(A ; X ) = ( aI n � ~L)pX ; (4.6)
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Table 4.8:SlimG is scalable. We measure the runtime ofSlimG by varying the numbers of
features and edges in a graph.

Number of Features 20 40 60 80 100

Time (s) 13.0 16.2 18.6 22.9 27.8

Number of Edges 12M 25M 60M 80M 100M

Time (s) 12.3 19.9 21.9 24.0 27.8

Table 4.9:Ablation Study: SlimG works best with the current design. Each design deci-
sion of SlimGleads to an improvement of accuracy in real-world graphs;SlimGis among the
top two in all datasets, marked as green (, ).

Model Cora CiteSeer PubMed Comp. Photo ArXiv Products Cham. Squirrel Actor Penn94 Twitch Pokec

w/o Sp. Reg. 77.8� 0.6 65.0� 3.5 83.8� 0.5 85.9� 0.8 91.7� 0.7 65.2� 0.2 83.4� 1.9 40.1� 3.8 30.7� 1.0 30.1� 0.6 67.4� 0.6 59.8� 0.1 74.2� 0.0
w/o PCA 74.8� 1.5 66.0� 3.1 84.7� 0.5 84.4� 1.1 90.3� 0.7 60.8� 0.2 84.5� 0.0 41.3� 2.0 31.8� 1.1 27.3� 1.1 67.7� 0.7 59.1� 0.2 72.8� 0.1
w/o Struct.U 78.1� 1.0 67.4� 2.5 84.4� 0.3 86.0� 0.5 92.1� 0.4 66.1� 0.2 82.5� 0.6 37.5� 4.2 29.8� 0.4 31.3� 0.5 65.8� 0.6 56.8� 0.0 72.8� 0.1

SlimG 77.8� 1.1 67.1� 2.3 84.6� 0.5 86.3� 0.7 91.8� 0.5 66.3� 0.3 84.9� 0.0 40.8� 3.2 31.1� 0.7 30.9� 0.6 68.2� 0.6 59.7� 0.1 73.9� 0.1

where ~L = D � 1=2(D � A )D � 1=2 is the normalized Laplacian matrix, and� = 1, a = 1, and
p = 2 are their hyperparameters.

SlimG contains two hyperparameters, which are the weight of LASSO and the weight of
group LASSO. It is worth noting thatSlimG does not need to recompute the features when
searching the hyperparameters, while most of the linear methods need to do so because of
including one or more hyperparameters inP.

4.6.1 RQ1 � Accuracy

In Table 4.5,SlimGis compared against 15 competitors on 13 real-world datasets (7 homophily
and 6 heterophily graphs). We color the best and worst results as green and red, respectively, as
in Table 4.4. We report the accuracy in Table 4.5 where, , represent the top three methods
(higher is darker),SlimGoutperforms all competitors in 4 homophily and 5 heterophily graphs,
and achieves competitive accuracy in the rest;SlimGis among the top three in 10 out of 13 times.
Moreover,SlimG is the only model that exhibits no failures (i.e., no red cells), and shows the
best average rank with a signi�cant di�erence from the second-best. It is notable that many
competitors, even linear models such as the kernel methods and G2CN, run out of memory in
large graphs. This shows that linearity is not a su�cient condition for e�ciency and scalability,
and thus a careful design of the propagator functionP is needed as inSlimG.

4.6.2 RQ2 � Success of Simplicity

We conduct studies to better understand howSlimGexhibits the superior performance on real-
world graphs even with its simplicity. Tables 4.6 and 4.7 demonstrate the strength of simplicity
for semi-supervised node classi�cation in real-world graphs.
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(a) No Network E�ects (b) Useless Features

Figure 4.5:SlimG is interpretable: it suppresses useless information and focuses on informa-
tive ones for each scenario: (a) self-featuresg(X ) and (b) structural featuresU . The learned
weights are directly matched with the expectations.

Table 4.10:Ablation Study: Two-step aggregation is good enough for SlimG. The values
krow andksym represent the numbers of propagation steps for theA row and ~A sym components in
Equation (4.3), respectively. We observe no consistent improvement of accuracy by increasing
krow andksym, supporting the current design ofSlimG. Green ( , ) marks the top two.

k row ksym Cora CiteSeer PubMed Comp. Photo ArXiv Products Cham. Squirrel Actor Penn94 Twitch Pokec

f 2; 4; 6g f 2; 3; 4g 79.4� 1.1 66.0� 4.4 84.4� 0.4 85.9� 0.5 91.3� 0.5 67.9� 0.2 84.8� 2.1 41.0� 3.9 31.4� 0.6 29.8� 0.6 68.2� 0.6 60.7� 0.1 76.6� 0.2
f 2; 4g f 2; 3g 78.9� 0.9 66.9� 2.5 84.0� 0.5 86.2� 0.7 91.5� 0.5 67.4� 0.1 73.9� 23. 41.4� 4.0 31.0� 0.7 30.4� 0.4 68.3� 0.5 60.8� 0.1 76.0� 0.1

6 4 79.2� 0.7 66.2� 3.4 84.0� 0.3 85.2� 0.7 91.0� 0.8 67.3� 0.2 84.7� 1.7 38.2� 6.3 29.2� 1.5 31.2� 0.8 67.7� 0.7 59.8� 0.1 74.2� 0.2
4 3 79.2� 0.8 66.1� 3.5 84.2� 0.5 85.8� 0.6 91.3� 0.4 67.2� 0.1 85.4� 0.0 38.6� 7.1 29.5� 1.8 30.4� 0.7 67.5� 0.6 60.0� 0.1 74.6� 0.1

2 (ours) 2 (ours) 77.8� 1.1 67.1� 2.3 84.6� 0.5 86.3� 0.7 91.8� 0.5 66.3� 0.3 84.9� 0.0 40.8� 3.2 31.1� 0.7 30.9� 0.6 68.2� 0.6 59.7� 0.1 73.9� 0.1

Nonlinearity Many recent works on linear GNNs have shown that nonlinearity is not an
essential component in semi-supervised node classi�cation [ZK21, WWYL21, LGW+ 22]. To
support the success ofSlimG, we design three nonlinear variants of it:

ˆ w/ MLP-2: We replace LR with a 2-layer MLP.
ˆ w/ MLP-3: We replace LR with a 3-layer MLP.
ˆ w/ Nonlinear (NL) Transformation: We replace the PCA functiong(�) as a nonlinear

function. Speci�cally, we adopt a 2-layer MLP for the �rst two components and a 2-layer
GCN for the last two components. The transformed features are concatenated and given
to another 2-layer MLP.

We use dropout with a probability of 0.5 to prevent over�tting in both MLP and GCN. The
nonlinear models are trained with the same setting as GCN reported in Table 4.5. We report the
result in Table 4.7, showing that adding nonlinearity does not necessarily improve the accuracy
while sacri�cing both scalability and interpretability.
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4.6.3 RQ3 � Speed and Scalability

We plot the training time versus the accuracy of each model on the ogbn-arXiv, ogbn-Products,
and Pokec graphs, which are the largest in our benchmark, in Figure 4.2. We report the train-
ing time of each model with the hyperparameters that show the highest validation accuracy.
SlimGachieves the highest accuracy in the ogbn-arXiv and ogbn-Products datasets while being
10.4� and 2.5� faster than the second-best model, respectively.SlimGalso shows the highest
accuracy in the Pokec dataset, while being 18.0� faster than the best-performing deep model.
It is worth noting that SlimGis even faster than LR in ogbn-arXiv, taking fewer iterations than
in LR during the optimization. Its fast convergence is owing to the orthogonalization of each
component of the features.

Table 4.8 shows the training time ofSlimGin the ogbn-Products graph with varying num-
bers of features and edges. Smaller graphs are created by removing edges uniformly at random.
SlimGscales well with both variables even in large graphs containing up to 61M edges, showing
linear complexity as we claim in Lemma 4.2.

4.6.4 RQ4 � Interpretability

Figure 4.5 illustrates the weights learned by the classi�er inSlimGfor the sanity checks, where
the ground truths are known.SlimG assigns large weights to the correct factors in graphs
with di�erent mutual information between variables. When there are no network e�ects in
Figure 4.5a, it successfully assigns the largest weights to the self-featuresg(X ), ignoring all
other components. When the features are useless in Figure 4.5b, it puts most of the attention
on the structural featuresU , which does not rely onX .

4.6.5 RQ5 � Ablation Studies

Design Decisions In Table 4.9, we show the accuracy ofSlimGwhen each of its core ideas is
disabled: sparse regularization, PCA, and the structural featuresU . SlimGperforms best with
all of its ideas enabled; it is always included in the top two in each dataset. This shows that
SlimGis designed e�ectively with ideas that help improve its accuracy on real-world datasets.
Note that the sparse regularization and PCA improve the e�ciency ofSlimG, by reducing the
number of parameters, as well as its accuracy.

Receptive Fields To analyze the e�ect of changing the receptive �eld ofSlimG, we vary the
distance of aggregation (i.e., the value ofK ) in Table 4.10. The values ofkrow or ksym given as sets,
e.g.,f 2; 4; 6g, represent that we include more than one component toSlimGwith di�erent K ,
increasing the overall complexity of decisions. SinceA row is designed to consider heterophily
relations, we use only the even values ofkrow. Table 4.10 shows no signi�cant gain in accuracy
by increasing the values ofkrow and ksym, or even including more components toSlimG; the
accuracies of all variants are similar to each other in all cases. That is,SlimGworks su�ciently
well even with the 2-step aggregation for bothA row and ~A sym.
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4.7 Conclusion

We proposeSlimG, a simple but e�ective model for semi-supervised node classi�cation, which
is designed by thecareful simplicityprinciple. We summarize our contributions as follows:

ˆ C1 � Method: SlimGoutperforms state-of-the-art GNNs in synthetic and real datasets,
showing the best robustness;SlimGsucceeds in all types of graphs with homophily, het-
erophily, noisy features, etc.SlimGis scalable to million-scale graphs, even when other
baselines run out of memory, making interpretable decisions from its linearity.

ˆ C2 � Explanation: Our GnnExp framework illuminates the fundamental similarities
and di�erences of popular GNN variants (see Table 4.3), revealing their pain points.

ˆ C3 � Sanity checks: Our sanity checks immediately highlight the strengths and weak-
nesses of each GNN method before it is sent to production (see Table 4.4).

ˆ C4 � Experiments: Our extensive experiments explain the success ofSlimGin various
aspects: linearity, robustness, receptive �elds, and ablation studies (see Tables 4.5 to 4.10).
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Chapter 5

NetInfoF : Measuring and
Exploiting Network Usable
Information

Chapter based on work that appeared at ICLR 2024 [LYZ+ 24] [PDF].

Given an attributed graph, and a graph task (link prediction or node classi�cation), can we
tell if a graph neural network (GNN) will perform well? More speci�cally, do the graph
structure and node features carry enough usable information for the task? Our goals are:
(1) to develop a fast tool to measure how much information is in the graph structure and
in the node features, and (2) to exploit the information to solve the task, if there is enough.

In this chapter, we proposeNetInfoF , a framework includingNetInfoF_Probe and
NetInfoF_Act , for the measurement and the exploitation of network usable informa-
tion (NUI), respectively. Given a graph data,NetInfoF_Probe measures NUI without any
model training, andNetInfoF_Act solves link prediction and node classi�cation, while
two modules share the same backbone. In summary,NetInfoF has following notable ad-
vantages: (a)General, handling both link prediction and node classi�cation; (b)Principled,
with theoretical guarantee and closed-form solution; (c)E�ective, thanks to the proposed
adjustment to node similarity; (d)Scalable, scaling linearly with the input size.

In our carefully designed synthetic datasets,NetInfoF correctly identi�es the ground
truth of NUI and is the only method being robust to all graph scenarios. Applied on real-
world datasets,NetInfoF wins in 11 out of 12times on link prediction compared to general
GNN baselines.
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5.1 Introduction

Given a graph with node features, how to tell if a graph neural network (GNN) can perform
well on graph tasks or not? How can we know what information (if any) is usable to the tasks,
namely, link prediction and node classi�cation? GNNs [KW17, HYL17, VCC+ 18, LZX+ 21] are
commonly adopted on graph data to generate low-dimensional representations that are versa-
tile for performing di�erent graph tasks. However, sometimes there are no network e�ects, and
training a GNN will be a waste of computation time. That is to say, we want a measurement of
how informative the graph structure and node features are for the task at hand, which we call
network usable information (NUI).

We proposeNetInfoF , a framework to measure and exploit NUI in a given graph. First,Net-
InfoF_Probe measures NUI of the given graph withNetInfoF_Score (Equation (5.10)), which
we proved is lower-bound the accuracy (Theorem 5.2). Next, ourNetInfoF_Act solves both the
link prediction and node classi�cation by sharing the same backbone withNetInfoF_Probe .
To save training e�ort, we propose to computeNetInfoF_Score by representing di�erent com-
ponents of the graph with carefully derived node embeddings. For link prediction, we propose
the adjustment to node similarity with a closed-form formula to address the limitations when
the embeddings are static. We demonstrate that our derived embeddings contain enough usable
information, by showing the superior performance on both tasks. In Figure 5.1,NetInfoF_Act
outperforms the GNN baselines most times on link prediction; in Figure 5.2,NetInfoF_Score
measured byNetInfoF_Probe highly correlates to the test performance in real-world datasets.

In summary, our proposedNetInfoF has following advantages:
1. General, handling both node classi�cation and link prediction (Lemma 5.1 and 5.2);
2. Principled , with theoretical guarantee (Theorem 5.1 and 5.2) and closed-form solution

(Lemma 5.1 and 5.2);
3. E�ective , thanks to the proposed adjustment of node similarity (Figure 5.1);
4. Scalable, scaling linearly with the input size (Figure 5.6).

In synthetic datasets,NetInfoF correctly identi�es the ground truth of NUI and is the only
method being robust to all possible graph scenarios; in real-world datasets,NetInfoF wins in
11 out of 12times on link prediction compared to general GNN baselines.
Reproducibility: Code is athttps://github.com/amazon-science/Network
-Usable-Info-Framework .

5.2 Related Work

We introduce the related work in two groups: information theory, and GNNs. In a nutshell,
NetInfoF is the only one ful�lls all the properties as shown in Table 5.1.

5.2.1 Information Theory

The typical measure of the dependence between the random variables is the mutual information
[KSG04]. It is powerful and widely used in sequential feature selection [LCW+ 18], but its exact
computation is di�cult [Pan03, BBR+ 18] especially on continuous random variables [Ros14,
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Figure 5.1: NetInfoF wins in real-
world datasets on link prediction (most
points are below or on linex = y).

(a) Link Prediction (b) Node Classi�cation

Figure 5.2:NetInfoF_Score highly correlates to
test performance in real-world datasets. Each point
denotes the result of a component from each dataset.

MS21] and high-dimensional data [FWV06, MT19]. Recently [XZS+ 20, ECS22] proposed the
concept ofV-information. However, the de�nition needs a trained model, which is expensive
to obtain and is dependent on the quality of training.

Only a few works study the usable information in the graphs, but are not feasible in our
problem settings because of three challenges, i.e., our desired method has to: (1) work without
training any models, where [ALB23] requires model training; (2) identify which components
of the graph are usable, where [DK23] ignores the individual components; and (3) generalize to
di�erent graph tasks, where [LSYF24] focuses on node classi�cation only.

5.2.2 Graph Neural Networks

Our review of GNNs in Section 4.2.2 focuses on models for node classi�cation; here, we also
include those designed for link prediction. Although most GNNs learn node embeddings as-
suming homophily, some GNNs [APK+ 19, ZYZ+ 20, CPLM21, LWJ22] break this assumption
by handling k-step-away neighbors di�erently for everyk, and some systematically study
the heterophily graphs on node classi�cation [PKBP23, LHL+ 22, LHX+ 23, MCJ+ 23, CCG+ 24,
MLST22]. Subgraph GNNs [ZC18, YZW+ 22] are designed only for link prediction and are ex-
pensive in inference. Linear GNNs [WJZ+ 19, WWYL21, ZK21, LGW+ 22, YLSF23] target inter-
pretable models. Such approaches remove the non-linear functions and maintain good perfor-
mance. As the only method being robust to all graph scenarios,SlimG[YLSF23] works well on
node classi�cation. However, it is unclear how well it works for link prediction.

5.3 NetInfoF_Score : Would a GNN work?

How to tell whether a GNN will perform well on the given graph task? A graph data is composed
of more than one component, such as graph structure and node features. In this section, we
de�ne our problem, and answer two important questions: (1) How to measure the predictive
information of each component in the graph? (2) How to connect the graph information with
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Table 5.1:NetInfoF matches all properties , while baselines miss more than one property.
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1. General 1.1. Node Classi�cation " " "
w.r.t. Graph Task 1.2. Link Prediction " " "

2. Principled
2.1. Theoretical Guarantee "
2.2. Closed-Form Solution " "

3. Scalable " " "

4. Robust 4.1. Node Classi�cation " "
w.r.t. Input Scenario 4.2. Link Prediction "

the performance metric on the task? We identify that a GNN is able to perform well on the task
when its propagated representation is more informative than graph structure or node features.

5.3.1 Problem De�nition

Given an undirected graphG = ( V; E) with node featuresX n� f , wheren is the number of
nodes andf is the number of features, the problem is de�ned as follows:

ˆ Measure the network usable information (NUI), and
ˆ Exploit NUI, if there is enough, to solve the graph task.

We consider two common graph tasks, link prediction and node classi�cation. In link predic-
tion, E is split into Etrain andEpos. The negative edge setEneg is randomly sampled with the same
size ofEpos. The goal is to predict the existence of the edges, 1 for the edges inEpos, and 0 for
the ones inEneg. In node classi�cation,jVtrainj node labelsy 2 f 1; :::; cgjVtrain j are given, wherec
is the number of classes. The goal is to predict the restjVj � jV trainj unlabeled nodes' classes.
An overview of symbols and acronyms is provided in Table 5.2 and Table 5.3, respectively.

5.3.2 Proposed Derived Node Embeddings

To tell whether a GNN will perform well, we can analyze its node embeddings, but they are only
available after training. For this reason, we propose to analyze the derived node embeddings
in linear GNNs. More speci�cally, similar toSlimGin Chapter 4, we derive �ve components of
node embeddings that represent the information of graph structure, node features, and features
propagated through structure.
C1: Structure Embedding. The structure embeddingU is the left singular vector of the adja-
cency matrixA , which is extracted by the singular value decomposition (SVD). This aims to
capture the community information of the graph.
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Table 5.2: Table of Symbols and De�nitions.

Symbol De�nition

G Undirected and attributed graph
V Set of nodes
E Set of edges
n Number of nodes
f Number of features
c Number of classes
d Number of dimensions
y Set of node labels

A 2 Rn� n Adjacency matrix
X 2 Rn� f Node feature matrix
I 2 Rn� n Identity matrix

D 2 Rn� n Degree matrix with node degrees along diagonal
H 2 Rd� d Compatibility matrix for adjusting node similarity

Table 5.3: Table of Acronyms.

Acronym De�nition

NUI Network Usable Information
SVD Singular Value Decomposition
PCA Principal Component Analysis
PPR Personalized PageRank
LR Logistic Regression

GNN Graph Neural Network
GCN Graph Convolutional Networks
SGC Simple Graph Convolution

C2: Neighborhood Embedding.The neighborhood embeddingR aims to capture the local
higher-order neighborhood information of nodes. This component is designed for link predic-
tion and therefore not used bySlimG. Similarly to our random walk approach in Section 3.5.1,
to mimic Personalized PageRank (PPR), we construct a random walk matrixA PPR, where each
element is the number of times a node visits another node inT trials of thekPPR-step random
walks. Random walks highlight local higher-order structures in the vicinity of nodes. To make
A PPRsparser and to speed up embedding extraction, we eliminate noisy elements with only one
visit time. We extract the left singular vectors ofA PPRby SVD as neighborhood embeddingsR.
C3: Feature Embedding.Given the raw node featuresX , we represent the feature embedding
with the preprocessed node featuresF = g(X ), whereg is the preprocessed function.
C4: Propagation Embedding without Self-loop. We row-normalize the adjacency matrix into
A row = D � 1A , whereD is the diagonal degree matrix. The features are propagated without
self-loop to capture the information ofkrow-step neighbors, wherekrow is an even number. This
is useful to capture the information of similar neighbors when the structure exhibits heterophily
(e.g., in a bipartite graph). Therefore, we have node embeddingP = g(l(A 2

rowX )), wherel is
the column-wise L2-normalization, ensuring every dimension has a similar scale.
C5: Propagation Embedding with Self-loop. The adjacency matrix with self-loop is useful to
propagate features in graphs that exhibit homophily. Following the most common strategy, we
symmetrically normalize the adjacency matrix into~A sym = ( D + I )� 1

2 (A + I )(D + I )� 1
2 , where

I is the identity matrix. Similar to C4, we have node embeddingsS = g(l( ~A ksym
symX )).

While C1-2 aim to capture the information with only the graph structure, C4-5 aim to cap-
ture the information of propagation, which is similar to the one that a trained GNN can capture.
To ensure that the embeddings have intuitive meanings, we set all the number of stepskPPR,
krow andksym as 2, which works su�ciently well in most cases. As C1-2 adopted SVD as their
last step, the embedding dimensions are orthogonalized. For C3-5, we use principal component
analysis (PCA) asg to reduce and orthogonalize the embedding dimensions, leading to faster
convergence and better performance when training the model. Each component has the same
number of dimensionsd.
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5.3.3 NetInfoF_Score : De�nition and Theorems

Next, we want to �nd a formula that connects the metrics of graph information and task per-
formance. To begin, we derive the inequality between entropy and accuracy:

Theorem 5.1: Entropy and Accuracy

Given a discrete random variableY, we have:

2� H (Y ) � accuracy(Y) = max
y2 Y

py (5.1)

whereH (Y) = �
P

y2 Y py logpy denotes the Shannon entropy.

Proof.LetY be a discrete random variable withn outcomes (y1; : : : ; yn ), and with probabilities
(p1; : : : ; pn ), where:

1 = p1 + � � � + pn (5.2)

Let pmax be the highest probability (break ties arbitrarily), that is:

pmax = max
i

pi (5.3)

For ease of presentation, and without loss of generality, assume that the most likely outcome
is the �rst one, y1, and thuspmax = p1. Given no other information, the best classi�er forY is
the one that always guesses outcomey1, and it has accuracy:

accuracy(Y) = p1 � pmax (5.4)

The entropyH (Y) is:
H (Y) = � (p1 logp1 + � � � + pn logpn ) (5.5)

Thus we have:

2� H (Y ) = pp1
1 � pp2

2 � � � � ppn
n (5.6)

� pp1
max � pp2

max � � � � � ppn
max == * pmax � pi (5.7)

� pp1+ p2+ ��� + pn
max (5.8)

� pmax (5.9)

which completes the proof. �

Before extending Theorem 5.1 to the case with two random variables, we need a de�nition:

De�nition 5.1: NetInfoF_Score of Y given X

Given two discrete random variablesX andY, NetInfoF_Score of Y givenX is de�ned
as:

NetInfoF_Score = 2 � H (Y jX ) (5.10)

whereH (�j� ) denotes the conditional entropy.

62



We prove thatNetInfoF_Score low-bounds the accuracy:

Theorem 5.2: NetInfoF_Score

Given two discrete random variablesX andY,NetInfoF_Score of Y givenX low-bounds
the accuracy:

NetInfoF_Score = 2 � H (Y jX ) � accuracy(Y jX ) =
X

x2 X

max
y2 Y

px;y (5.11)

wherepx;y is the joint probability ofx andy.

Proof.Let Y andX be two discrete random variables withn outcomes (y1; : : : ; yn ) andm out-
comes (x1; : : : ; xm ), respectively, then their joint probabilities are (p1;1; : : : ; pm;n ), where:

1 = p1 + � � � + pm =
nX

j =1

p1;j + � � � +
nX

j =1

pm;j (5.12)

The accuracy is:

accuracy(Y jX ) =
mX

i =1

max
j

pi;j (5.13)

The conditional entropyH (YjX ) is:

H (Y jX ) = p1 � (�
nX

j =1

p1;j

p1
� log2

p1;j

p1
) + � � � + pm � (�

nX

j =1

pm;j

pm
� log2

pm;j

pm
) (5.14)

Thus we have:

) � H (Y jX ) = p1 � (
nX

j =1

p1;j

p1
� log2

p1;j

p1
) + � � � + pm � (

nX

j =1

pm;j

pm
� log2

pm;j

pm
) (5.15)

� p1 � log2 (
nX

j =1

(
p1;j

p1
)2) + � � � + pm � log2 (

nX

j =1

(
pm;j

pm
)2) == * Jensen's Inequality

(5.16)

� p1 � log2 (p� 2
1 �

nX

j =1

p1;j
2) + � � � + pm � log2 (p� 2

m �
nX

j =1

p2
m;j ) (5.17)

� p1 � log2 (p� 1
1 � max

j
p1;j ) + � � � + pm � log2 (p� 1

m � max
j

pm;j ) (5.18)
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This is because8i = 1; : : : ; m:

nX

j =1

p2
i;j = pi; 1 � pi; 1 + � � � + pi;n � pi;n (5.19)

� pi; 1 � max
j

pi;j + � � � + pi;n � max
j

pi;j (5.20)

� (pi; 1 + � � � + pi;n ) � max
j

pi;j (5.21)

= pi � max
j

pi;j (5.22)

To continue, we have:

) 2� H (Y jX ) � 2p1 � log2 (p� 1
1 � max j p1;j )+ ��� + pm � log2 (p� 1

m � max j pm;j ) (5.23)

� (p� 1
1 � max

j
p1;j )p1 � � � � � (p� 1

m � max
j

pm;j )pm (5.24)

� max
j

p1;j + � � � + max
j

pm;j == * Weighted AM-GM Inequality (5.25)

= accuracy(Y jX ) (5.26)

which completes the proof. �

Theorem 5.2 provides an advantage toNetInfoF_Score by giving it an intuitive interpre-
tation, which is the lower-bound of the accuracy. When there is little usable information to
the task, the value ofNetInfoF_Score is close to random guessing. To empirically verify it,
we run the experiments on the synthetic datasets with �ve splits, and reportNetInfoF_Score
and accuracy for all components of the derived embeddings. In Figure 5.3, we �nd that even
for the validation set,NetInfoF_Score is always less than or equal to the accuracy, strictly
following Theorem 5.2. In the next sections, we show howNetInfoF_Score can be e�ectively
and e�ciently computed with our proposedNetInfoF_Probe .

Pinsker's inequality [Pin64], like our Theorem 5.2, also links information-theoretic quan-
tities with probabilistic bounds. However, they di�er in that Pinsker's inequality provides an
upper bound on the total variation distance between two probability distributions, whileNet-
InfoF_Score o�ers a lower bound on accuracy. Moreover, in classi�cation tasks, accuracy is
generally more intuitive and interpretable for users than the total variation distance.

5.4 NetInfoF for Link Prediction

With the derived node embeddings, how can we measure NUI in link prediction as well as
solve the task? Compared to general GNNs, the node embeddings of linear GNNs are given by
closed-form formula. They are thus rarely applied on link prediction because of following two
reasons: (1) Predicting links by GNNs relies on measuring node similarity, which is incorrect
if the neighbors are expected to have dissimilar embeddings; for example, in a bipartite graph,
while a source node is connected to a target node, their structural embeddings are expected
to be very di�erent, resulting in low node similarity by linear GNNs; (2) To perform well on
Hits@K , it is crucial to suppress the similarity of the nodes of negative edges, i.e. the unexisting
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(a) Link Prediction (b) Node Classi�cation

Figure 5.3:Theorem 5.2 holds. The value of
NetInfoF_Score is always less than or equal
to validation accuracy.

(a) Link Prediction (b) Node Classi�cation

Figure 5.4:NetInfoF_Score predicts right.
It is correlated to the test performance in the
synthetic datasets.

connections in the graph. Hits@K is the ratio of positive edges that are ranked atK -th place or
above among both the positive and negative edges, which is preferred in link prediction where
most real-world applications are recommendations. Since the embeddings of linear GNNs are
static, they can not learn to separate the embeddings of nodes on each side of the negative
edges. Therefore, how to generalize linear GNNs to solve link prediction remains a challenge.

For these reasons, we propose an adjustment to the similarity of the nodes, which gen-
eralizesNetInfoF to link prediction, includingNetInfoF_Probe to measure NUI andNet-
InfoF_Act to solve the task.

5.4.1 Proposed Adjustment to Node Similarity

To solve the limitations of linear GNNs on link prediction, it is crucial to properly measure the
similarity between nodes. We consider cosine similarity as the measurement, whose value is
normalized between 0 and 1. By L2-normalizing each node embeddingz1� d, the cosine simi-
larity reduces to a simple dot productzi � zj . However, even if nodei and nodej are connected
by an edge, it may result in low value if they are expected to have dissimilar embeddings (e.g.
structure embeddings in a bipartite graph). Therefore, before the dot product, we propose us-
ing the compatibility matrixH d� d to transform one of the embeddings, and rewrite the node
similarity function into zi Hz |

j .
The compatibility matrixH represents the characteristics of the graph: if the graph exhibits

homophily,H is nearly diagonal; if it exhibits heterophily,H is o�-diagonal. It is used in belief
propagation (BP) to handle the interrelations between node classes. In our case,H represents
the interrelations between the dimensions of node embeddings. By maximizing the similarity
of nodes connected by edges,H can be estimated by the following lemma:
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Lemma 5.1: Compatibility Matrix

The compatibility matrixH has the closed-form solution and can be solved by the follow-
ing optimization problem:

min
H

X

(i;j )2E

kzi H � zj k2
2; (5.27)

whereE denotes the set of (positive) edges in the given graph.

Proof.The goal is to maximize the similarity of nodes connected by edges. If we start from
cosine similarity and L2-normalize the node embeddingsz, we have:

zi H z|
j

kzi kkzj k
= 1; 8(i; j ) 2 E

) zi H z|
j = kzi kkzj k = 1

) zi H = zj

(5.28)

Settingzi as the input data andzj as the target data, this equation can be solved byd-target
linear regression withd coe�cients, which has the closed-form solution. �

This optimization problem can be e�ciently solved by multi-target linear regression. Neverthe-
less, this estimation ofH does not take into account negative edges, which may accidentally
increase the similarity of negative edges in some complicated cases. This hurts the perfor-
mance especially when evaluating with Hits@K . Therefore, based on Lemma 5.1, we propose
an improved estimationH � , which further minimizes the similarity of nodes connected by the
sampled negative edges:

Lemma 5.2: Compatibility Matrix with Negative Edges

The compatibility matrix with negative edgesH � has the closed-form solution and can be
solved by the following optimization problem:

min
H �

X

(i;j )2E

(1 � zi H � z|
j ) �

X

(i;j )2Eneg

(zi H � z|
j ); (5.29)

whereEneg denotes the set of negative edges.

66



Algorithm 5.1: Compatibility Matrix with Negative Edges

Input: Preprocessed node embeddingẐ, edge setE, and sample sizeS
1 Extract 2-core edge setEpos from E;
2 EstimateH with Ẑ andEpos by Lemma 5.1;
3 if jEposj > S then
4 SampleS edges fromEpos;
5 end
6 Initialize H � with H ;
7 Keep top coe�cients in upper triangle ofH � with 95%energy;
8 Sample2jEposj negative edges asEneg;
9 EstimateH � with Ẑ, Epos andEneg by Lemma 5.2;

10 ReturnH � ;

Proof.We rewrite the adjusted node similaritys from matrix form into a simple computation:

s(zi ; zj ; H ) = zi H z|
j

=
�
zi; 1 � � � zi;d

�

2

6
4

H 1;1 � � � H 1;d
...

...
...

H d;1 � � � H d;d

3

7
5

2

6
4

zj; 1
...

zj;d

3

7
5

=

2

6
4

zi; 1zj; 1 � � � zi; 1zj;d
...

...
...

zi;d zj; 1 � � � zi;d zj;d

3

7
5 �

2

6
4

H 1;1 � � � H 1;d
...

...
...

H d;1 � � � H d;d

3

7
5

= zi; 1zj; 1H 1;1 + zi; 1zj; 2H 1;2 + � � � + zi; 1zj;d H 1;d + � � � + zi;d zj;d H d;d;

(5.30)

where� is the Hadamard product introduced in De�nition 2.5. Next, to maximize the similarity
of nodes connected by positive edges, and to minimize the similarity of nodes connected by
negative edges, we have:

s(zi ; zj ; H ) =

(
1 (i; j ) 2 E

0 (i; j ) 2 Eneg
(5.31)

Therefore, this equation can be solved by linear regression withd2 coe�cients, which has the
closed-form solution. �

With great power comes great responsibility, estimatingH � has a higher computational
cost than estimatingH . Thus, we provide three techniques to speed up the computation ofH �

with the help ofH , and the details are in Algorithm 5.1.
T1: Warm Start. We approximate the solution by LSQR iteratively and warm up the approxi-
mation process withH . SinceH is similar toH � and cheap to compute, this step largely speeds
up the approximation process and reduces the number of iterations needed for convergence.
T2: Coe�cient Selection. We reduce the number of coe�cients by only estimating the upper
triangle ofH � , and keep the ones with 95% energy inH . This is because the similarity function
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Algorithm 5.2: NetInfoF_Probe for Link Prediction
Input: Node embeddingZ, train edge setEtrain , valid edge setEvalid , valid edge labels

yvalid , sample sizeS, and bin sizek
1 PreprocessZ into Ẑ by column-wise standardization and row-wise L2-normalization;
2 H � = Compatibility-Matrix-with-Negative-Edges(Ẑ; Etrain ; S);
3 if jEposj > S then
4 SampleS edges fromEpos;
5 end
6 else
7 Epos  E ;
8 end
9 Sample2jEposj negative edges asEneg;

10 Fit k-bins discretizer witĥzi H � ẑ|
j ; 8(i; j ) 2 Epos [ E neg;

11 Discretizeẑi H � ẑ|
j ; 8(i; j ) 2 Evalid into k bins assvalid ;

12 ReturnNetInfoF_Score , computed withsvalid andyvalid by Equation (5.10);

is symmetric, and the unimportant coe�cients with small absolute values inH remain unim-
portant in H � . The absolute sum of the kept coe�cients divided by

P d
i =1

P d
j = i +1 jH ij j is 95%

and the rest are zeroed out. This helps us to reduce the number of coe�cients fromd2 to less
than (d + 1) d=2.
T3: Edge Reduction.We sampleS positive edges from the 2-core graph, and2S negative edges,
where the sample sizeS depends ond. Since in large graphsjEj is usually much larger thand2,
it is not necessary to estimate fewer than(d + 1) d=2 coe�cients with all jEj edges. Moreover,
the 2-core graph remains the edges with stronger connections, where each node in it has at
least degree 2. Sampling from the 2-core graph avoids interference from noisy edges and leads
to better estimation.

5.4.2 NetInfoF_Probe for NUI Measurement

Based on Theorem 5.2, we proposeNetInfoF_Probe that computesNetInfoF_Score , without
exactly computing the conditional entropy of the high-dimensional variables. By sampling
negative edges, the link prediction can be seen as a binary classi�cation problem. For each
component of embeddings,NetInfoF_Probe estimates its correspondingH � and discretizes
the adjusted node similarity of positive and negative edges. To avoid over�tting, we �t thek-
bins discretizer with the similarity of training edges, and discretize the one of validation edges
into k bins. NetInfoF_Score can then be easily computed between two categorical variables.
For instance, the node similarity between nodei and j with embeddingU is (Û i H �

Û
) � Û j ,

where �̂ denotes the embedding preprocessed by column-wise standardization and row-wise
L2-normalization. The details are in Algorithm 5.2.
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5.4.3 NetInfoF_Act for NUI Exploitation

To solve link prediction,NetInfoF_Act shares the same derived node embeddings withNet-
InfoF_Probe, and uses a link predictor following by the Hadamard product of the embeddings.
We transform the embeddings on one side of the edge withH � , which handles the heterophily
embeddings and better separates the nodes in the negative edges. By concatenating all compo-
nents, the input to the predictor is as follows:

Û i H �
Û � Û j

| {z }
Structure

k R̂ i H �
R̂ � R̂ j

| {z }
PPR

k F̂ i H �
F̂ � F̂ j

| {z }
Features

k P̂ i H �
P̂ � P̂ j

| {z }
Features of

2-Step Neighbors

k Ŝi H �
Ŝ � Ŝj

| {z }
Features of

Grand Neighbors

(5.32)

where(i; j ) 2 E [ E neg and where� is the Hadamard product (De�nition 2.5). Among all the
choices, we use logistic regression as the predictor for its scalability and interpretability. We
suppress the weights of useless components, if there is any, by adopting sparse-group LASSO
for the feature selection. The time complexity ofNetInfoF_Act is:

Lemma 5.3: Time Complexity

The time complexity ofNetInfoF_Act for link prediction is linear on the input sizejEj:

O(f 2jVj + f 3 + d4jEj) (5.33)

wheref andd are the number of features and embedding dimensions, respectively.

Proof.NetInfoF_Act includes four parts: SVD, PCA, compatibility matrix estimation, and lo-
gistic regression. The time complexity of truncated SVD isO(d2jVj), and the one of PCA is
f 2jVj + f 3. Compatibility matrix estimation is optimized by Ridge regression with regularized
least-squares routine, whose time complexity isd4jEj. The time complexity of training logis-
tic regression isdtjEj, wheret is the number of epochs. In our experiments,t is no greater
than 100, andjVj is much less thanjEj in most datasets. By combining all the terms and keep-
ing only the dominant ones, we have time complexity ofNetInfoF_Act for link prediction
O(f 2jVj + f 3 + d4jEj). �

5.5 NetInfoF for Node Classi�cation

In this section, we show how we can generalizeNetInfoF to node classi�cation. Since node
classi�cation does not rely on the node similarity, it does not need compatibility matrix.

5.5.1 NetInfoF_Probe for NUI Measurement

To e�ectively and e�ciently compute NetInfoF_Score , we propose to assign labels to the
nodes by clustering. This idea is based on the intuition that good embeddings for node clas-
si�cation can be easily split by clustering. Among clustering methods, we usek-means as it
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Algorithm 5.3: NetInfoF_Probe for Node Classi�cation
Input: Train, valid, and test node embeddingZ train , Zvalid , andZ test , train and valid

node labelsy train andyvalid , and cluster numberk
1 PreprocessZ into Ẑ row-wise L2-normalization;
2 Fit clustering model withẐ test ;
3 Assign cluster labelsstrain andsvalid to Ẑ train andẐvalid , respectively;
4 ReturnNetInfoF_Score , computed withstrain [ svalid andy train [ yvalid by

Equation (5.10);

Figure 5.5: Scenarios of node featuresX and graph structureA in synthetic datasets.

is fast. We cluster each component of the embeddings and computeNetInfoF_Score , where
k � c. To ensure that the clustering is done stably, a row-wise L2-normalization is done on the
embedding. The details are in Algorithm 5.3.

5.5.2 NetInfoF_Act for NUI Exploitation

To solve node classi�cation, we again concatenate the embeddings of di�erent components,
and the input of classi�er is as follows:

l(U )
| {z }

Structure

k l(R)
| {z }

PPR

k l(F)
|{z}

Features

k l(P)
| {z}

Features of
2-Step Neighbors

k l(S)
|{z}

Features of
Grand Neighbors

(5.34)

wherel is the column-wise L2-normalization. Similar toNetInfoF_Act in link prediction, we
use logistic regression as the classi�er and adopt sparse-group LASSO for the regularization.

5.6 Synthetic Datasets for Sanity Checks

To ensure thatNetInfoF is robust to all graph scenarios, we carefully design the synthetic
datasets for sanity checks. We include all possible graph scenarios, where the ground truth of
NUI is available. For the experiments of node classi�cation in the synthetic datasets, please
refer to the paper [LYZ+ 24].
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Table 5.4:NetInfoF wins on link prediction in the synthetic datasets. Hits@100is reported.
Green ( ) marks the winner.

Model
Rand. X Rand. X Global X Global X Local X Local X Avg.
Diag. A O�-Diag. A Diag. A O�-Diag. A Diag. A O�-Diag. Rank

GCN 82.7� 1.1 70.9� 1.2 87.2� 0.5 85.1� 1.2 17.4� 1.7 19.2� 1.8 4.3 (0.9)
SAGE 77.4� 1.1 66.5� 4.1 86.2� 1.0 85.2� 2.2 11.0� 1.2 09.5� 1.0 5.1 (1.1)
GAT 86.3� 0.9 83.1� 0.3 87.3� 0.9 85.2� 0.6 16.0� 2.0 16.9� 2.1 3.3 (1.5)
H2GCN 24.5� 4.3 58.9� 3.7 75.3� 1.1 85.8� 2.5 19.8� 2.0 19.2� 1.5 5.0 (2.1)
GPR-GNN 75.1� 0.8 52.3� 1.6 83.4� 1.3 79.5� 1.6 19.3� 1.7 17.1� 2.0 6.0 (1.1)
SlimG 85.7� 0.8 67.8� 2.8 87.9� 1.0 85.1� 1.3 82.5� 1.6 31.1� 1.1 3.3 (1.3)

NetInfoF 87.3� 0.7 86.7� 0.6 89.8� 0.3 89.8� 1.0 89.6� 0.2 90.8� 0.7 1.0 (0.0)

5.6.1 Designs

We separate the nodes intoc groups to simulate that there are usually multiple communities in
a graph. To cover all the possibilities in the real-world, the scenarios are the cross-product of
di�erent scenarios on the node featuresX and the graph structureA , as shown in Figure 5.5.
We ignore the scenario thatX is useful butA is useless, since this is impractical in the real-
world. There are 3 scenarios of node featuresX :

1. Random: the node features are random, with no correlation with the existence of edges.
2. Global: all dimensions of the node features are correlated with the existence of edges.
3. Local: only a subset of dimensions of the node features are correlated with the existence

of edges, where there is no overlapping between the subsets of node groups.
There are 2 scenarios of graph structureA :

1. Diagonal : the nodes and their neighbors are in the same group.
2. O�-Diagonal : the nodes and their neighbors are in two di�erent groups.

5.6.2 Observations

In Table 5.4,NetInfoF receives the highest average rank among all GNN baselines, and is the
only method that can handle all scenarios. While GNNs have worse performance whenX is
either random or local,SlimG, a linear GNN, cannot handle cases with o�-diagonalA .

5.6.3 Would a GNN work?

Figure 5.4a shows thatNetInfoF_Score is highly correlated with test Hits@100, with high
R2 values, where each point denotes a component of embeddings from each split of synthetic
datasets. Table 5.5 reportsNetInfoF_Score and test performance of each component. By
measuring theirNetInfoF_Score , NetInfoF_Probe tells when propagating features through
structure contains less information than using features or structure itself. For example, in sce-
narios where node features are useless (the �rst two scenarios in Table 5.5),NetInfoF_Probe
spots thatF (i.e.,g(X )) provides little NUI to the task, and thus the propagated embeddings
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Table 5.5:NetInfoF_Score and test Hits@100of each derived node embeddings on link pre-
diction. Green () marks the winner and red () marks the results close to random guessing.

Metric
Feature Random X Random X Global X Global X Local X Local X

Component Diagonal A O�-Diag. A Diagonal A O�-Diag. A Diagonal A O�-Diag. A

NetInfoF_Score

C 1 : U 75.1� 0.9 74.3� 0.5 75.3� 0.6 74.1� 0.7 75.2� 0.8 74.8� 0.5
C 2 : R 76.5� 0.9 76.3� 0.5 76.7� 0.8 76.3� 0.2 76.6� 0.8 76.3� 0.4
C 3 : F 50.0� 0.0 50.0� 0.0 67.0� 0.5 71.5� 0.6 75.9� 1.1 75.5� 0.6
C 4 : P 75.1� 0.7 73.2� 0.6 78.2� 0.7 78.5� 0.5 78.5� 1.2 78.9� 0.5
C 5 : S 74.3� 1.1 72.0� 0.5 78.7� 1.0 79.2� 0.5 79.0� 0.9 81.1� 0.6

Test Hits@100

C 1 : U 83.3� 1.2 76.4� 2.1 83.5� 1.2 76.7� 0.5 83.2� 1.1 78.2� 0.9
C 2 : R 83.0� 1.5 74.7� 1.4 83.0� 1.3 75.0� 1.5 83.2� 1.0 75.3� 0.7
C 3 : F 02.2� 0.2 02.5� 0.2 52.3� 1.9 63.0� 2.2 80.7� 1.1 77.1� 1.0
C 4 : P 82.3� 1.2 73.4� 0.4 86.2� 1.1 79.3� 0.7 85.7� 1.5 79.4� 1.3
C 5 : S 80.7� 0.9 68.1� 1.8 86.4� 0.9 79.2� 1.1 86.5� 1.0 85.2� 1.1

P andS have less NUI than the structural embeddingsU andR. This indicates that training
GNNs is less likely to have a better performance than only utilizing the information from the
graph structure, which correctly matches the test performance in Table 5.5.

5.7 Experiments

We conduct experiments by real-world graphs to answer the following research questions (RQ):
RQ1.E�ectiveness: How well doesNetInfoF perform in real-world graphs?
RQ2.Scalability: DoesNetInfoF scales linearly with the input size?
RQ3.Ablation Study: Are all the design choices inNetInfoF necessary?
For the experiments of node classi�cation in the real-world datasets, please refer to the paper
[LYZ+ 24]. The experiments are conducted on an AWS EC2 G4dn instance with 192GB RAM.

5.7.1 RQ1 � E�ectiveness

Real-World Datasets We evaluateNetInfoF on 7 homophily and 5 heterophily real-world
graphs. We randomly split the edges into training, validation, and testing sets by the ratio
70%/10%/20% �ve times and report the average for fair comparison. Since our goal is to propose
a general GNN method, we focus on comparingNetInfoF with 6 GNN baselines, which are
general GNNs (GCN, SAGE, GAT), heterophily GNNs (H2GCN, GPR-GNN), and a linear GNN
(SlimG). While Hits@100 is used for evaluating on most graphs, Hits@1000is used on the
larger ones, namely, Products, Twitch, and Pokec, which have much more negative edges in
the testing sets.

In Table 5.6,NetInfoF outperforms GNN baselines in 11 out of 12 datasets, and has the
highest average rank, as our derived embeddings include comprehensive graph information,
that is, structure, features, and features propagated through structure. Compared to non-linear
GNNs,SlimG performs worse in most heterophily graphs, showing that it cannot properly
measure the node similarity of heterophily embeddings in link prediction. By addressing the
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Table 5.6:NetInfoF wins on link prediction in most real-world datasets. Hits@100is reported
for most datasets, and Hits@1000for the large datasets (Products, Twitch, and Pokec). Green
( ) marks the winner.

Model Cora CiteSeer PubMed Comp. Photo ArXiv Products Cham. Squirrel Actor Twitch Pokec Avg. Rank

GCN 67.1� 1.8 60.4� 10. 47.6� 13. 22.5� 3.1 39.1� 1.6 14.8� 0.6 02.2� 0.1 82.1� 4.5 16.5� 1.0 31.1� 1.7 16.2� 0.3 07.9� 1.7 4.1 (1.3)
SAGE 68.4� 2.8 55.9� 2.5 57.6� 1.1 27.5� 2.1 40.0� 1.9 00.7� 0.1 00.3� 0.2 84.7� 3.6 15.5� 1.5 27.6� 1.4 08.7� 0.6 05.5� 0.5 4.5 (1.2)
GAT 66.7� 3.6 65.2� 2.6 55.1� 2.4 28.3� 1.6 44.2� 3.5 05.0� 0.8 O.O.M. 84.8� 4.5 15.6� 0.8 32.3� 2.4 08.2� 0.3 O.O.M. 4.0 (1.7)
H2GCN 64.4� 3.4 35.7� 5.4 50.5� 0.9 17.9� 0.7 29.5� 2.4 O.O.M. O.O.M. 79.3� 4.5 16.0� 2.6 28.7� 2.1 O.O.M. O.O.M. 6.2 (1.0)
GPR-GNN 69.8� 1.9 53.5� 8.1 66.3� 3.3 20.7� 1.8 34.1� 1.1 13.8� 0.8 O.O.M. 77.2� 5.6 14.6� 2.7 32.1� 1.3 12.6� 0.2 05.0� 0.2 4.6 (1.8)
SlimG 77.9� 1.3 86.8� 1.0 55.9� 2.8 25.3� 0.9 40.2� 2.5 20.2� 1.0 27.6� 0.6 76.9� 2.8 19.6� 1.5 18.7� 1.0 12.0� 0.3 21.7� 0.2 3.5 (1.8)

NetInfoF 81.3� 0.6 87.3� 1.3 59.7� 1.1 31.1� 1.9 46.8� 2.2 39.2� 1.8 35.2� 1.1 86.9� 2.3 24.2� 2.0 36.2� 1.2 19.6� 0.7 31.3� 0.5 1.1 (1.3)

limitations of linear GNNs,NetInfoF is able to consistently outperform bothSlimGand non-
linear GNNs in both homophily and heterophily graphs. Note that the results in Pokec are
similar to the ones in homophily graphs, since it can be labeled as either homophily (by locality)
or heterophily (by gender).

OGB Link Prediction Datasets We evaluateNetInfoF on OGB datasets. Table 5.7 shows
that NetInfoF outperforms other baselines, while using a model with much fewer parameters.
NetInfoF has only 1280 learnable parameters for all datasets, while GCN and SAGE have at
least 279K and 424K, respectively, which is 218� more than the ones thatNetInfoF has.

5.7.2 RQ2 � Scalability

We plot the number of edges versus the run time of link prediction in seconds on the real-world
datasets. In Fig. 5.6, we �nd thatNetInfoF scales linearly with the number of edges, thanks to
our speed-up techniques in estimating compatibility matrixH � . To give a concrete example,
the numbers of coe�cients ofH �

U are reduced fromd(d+ 1) =2 = 8256to 3208, 5373, and 4293,
for Products, Twitch, and Pokec, respectively. Moreover, those numbers are very reasonable:
Products is a homophily graph, itsH �

U has the fewest coe�cients, which are mostly on the
diagonal; Twitch is a heterophily graph, itsH �

U has the most coe�cients, which are mostly on
the o�-diagonal; Pokec can be seen as either homophily or heterophily, itsH �

U has the number
of coe�cients in between.

5.7.3 RQ3 � Ablation Study

To demonstrate the necessity of addressing the limitations of linear GNNs in link prediction
with our design choices, we studyNetInfoF (1) without compatibility matrix (w/o CM), and
(2) with only compatibility matrixH (w/ only H ), which is not optimized with negative edges.
Table 5.8 shows thatNetInfoF works best with both design choices. In heterophily graphs,
merely usingH leads to better performance because of properly handling heterophily embed-
dings; while in homophily graphs, it accidentally increases the similarity between nodes in
negative edges and hurts the performance. Taking into account both heterophily embeddings
and negative edges, usingH � as the compatibility matrix has the best performance in both
heterophily and homophily graphs.
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Figure 5.6:NetInfoF_Act is scalable
on link prediction, being linear with
number of edges.

Table 5.7: NetInfoF wins on link prediction in
OGB datasets. Hits@20, Hits@50, and Hits@100are
reported for ddi, collab, and ppa, respectively. Green
( ) marks the winner.

Model ogbl-ddi ogbl-collab ogbl-ppa

GCN 37.1� 5.1 44.8� 1.1 18.7� 1.3
SAGE 53.9� 4.7 48.1� 0.8 16.6� 2.4
SlimG 35.9� 0.6 45.1� 0.2 21.1� 0.6

NetInfoF 56.8� 3.4 53.7� 0.2 24.2� 0.1

Table 5.8:Ablation Study: All design choices in NetInfoF are necessaryon link predic-
tion. CM stands for compatibility matrix, andH is not optimized with negative edges. Green
( ) marks the winner.

Model Cora CiteSeer PubMed Comp. Photo ArXiv Products Cham. Squirrel Actor Twitch Pokec

w/o CM 79.8� 0.9 86.5� 1.6 58.5� 1.2 27.9� 0.2 44.7� 3.2 35.9� 1.8 34.6� 0.4 74.6� 1.5 14.3� 0.6 29.5� 1.8 08.9� 0.8 30.5� 0.3
w/ only H 80.9� 0.5 87.0� 1.4 58.8� 1.4 26.5� 1.2 43.4� 2.1 32.5� 1.6 30.6� 0.4 74.3� 3.2 19.3� 1.2 32.2� 1.6 10.3� 3.1 29.8� 0.4

NetInfoF 81.3� 0.6 87.3� 1.3 59.7� 1.1 31.1� 1.9 46.8� 2.2 39.2� 1.8 35.2� 1.1 86.9� 2.3 24.2� 2.0 36.2� 1.2 19.6� 0.7 31.3� 0.5

5.8 Conclusion

We propose theNetInfoF framework to measure and exploit the network usable information
(NUI). In summary,NetInfoF has the following advantages:

1. General, handling both link prediction and node classi�cation (Lemma 5.1 and 5.2);
2. Principled , with theoretical guarantee (Theorem 5.1 and 5.2) and closed-form solution

(Lemma 5.1 and 5.2);
3. E�ective , thanks to the proposed adjustment of node similarity (Figure 5.1);
4. Scalable, scaling linearly with the input size (Figure 5.6).

Applied on our carefully designed synthetic datasets,NetInfoF correctly identi�es the ground
truth of NUI and is the only method that is robust to all graph scenarios. Applied on real-world
graphs,NetInfoF wins in 11 out of 12times on link prediction.
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Chapter 6

HybGRAG : Hybrid
Retrieval-Augmented Generation
on Textual and Relational
Knowledge Bases

Chapter based on work that appeared at ACL 2025 [LZM+ 25] [PDF].

Given a semi-structured knowledge base (SKB), where text documents are interconnected
by relations, how can we e�ectively retrieve relevant information to answer user questions?
Retrieval-Augmented Generation (RAG) retrieves documents to assist large language mod-
els (LLMs) in question answering; while Graph RAG (GRAG) uses structured knowledge
bases as its knowledge source. However, many questions require both textual and rela-
tional information from SKB � referred to as �hybrid� questions � which complicates the
retrieval process and underscores the need for a hybrid retrieval method that leverages
both information.

In this chapter, through our empirical analysis, we identify key insights that show why
existing methods may struggle with hybrid question answering (HQA) over SKB. Based on
these insights, we proposeHybGRAGfor HQA, consisting of a retriever bank and a critic
module, with the following advantages: (1)Agentic, it automatically re�nes the output
by incorporating feedback from the critic module, (2)Adaptive, it solves hybrid questions
requiring both textual and relational information with the retriever bank, (3)Interpretable,
it justi�es decision making with intuitive re�nement path, and (4)E�ective, it surpasses all
baselines on HQA benchmarks.

In experiments on theSTaRKbenchmark,HybGRAGachieves signi�cant performance
gains, with an average relative improvement in Hit@1 of51%.
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Figure 6.1:HybGRAG solves hybrid questions in SKB , which are semi-structured, involv-
ing textual and relational aspects. (a) RAG overlooks the interconnections between documents
and does not meet the requirements speci�ed by the relational aspect. (b) GRAG relies solely
on the relational aspect and misidenti�es the textual aspect as part of the relational one. (c)
HybGRAGre�nes the question routing through self-re�ection and successfully retrieves the
target document in SKB, addressing both textual and relational aspects.

6.1 Introduction

Retrieval-augmented generation (RAG) [LPP+ 20, GLT+ 20] enables large language model (LLM)
to access information from an unstructured document database. This allows LLMs to address
unknown facts and solve Open-Domain Question Answering (ODQA) with additional textual
information. Building on this, Graph RAG (GRAG) has extended this concept by retrieving
information from structured knowledge bases, where documents are interconnected by rela-
tionships. The existing GRAG methods can be categorized into two primary directions. The
�rst focuses on leveraging the capability of LLMs for Knowledge Base Question Answering
(KBQA) [YRB+ 21, SXT+ 24, JXZ+ 24, MK24], extracting and using relational information from
knowledge graphs (KGs). The second aims to build relationships between documents in the
database to improve ODQA performance [LHG+ 24, DFP+ 24, ETC+ 24].

Recently, an emerging problem concentrates on �hybrid� question answering (HQA), where
a question requires both relational and textual information to be answered correctly, given a
semi-structured knowledge base (SKB) [WZY+ 24]. SKB consists of a structured knowledge
base, i.e., knowledge graph (KG), and unstructured text documents, where the text documents
are associated with entities of KG. In Figure 6.1 top, an example of hybrid questions is given,
which involves both the textual aspect (paper topic) and the relational aspect (paper author),
and SKBs are the cylinders.
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Figure 6.2:HybGRAG wins in STaRK, outperforming baselines by up to 21% in Hit@1.

Nevertheless, through our empirical analysis, we uncover two critical insights showing that
existing methods that perform RAG or GRAG cannot e�ectively tackle HQA, which requires a
synergy between the two retrieval methods. First, they focus solely on retrieving either textual
or relational information. As shown in Figure 6.1(a) and (b), this limitation reduces their appli-
cability when the synergy between the two modalities is required. Second, in hybrid questions,
the aspects required to retrieve di�erent types of information may not be easily distinguishable.
In Figure 6.1(c), question routing [LLZ+ 24] is performed to identify the aspects of the question.
However, in an unsuccessful routing, confusion between the textual aspect �nano�uid heat
transfer papers� and the relational aspect �by John Smith�, leads to incorrect retrieval.

To solve HQA in SKB, we proposeHybGRAG. HybGRAGhandles hybrid questions with
a retriever bank, which leverages both textual and relational information simultaneously. To
improve the accuracy of the retrieval,HybGRAGperforms self-re�ection [RG24], which itera-
tively improves its question routing based on feedback from a carefully designed critic module,
as shown in Figure 6.1(c). Similarly to chain-of-thought (CoT) [WWS+ 22], which is widely
regarded as interpretable,HybGRAG's re�nement path provides intuitive explanations for the
performance improvement. Last but not least, the framework ofHybGRAGis designed to be
�exible, and can easily be adapted to di�erent problems. We summarize the contributions of
HybGRAGas follows:

1. Agentic : it automatically re�nes the question routing with self-re�ection;
2. Adaptive : it solves textual, relational and hybrid questions with a uni�ed framework;
3. Interpretable : it justi�es the decision making with intuitive re�nement path; and
4. E�ective : it outperforms all baselines on real-world HQA benchmarks.

In Table 6.1,HybGRAGis the only work that satis�es all the desired properties and solves HQA.
In Figure 6.2, evaluating on a HQA benchmarkSTaRK, HybGRAGoutperforms the second-best
baseline signi�cantly with relative improvements in Hit@147%in STaRK-MAG, and55%in
STaRK-Prime, respectively.
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Table 6.1:HybGRAG matches all properties , while baselines miss more than one property.
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1. Agentic " "

2. Adaptive
2.1. Questions in ODQA " " "
2.2. Questions in KBQA " "
2.3. Questions in HQA "

3. Interpretable ? " " "

Table 6.2: Table of Symbols and De�nitions.

Symbol De�nition

G Knowledge graph
N Set of entities in KG
R Set of relations in KG

TN Set of entity types
TR Set of relation types
D Set of text documents
q Question

X Set of retrieved documents

Table 6.3: Table of Acronyms.

Acronym De�nition

LLM Large Language Model
RAG Retrieval-Augmented Generation

GRAG Graph Retrieval-Augmented Generation
SKB Semi-Structured Knowledge Base
KG Knowledge Graph

HQA Hybrid Question Answering
ODQA Open-Domain Question Answering
KBQA Knowledge Base Question Answering

VSS Vector Similarity Search
PPR Personalized PageRank
ICL In-Context Learning

6.2 Proposed Insights: Challenges in HQA

What new challenges in HQA over SKB remain unsolved by existing methods? In this section,
we �rst de�ne the problem HQA, and then conduct experiments to uncover two critical insights,
laying the foundation for designing our method for HQA.

6.2.1 Problem De�nition

An overview of symbols and acronyms is provided in Table 6.2 and Table 6.3, respectively. A
semi-structured knowledge base (SKB) consists of a KGG = ( N ; R), whereN andR represent
the sets of entities and relations. It also includes a set of text documentsD =

S
i 2N D i , where

D i is the document associated with entityi . Entity and relation types are denoted byTN and
TR , respectively. Each hybrid questionq in SKB involves semi-structured information, namely,
textual and relational information. We de�ne hybrid question answering (HQA) as follows:
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Table 6.4: Textual and relational information
are both useful to answer hybrid question in
STaRK-MAG.

Method Hit@1 Hit@5

Text Retriever: VSS 0.2908 0.4961
Graph Retriever: PPR 0.2533 0.5523

Optimal Routing 0.4522 0.7463

Table 6.5: LLMs frequently extracts a sub-
graph from KG in SKB without target entities
in STaRK-MAG.

# of Iterations Feedback Type Hit Rate

1 N/A 0.6769
2 Simple 0.7914
2 Corrective 0.9231

ˆ Given a SKB consisting of a KGG = ( N ; R) and a set of documentsD, and a hybrid
questionq.

ˆ Retrieve a set of documentsX � N , where each document satis�es the requirements
speci�ed by the relational and textual aspects ofq.

6.2.2 Insight 1: Hybrid-Sourcing Question

To investigate if it is necessary to leverage both textual and relational information to answer
hybrid questions, we conduct an experiment to show that text documents and KG contain useful
but non-overlapping information. As a retriever that uses only textual information, vector
similarity search (VSS) [KOM+ 20] performs retrieval and ranking by comparing the question
and documents in the embedding space (�ada-002�); as a retriever that uses only relational
information, Personalized PageRank (PPR) [ACL06] performs random walks from the topic
entities identi�ed by an LLM (Claude 3 Sonnet) and ranks neighboring entities based on their
connectivity in KG.

In Table 6.4, the text and graph retrievers have competitive performance. Interestingly, if
an optimal routing always picks the retriever that gives the correct result, the performance
is signi�cantly higher, indicating little overlap between the strengths of the text and graph
retrievers. This highlights the importance of a solution to leverage both textual and relational
information simultaneously by synergizing these two retrievers. In Figure 6.1(c), we show a
hybrid question that requires both textual and relational information to be answered. Based on
this observation, we uncover the �rst challenge:

Challenge 6.1: Hybrid-Sourcing Question

In HQA, there are questions that require both textual and relational information to be
answered.

6.2.3 Insight 2: Re�nement-Required Question

The success of KBQA often relies on the assumption that the target entities are within an ex-
tracted subgraph from KG [LHJ+ 23]. Similarly, answering a question in HQA requires extract-
ing a subgraph from KG in SKB. As hybrid questions involve both textual and relational aspects,
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they can be challenging for an LLM to comprehend. To study this, we test if an LLM can extract
a subgraph from KG that contains the target entities (hit). More speci�cally, an LLM (Claude
3 Sonnet) is prompted to identify the relational aspect in the question, i.e. topic entities and
useful relations used to extract the subgraph. An oracle is used to instruct LLM to perform an
extra iteration with feedback if the target entities are not included in the subgraph.

In Table 6.5, if the result is incorrect, simply prompting LLM to redo the extraction gives a
much better hit ratio. Moreover, if the LLM receives feedback that points out the erroneous part
of the extraction (e.g., extracted topic entity is wrong), it signi�cantly improves the result. This
is because in hybrid questions that contain both textual and relational aspects, LLM can falsely
identify the textual aspect as the relational one. In Figure 6.1(c), there is an error in retrieving
the correct reference from LLM, as it confuses the textual aspect as an entity of type ��eld of
study� on the �rst attempt. Based on this observation, we uncover the second challenge:

Challenge 6.2: Re�nement-Required Question

In HQA, LLM struggles to distinguish between the textual and relational aspects of the
question on the �rst attempt, necessitating further re�nements.

6.3 Proposed Method: HybGRAG

To solve HQA, we proposeHybGRAG, consisting of theretriever bankand thecritic module, to
address Challenge 6.1 and Challenge 6.2, respectively.

6.3.1 Retriever Bank

To solve Challenge 6.1, we propose the retriever bank, composed of multiple retrieval modules
and a router. Given a questionq, the router determines the selection and usage of the retrieval
module, a process known as question routing. The selected retrieval module then retrieves the
top-K referencesX , as elaborated in the next paragraph.

Retrieval Modules We design two retrieval modules, namely text and hybrid retrieval mod-
ules, to retrieve information from text documents and SKB, respectively. Each retrieval module
includes a retriever and a ranker, which o�ers the �exibility to cover a wide range of questions.

The text retrieval module retrieves documents using similarity search for a questionq, such
as dense retrieval, which is designed to directly �nd answers within text documents. We use
VSS between questionqand documentsD in the embedding space as both the retriever and the
ranker. This is typically used when nothing can be extracted from the hybrid retrieval module.

The hybrid retrieval module takes the identi�ed topic entitieŝN and useful relationsR̂
as input. It uses a graph retriever to extract entities in the ego-graph ofN̂ , connected byR̂ .
For example, in Figure 6.1,f N̂ = f John Smithg; R̂ = f author writes papergg and the graph
retriever extracts the entities/papers connected by the path �John Smith -> author writes paper
-> {paper(s)}�. If more than one ego-graph is extracted, their intersection is used as the �nal
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Table 6.6:Corrective feedback of the critic module inHybGRAGfor STaRK.

Error Source Error Type Feedback

Identi�cation

Incorrect Entity/Relation
Entity/relation {name} is incorrect. Please remove or substitute this
entity/relation.

Missing Entity
There is only one entity but there may be more. Please extract one
more entity and relation.

No Entity
There is no entity extracted. Please extract at least one entity and
one relation.

No Intersection
There is no intersection between the entities. Please remove or
substitute one entity and relation.

Incorrect Intersection
There is an intersection between the entities, but the answer is not
within it. Please remove or substitute one entity and relation.

Selection Incorrect Retrieval Module
The retrieved document is incorrect. The current retrieval module
may not be helpful to narrow down the search space.

result. Finally, to solve hybrid questions, we propose ranking the documents associated with
the extracted entities using a VSS ranker between questionq and documentsD. This ensures
the synergy between the relational and textual information.

Router Given a questionq, the LLM router performs question routing to determine the selec-
tion and usage of the retrieval module. More speci�cally, the router �rst identi�es the relational
aspect, i.e., topic entitieŝN and useful relationsR̂ based on the types of entitiesTN and the
types of relationTR using few shot examples [BMR+ 20]. The router then makes the selection
st , determining whether to use a text or a hybrid retrieval module. IdentifyinĝN andR̂ before
determiningst improves the quality ofst . For example, if there is no entity extracted̂N = ; , a
text retrieval module is a better option.

6.3.2 Critic Module

Given a hybrid questionq, the router is asked to perform question routing, including identifying
topic entitiesN̂ and useful relationsR̂ . However, as mentioned in Challenge 6.2, they may be
incorrectly identi�ed in the �rst iteration.

To solve this, we propose the critic module, which provides feedback to help the router
perform better question routing. Instead of using a single LLM to complete this complicated
task, we divide the critic into two parts, an LLM validatorCval to validate the correctness of the
retrievalX , and an LLM commenterCcom to provide feedbackf t if the retrieval is incorrect. This
divide-and-conquer step, similar to previous works [GDP+ 23, AWW+ 24], is crucial to our critic
module, o�ering two key advantages: (1) By breaking a di�cult task into two easier ones, we
can now leverage pre-trained LLMs to solve them while maintaining good performance. This
avoids issues arising from �ne-tuning LLMs, such as the unavailability of labels or catastrophic
forgetting [TSdC+ 19]. (2) Since the tasks ofCval andCcom are independent, they can each have
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Algorithm 6.1: HybGRAG
Input: Questionq, a SKB withG andD, Entity TypesTN , Relation TypesTR , and

Maximum IterationsT
1 f 1 = "" ;
2 for t = 1; : : : ; T do
3 /* Retriever Bank */

4 st ; N̂ t ; R̂ t = Router(q;TN ; TR ; f t );
5 if st is hybrid retrieval modulethen
6 Xt = HybridRM (q; G;D; N̂ t ; R̂ t );
7 else
8 Xt = TextRM (q;D);
9 end

10 /* Validator */

11 if Cval (q;Xt ) = T rue then
12 ReturnXt ;
13 else
14 /* Commenter */

15 f t+1 = Ccom(q; st ; N̂ t ; R̂ t );
16 end
17 end
18 ReturnXt ;

their own exclusive contexts, preventing the inclusion of irrelevant information and avoiding
the �lost in the middle� phenomenon [SCM+ 23, LLH+ 24].

Validator The LLM validatorCval aims to validate if the top references retrievedX meet
the requirements speci�ed by the questionq, which is a binary classi�cation task. To improve
accuracy, we provide an additional validation context for the validator. We use the reasoning
paths between topic entities and entities in the extracted ego-graph as the validation context,
which are used to verify whether the output satis�es certain requirements in the question. The
reasoning paths are verbalized as �{topic entity}� {useful relation}� ... � {useful relation}�
{neighboring entity}�. For example, if a hybrid question asks for a paper (i.e. a document) from a
speci�c author, then the context including the reasoning paths �{author}� {writes}� {paper}�
is essential for veri�cation.

Commenter The LLM commenterCcom aims to provide feedbackf to help the router re�ne
question routing. To e�ectively guide the router, we constructcorrectivefeedback that it can
easily understand. In more detail, it points out the error(s) in each action, such as incorrect
identi�cation of topic entities, as shown in Table 6.6. Unlike natural language feedback, which
may cause uncertainty or inconsistency depending on the LLM used, our corrective feedback
provides clear guidance on how to re�ne the question routing. Furthermore, it leverages in-
context learning (ICL) to provide sophisticated feedback. We collect a small number of success-
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ful experiences (� 30) in the training set as examples, with each experiencef st ; N̂ t ; R̂ t ; f t+1 g
comprising a pair of router action and feedback, which is veri�ed by ground truth. During in-
ference, the commenter gives high-quality feedback based on multiple pre-collected examples.

6.3.3 Overall Algorithm

The algorithm ofHybGRAGis in Algorithm 6.1. Given a questionq, in iteration t, the router
determinesst , N̂ t andR̂ t to retrieve the referencesXt from both G andD in SKB, or onlyD,
with the selected retrieval module. The validatorCval in the critic module then decides whether
to acceptXt as the �nal answer or reject it. IfXt is rejected, the commenterCcom generates
feedbackf t+1 for the router to assist in re�ning its action in iterationt + 1.

6.4 Experiments

We conduct experiments to answer the following research questions (RQ):
RQ1.E�ectiveness: How well doesHybGRAGperform in the real-world HQA benchmark?
RQ2.Ablation Study: Are all the design choices inHybGRAGnecessary?
RQ3. Interpretability: How doesHybGRAGre�ne its question routing based on feedback?
RQ4.Adaptive: How well doesHybGRAGperform in an end-to-end RAG setting?
RQ5.Cost Analysis: How much doesHybGRAGcost to run?

Benchmarks We conduct experiments on two QA benchmarks:STaRK[WZY+ 24], which
serves as the primary evaluation benchmark and focuses on retrieval, andCRAG[YSX+ 24], a
complementary benchmark to evaluate end-to-end RAG performance. WhileSTaRKfocuses
on HQA,CRAGencompasses both ODQA and KBQA as sub-problems.

6.4.1 RQ1 � E�ectiveness

We use the default evaluation metrics provided bySTaRK, which are Hit@1, Hit@5, Recall@20
and mean reciprocal rank (MRR), to evaluate the performance of the retrieval task. We compare
HybGRAGwith various baselines, including recent methods (QAGNN [YRB+ 21] and Think-
on-Graph [SXT+ 24]); traditional RAG approaches; and self-re�ective LLMs (ReAct [YZY+ 23],
Re�exion [SCG+ 23], andAvaTaR [WZH+ 24]).

In Table 6.7,HybGRAGoutperforms all baselines signi�cantly in both datasets inSTaRK.
Most baselines are designed to handle ODQA and KBQA, and the results have shown that they
cannot handle HQA e�ectively (Challenge 6.1). Our hybrid retrieval module is the second-best
performing method, highlighting the importance of designing a synergized retrieval module
that uses both textual and relational information simultaneously. In addition,HybGRAGper-
forms signi�cantly better than the hybrid retrieval module, indicating that the extracted entity
and relation are frequently incorrect in the �rst iteration (Challenge 6.2). By tackling Chal-
lenge 6.1 and 6.2 with our retriever bank and critic module respectively,HybGRAGhas a sig-
ni�cant improvement in performance.
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Table 6.7:Retrieval Evaluation on STaRK: HybGRAG wins. `*' denotes that only 10% of
the testing questions are evaluated due to the high latency and cost of the methods. Green (,
) marks the top two.

Method
STaRK-MAG STaRK-Prime

Hit@1 Hit@5 Recall@20 MRR Hit@1 Hit@5 Recall@20 MRR

QAGNN 0.1288 0.3901 0.4697 0.29120.0885 0.2123 0.2963 0.1473
Think-on-Graph* 0.1316 0.1617 0.1130 0.14180.0607 0.1571 0.1307 0.1017

Dense Retriever 0.1051 0.3523 0.4211 0.21340.0446 0.2185 0.3013 0.1238
VSS (Text Retrieval Module) 0.2908 0.4961 0.4836 0.38620.1263 0.3149 0.3600 0.2141
Multi-VSS 0.2592 0.5043 0.5080 0.3694 0.1510 0.3356 0.3805 0.2349
VSS w/ LLM Reranker* 0.3654 0.5317 0.4836 0.44150.1779 0.3690 0.3557 0.2627

ReAct 0.3107 0.4949 0.4703 0.39250.1528 0.3195 0.3363 0.2276
Re�exion 0.4071 0.5444 0.4955 0.47060.1428 0.3499 0.3852 0.2482
AvaTaR 0.4436 0.5966 0.5063 0.5115 0.1844 0.3673 0.3931 0.2673

Hybrid Retrieval Module (Ours) 0.5028 0.5820 0.5031 0.53730.2492 0.3274 0.3366 0.2842
HybGRAG (Ours) 0.6540 0.7531 0.6570 0.6980 0.2856 0.4138 0.4358 0.3449

Relative Improvement 47.4% 26.2% 29.3% 36.5%54.9% 12.7% 10.9% 29.0%

Figure 6.3:Design choices in HybGRAG are necessary in STaRK. We compareHybGRAG
with two variants: a validator without validation context, and a commenter with only 5-shot.
Oracle uses ground truth during inference.

6.4.2 RQ2 � Ablation Study

Critic Module We compareHybGRAGvariants with a validator without validation context,
a commenter with only �ve shots, and those with oracles. The oracle has access to the ground
truth, which gives the optimal judgement on the correctness of the output and the error type
of question routing, if there is any. In Figure 6.3, we show thatHybGRAGperforms the best
with all our design choices, approaching the performance of an oracle.

Self-Re�ection In Figure 6.4, we demonstrate that with more self-re�ection iterations, the
performance ofHybGRAGimproves further. Performance improves signi�cantly when increas-
ing the number of iterations from 1 to 2, where no self-re�ection is performed in iteration 1. It
is also shown that a few iterations are su�cient, as the improvement diminishes over iterations.
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Figure 6.4:HybGRAG improves its question routing thanks to the critic module.

Table 6.8:HybGRAG maintains strong performance with a less powerful LLM model in
STaRK-MAG. Green () marks the winner.

Base Model Hit@1 Hit@5 Recall@20 MRR Speedup

Claude 3 Haiku 0.6019 0.7084 0.6067 0.64831.96�
Claude 3 Sonnet 0.6540 0.7531 0.6570 0.6980 1.00�

Model Size Although we do not have access to Claude 3 Opus, we conduct experiments with
Claude 3 Haiku, a more cost-e�cient but less powerful alternative to Claude 3 Sonnet*. In
Table 6.8,HybGRAGmaintains strong performance even with Claude 3 Haiku. The results also
follow the scaling law of LLMs [KMH+ 20].

Multi-Agent Perspective SinceHybGRAGcan be interpreted as a multi-agent system, we
add a single-agent baseline, which relies on the router to make decisions and provide feedback
for self-re�ection. In Table 6.9,HybGRAGoutperforms both single-agent and no-agent base-
lines. This highlights that self-re�ection is essential for achieving strong performance in HQA,
as pointed out in Challenge 6.2. Moreover, unlike the plain text feedback generated by the
single-agent baseline, the feedback generated byHybGRAGmore e�ectively guides the router
in re�ning its decision, thanks to our carefully designed critic module.

6.4.3 RQ3 � Interpretability

Figure 6.5 illustrates examples of the interaction between the router in the retriever bank and
the critic module inSTaRK-MAG. In the �rst iteration of Figure 6.5(a), the router misidenti�es a
�optical TALU implementations in electronic circuits� as a topic entity representing the �eld of
study (relational aspect). Since the ego-graph extracted based on this entity has no intersection
with the ego-graph extracted based on �Netaji Subhash Engineering College�, the critic module
recognizes that the former entity has a higher chance of being a textual aspect. Thus, it gives
the feedback to the router, and the router addresses it accordingly. This re�nement path of
HybGRAGis similar to CoT, making it interpretable and easy for the user to understand.

*https://www.anthropic.com/news/claude-3-family
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Table 6.9:HybGRAG performs best with multi-agent design in STaRK-MAG. �Router for
SR� baseline performs self-re�ection using a single LLM router. Green () marks the winner.

Method Setting Hit@1 Hit@5 Recall@20 MRR

Hybrid RM No-Agent 0.5028 0.5820 0.5031 0.5373
Router for SR Single-Agent 0.6206 0.7069 0.6187 0.6587
HybGRAG Multi-Agent 0.6540 0.7531 0.6570 0.6980

Figure 6.5:HybGRAG is interpretable. In examples fromSTaRK-MAG, HybGRAGsuccess-
fully re�nes its entity and relation extraction based on corrective feedback from critic module.

6.4.4 RQ4 � End-to-End RAG Evaluation

We modify HybGRAGto adapt toCRAG. We use default evaluation metrics, where an LLM
evaluator is used to determine if the predicted answers are accurate, incorrect (hallucination),
or missing, and Scorea with 1, -1, and 0 for these respective categories. We compareHybGRAG
with CoT LLM, text-only RAG, graph-only RAG, and RAG that concatenates text and graph
references. We include two self-re�ective LLMs (ReAct, Corrective RAG) that share the same
retriever bank but use di�erent critics.

In Table 6.10,HybGRAGoutperforms all baselines inCRAG. RAGs with a single retrieval
module cannot handle both types of questions. RAG with a concatenated reference also distracts
by irrelevant content in the long reference. Although the same retriever bank is provided,
self-re�ective baselines still �nd it di�cult to re�ne their action. Since ReAct relies on the
LLM's ability to think and provide natural language feedback, it often lacks clear guidance
for improving its actions. Without a �ne-tuned retrieval evaluator, Corrective RAG cannot
e�ectively identify the usefulness of a reference.

86



Table 6.10:End-to-End RAG Evaluation on CRAG: HybGRAG wins. All baselines (except
CoT LLM) share our retriever bank, but use di�erent critics to provide feedback. Green (, )
marks the top two.

Method
Llama 3.1 70B Claude 3 Sonnet

Accuracy " Halluc. # Missing Scorea " Accuracy " Halluc. # Missing Scorea "

CoT LLM 0.4607 0.5026 0.0367 -0.0419 0.3910 0.4052 0.2038 -0.0142
Text-Only RAG 0.4105 0.3685 0.2210 0.0420 0.5034 0.3955 0.1011 0.1079
Graph-Only RAG 0.4861 0.4442 0.0697 0.0419 0.5303 0.2974 0.1723 0.2329
Text & Graph RAG 0.4120 0.3790 0.2090 0.0330 0.5820 0.3416 0.0764 0.2404

ReAct 0.1745 0.2360 0.5895 -0.0615 0.4352 0.4075 0.1573 0.0277
Corrective RAG 0.4509 0.4652 0.0839 -0.0143 0.4674 0.3333 0.1993 0.1341

HybGRAG (Ours) 0.5206 0.3588 0.1206 0.1618 0.6322 0.2959 0.0719 0.3363

Table 6.11: Number of API calls and tokens used byHybGRAGfor STaRK.

HybGRAG API Call # Token # for Token # for Token # for
Component per for Examples Examples

Iteration Prompts in MAG in Prime

Router 2 159 2709 3018
Validator 1 39 1383 2107

Commenter 1 52 1215 1583

6.4.5 RQ5 � Model Cost Analysis

We report the number of API calls and token consumption (excluding references) for each step
in an iteration of HybGRAGin Table 6.11 forSTaRK. While most token consumption arises
from the examples used for ICL, the prompts themselves require very few tokens. Moreover,
sinceHybGRAGuses chat LLM as the router, the examples for ICL only need to be given once.
Compared to the state-of-the-art baselineAvaTaR, which requires at least 500 API calls during
training, our hybrid retrieval module achieves a relative improvement 24% in Hit@1 with only
2 API calls, whileHybGRAGachieves 51% with at most 14 API calls, both without training.

6.5 Related Work

6.5.1 Graph Retrieval-Augmented Generation

Various settings have been explored for GRAG [PZL+ 24], and can be roughly divided into three
directions. The �rst focuses on Knowledge Base Question Answering (KBQA), taking advantage
of the LLM capability [YRB+ 21, SXT+ 24, JXZ+ 24, MK24]. The second focuses on Open-Domain
Question Answering (ODQA), building relationships between documents to improve retrieval
[LHG+ 24, DFP+ 24, ETC+ 24]. The last assumes that a subgraph is given when answering a
question [HTS+ 24, HLZ+ 24]. In contrast, we focus on solving Hybrid Question Answering
(HQA) in SKB, and previous GRAG methods are not easily generalized to HQA.
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6.5.2 Agentic and Self-Re�ective LLMs

LLM agents [YZY+ 23, WZH+ 24] facilitate planning in complex reasoning tasks. Among them,
AvaTaR is the most recent, proposing iterative prompt optimization via contrastive reason-
ing. However, they may still struggle to generate the correct output on the �rst attempt. Self-
re�ection addresses this limitation by iteratively optimizing the output based on feedback, typ-
ically provided by a critic implemented using various approaches: pre-trained LLMs [SCG+ 23,
MTG+ 23], external tools [GSG+ 24, QZF+ 24], or �ne-tuned LLMs [PIP+ 24, AWW+ 24, YGZL24].
Nevertheless, they do not generalize to HQA for two reasons. First, they lack appropriate re-
trieval tools and guidance on how to re�ne retrieval e�ectively. Second, in the absence of
external tools or labels for �ne-tuning, using pre-trained LLMs as critics without careful design
results in suboptimal self-evaluation and overly implicit feedback.

6.6 Conclusion

To solve hybrid question answering (HQA), we proposeHybGRAG, driven by insights from our
empirical analysis, which has following advantages:

1. Agentic : it re�nes question routing with self-re�ection by our critic module;
2. Adaptive : it solves textual, relational and hybrid questions by our retriever bank;
3. Interpretable : it justi�es the decision making with intuitive re�nement path; and
4. E�ective : it signi�cantly outperforms all the baselines on HQA benchmarks.

Applied onSTaRK, HybGRAGachieves an average relative improvement51%in Hit@1.
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Part II

Graph-Level Graph Mining
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Overview

Given a graph database, how can we �nd substructures frequently shared by graphs?
How can we leverage these substructures to solve the given graph-level tasks?

In a graph database, graphs share substructure patterns, some of which occur more fre-
quently than others. These frequent substructures provide clear explanations and useful in-
formation for identifying graph properties or detecting anomalies. In this chapter, we aim to
detect frequent substructures and leverage them to solve downstream graph-level tasks, such
as graph anomaly detection and graph regression.

We address this problem in two di�erent settings of increasing di�culty and propose two cor-
respondingalgorithms :

ˆ Ÿ 7: Graph anomaly detection �GAWD identi�es frequent substructures that best com-
press the graphs and assigns higher anomaly scores to those that are less compressible.

ˆ Ÿ 8: Various graph-level tasks � RWK+ is an improved random walk graph kernel used
to learn frequent substructures and extract features across graphs for downstream tasks.

We further extend this problem to a real-world graphapplication :
ˆ Ÿ 9: In human tra�cking detection,DeltaShield represents millions of escort advertise-

ments as graphs and identi�es common templates shared among them.
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Chapter 7

GAWD: Graph Anomaly
Detection in Weighted Graph
Databases

Chapter based on work that appeared at ASONAM 2021 [LNB+ 21] [PDF].

Given a set of node-labeled directed weighted graphs, how to �nd the most anomalous
ones? How can we summarize the normal behavior in the database without losing infor-
mation? The idea of the existing work is to (1) iteratively identify the �best� substructure
(i.e., subgraph or motif) that yields the largest compression when each of its occurrences
is replaced by a super-node, and (2) score each graph by how much it compresses over
iterations � the more the compression, the lower the anomaly score.

In this chapter, we proposeGAWD, for detecting anomalous graphs in directed weighted
graph databases. Di�erent from existing work, ourGAWD exhibits: (i ) a losslessgraph en-
coding scheme, (ii ) ability to handle numeric edge weights, (iii ) interpretability by common
patterns, and (iv ) scalability with running time linear in input size.

Experiments on four datasets injected with anomalies show thatGAWD achieves sig-
ni�cantly better results than state-of-the-art baselines.
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Figure 7.1:GAWD wins on both e�ectiveness and scalability: We evaluate four datasets
and show the big gap between it and competitors w.r.t. average precision and run time.

7.1 Introduction

Given a large graph database containing directed weighted node-labeled graphs, how can we
detect the anomalous graphs? Many studies succeed in detecting anomalies but fail to give
satisfying interpretations. This raises another prominent problem � how can we spot anomalies
and summarize the normal behavior without simultaneously losing information?

In recent years, graph [HYL17, NCV+ 17] and node embedding [GL16] have attracted a lot
of attention. These methods have been used in anomaly detection in conjunction with o�-the-
shelf anomaly detectors. Embedding-based models, however, lack interpretability. In contrast,
structure-based methods enable domain experts to conduct post-analysis to reveal root causes
of anomalies. Several structure-based methods [NC03, EH07] detect anomalies by compressing
graphs with a substructure that yields the largest compression. The selected substructure is
replaced by a super-node and the process continues in iterations. As a result, graphs with more
common substructures (and hence compress more) are deemed less anomalous than those with
fewer substructures.

However, neither embedding- nor structure-based methods are perfect: (1) both of these
methods cannot totally avoid information loss, which causes di�culty in interpreting results,
and (2) none of the structure-based methods can handle weighted graphs, which prevents them
from detecting anomalies caused by edge weights.
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We proposeGAWD to address the aforementioned problems, with following advantages:
ˆ Lossless Encoding: GAWD builds on Noble and Cook [NC03] in terms of identifying

frequent subgraphs and compressing the graphs in the input database by replacing each
of its occurrences by a super-node. This results in a loss of connectivity information for
nodes outside the substructure that are connected to nodes within. We address this issue
by incorporating �rewiring� information into our encoding, such that the compressed
graph can be reconstructed into the original graphlosslessly.

ˆ Handling Weighted Graphs: We propose a novel encoding scheme for handling nu-
meric edge weights. Given a substructure we estimate a �representative� weight for its
edges, as well as extend the encoding of a compressed graph to incorporate corrections
for true weights such that decompression can be done losslessly.

ˆ Interpretability and Scalability: The (lack of) frequent subgraphs common in the
database provide a means to explain anomalousness. Moreover,GAWD exhibits linear
scalability in the input size.

As shown in Figure 7.1, experimental results on four real-world datasets with injected anomalies
show thatGAWD provides better trade-o� between detection performance and running time
compared to both existing graph embedding- and structure-based methods. Moreover,GAWD
is lossless in contrast with lossy compression of existing methods [CH94, NC03, EH07] and,
therefore, able to backtrack the process after compression, while other lossy methods lose those
information after compression.
Reproducibility: Our code and injected datasets along with labels (except for Accounting
Dataset due to privacy issues) are made publicly available athttps://github.com/m
engchillee/GAWD .

7.2 Related Work

Being one of the closest real-world applications, anomaly detection has drawn a lot of attention
from academics [MMA16, BJR17, SDS17, CYL+ 18, LZW+ 20]. Many anomaly detectors have
been developed, such as LOF [BKNS00], Isolation Forest [LTZ08] and LODA [Pev16]. Some
traditional machine learning methods such as kNN [RRS00] and PCA [SCSC03] can be used
as an anomaly detector as well. To this reason, a useful toolkit for this �eld is also developed
[ZNL19]. These detectors can be easily used with feature-based or embedding-based methods
to achieve e�ective results. Our work introduces an anomaly detection for graphs approach,
while using popular graph embedding methods (with anomaly detectors) as baselines. We will
discuss them both in this section.

Nevertheless, none of the above methods ful�lls all the specs ofGAWD. Table 7.1 contrasts
GAWD against the existing state-of-the-art.

7.2.1 Indirect Anomaly Detection via Graph Embedding

Graph embedding has been widely studied in the last decade. One reason for its popularity
is its �exibility concerning downstream applications. Graph embedding can be used to de-
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Table 7.1:GAWD matches all specs, while competitors miss one or more of the desired prop-
erties.� implies the method only accepts (categorical) edge labels.

Property
Method
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tect anomalous graphs in conjunction with o�-the-shelf anomaly detectors. One of the most
famous branches is node embedding, where each node in the graph is mapped to low dimen-
sional space. node2vec [GL16] could highly identify graph structures with biased random walks
using BFS and DFS. GraphSAGE [HYL17] increases the generalizability to the unseen nodes by
training the aggregator function by node features. A simple way to extend node embedding
to graph embedding is to sum all node vectors up, which has been widely used as a baseline
in graph embedding approaches. Unlike node embedding, graph embedding aims to directly
map each graph in the graph database into a vector. graph2vec [NCV+ 17] uses document em-
bedding neural networks to embed node-labeled graphs. Node embedding methods could also
be used in graph embedding by averaging the embedding of nodes. Variational graph autoen-
coder [KW16] encodes the graph by a two-layer graph convolutional network and decodes by
an inner-product decoder. However, few graph embedding methods could handle node labels
and edge weights at the same time. An additional drawback of graph embedding is the low
interpretability of the representations, and as a result, anomalousness.

7.2.2 Direct Anomaly Detection for Graphs

To seek higher interpretability, we turned to graph-based anomaly detection. Anomaly detec-
tion has been studied extensively for its applicability to real-world scenarios. Careful scrutiny
of these studies can be found in [ATK15]. On the one hand, some studies try to spot the graph
anomalies by mining graphs' structural features. OddBall [AMF10] detects anomalous nodes in
asingleweighted graph, but does not extend to graph databases. ReFeX [HGL+ 11] includes re-
cursive features to extract information even beyond direct neighbors. To increase interpretabil-
ity, features are analyzed in pairs in [KLKF14], which can be easily visualized and point out the
outliers. LookOut [GES+ 18] further turns the anomaly detection into a 2-dimension plots se-
lection problem, and picks up the most explainable plots to the anomalies. SpotLight [EFGM18]
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Table 7.2: Table of Symbols and De�nitions.

Symbol De�nition

G Graph database
Gi i -th graph in the database
I Number of graphs in database
J Total number of iterations in our algorithm
Vi Node set ofi -th graph
Ei Edge set ofi -th graph
T Set of unique node labels

t(v) Label of nodev
w(u; v) Edge weight of edge(u; v)

Pj Substructure found in iterationj
vbits Encoding length for nodes
rbits Encoding length for adjacency matrix
ebits Encoding length for edges

mbits Encoding length for edge weight corrections
wbits Encoding length for rewiring

Table 7.3: Table of Acronyms.

Acronym De�nition

MDL Minimum Description Length
AUC Area Under Curve

AP Average Precision

aims to detect the anomalies in the streaming graphs. On the other hand, some researchers seek
to explain the graph anomalousness by frequent patterns among graphs. Cooket al. [CH94]
proposed a graph substructure discovery framework, which Noble and Cook [NC03] leverage
in anomaly detection by using compression rates in each iteration. Eberleet al. [EH07] de-
tect unexpected structural deviations, de�ned as frequent patterns with slight changes. These
structure-based methods do not take edge weights into consideration. For numerical weights,
Yagada [DLMR11] uses discretization to assign edges with discrete labels. However, discretiza-
tion loses information and underperforms as we demonstrate in our experiments.

7.3 Problem De�nition and General Framework

We consider that a graph database is given, which consists ofI node-labeled directed weighted
graphsG = f G1(V1; E1); : : : ; GI (VI ; EI )g, where each graphGi (Vi ; Ei ) has a set of labeled
nodesVi and a set of weighted edgesEi . For each nodev 2 V i , t(v) 2 T denotes the label
of nodev, whereT represents the set of unique node labels, e.g., types of company accounts.
Each edge(u; v) 2 Ei has a weightw(u; v), e.g., number of transactions between two accounts.
An overview of symbols and acronyms is provided in Table 7.2 and Table 7.3, respectively.

7.3.1 Problem De�nition

Our anomaly detection problem is de�ned as follows:
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Algorithm 7.1: General Framework for Graph Anomaly Detection (followed by
[CH94, NC03], blue text points out the di�erences withGAWD)

Data: A graph database
Result: Anomaly scores for all graphs

1 while Truedo
2 Detect frequent patterns in graph database;
3 if No pattern is foundthen
4 Break;
5 end
6 Identify the pattern which can compress the graphs in database the most;
7 Compress the graphs by this pattern;
8 end
9 Compute the anomaly scores by compression rate;

Problem 7.1: Anomaly Detection in Graph Database

Givena node-labeled directed weighted graph databaseG = f G1(V1; E1); :::; GI (VI ; EI )g,
computeanomaly scoresai for each graphGi 2 G, such that a higher score indicates a
higher abnormality.

7.3.2 General Framework

Our method follows a general information-theoretic framework depicted in Algorithm 7.1. This
framework generalizes previous graph anomaly detection methods, i.e., [CH94, NC03]. Given a
graph database, the idea is to iteratively identify the �best� substructure that yields the largest
compression, replacing each of its occurrences with a super-node. Each graph in the database is
then scored by how much it compresses over iterations � the more the compression, the lower
the anomaly score. In Algorithm 7.1, blue texts pinpoints the di�erences inGAWD compared
to those in [CH94, NC03].

In particular, the existing method in [NC03] detects the frequent patterns in Line 2 by beam
search. To identify the best pattern, they use the one that can minimize the total description
length of graphs in the database in Line 6. However, they only take the compressed node and
edge information into consideration (lossy encoding). They then compress the graphs by that
pattern in Line 7. This process will keep running until no more pattern is found. The heart
of their approach is the encoding scheme of graphs by Minimum Description Length (MDL)
principle, which includes encoding the structure of graphs, i.e., nodes and edges.

The total encoding length for nodes is:

vbits(Gi ) = log � jVi j + jVi j log2 jT j (7.1)

where jT j denotes the number of unique node labels inGi . log� is the universal code length
used to encode the numeric value. We �rst needlog� jVi j bits to encode the number of nodes,
and then needlog2 jT j bits to encode the label for each node.
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The total encoding length for the adjacency matrix is:

rbits(Gi ) = log � b+
jV i jX

p=1

log2 (b+ 1) + log 2

�
jVi j
kp

�
(7.2)

whereb denotes the highest out-degree inGi , andkp denotes the particular out-degree ofpth

node.log� bbits are needed to encode the highest out-degree. For each row of adjacency ma-
trix, log2 (b+ 1) bits are needed to encode the degree of node. Givenkp as the number of 1(s)

occurring inpth row, we know that there are only
�

jVi j
kp

�
possible permutations, so we need

log2

�
jVi j
kp

�
bits to encode the positions of 1(s) in thepth row.

The total encoding length for edges is:

ebits(Gi ) = log � m + jEi j log2 m (7.3)

wherem denotes the largest edge weight. We �rst needlog� m bits to encode the largest edge
weight, and thenlog2 m bits to encode the weight for each edge.

Thus, the total encoding length forGi in j -th iteration is:

DL (Gi (j )) = vbits(Gi (j )) + rbits(Gi (j )) + ebits(Gi (j )) (7.4)

Di�erent from [NC03], in GAWD, we replace the beam search in Line 2 bygSpan[YH02],
which is a much faster subgraph mining technique; we design a novel graph encoding scheme,
being used in Line 6, which accepts edge weight (described in Section 7.4.1) and is lossless
(described in Section 7.4.2).

7.4 Proposed Method: GAWD

Next we provide the details ofGAWD. Given a substructurePj = ( Vj ; Ej ) at iteration j , which
is a node-labeled simple graph, the �rst task is to identify a �representative� weight for edge
(u; v) 2 Ej , denotedw�

Pj
(u; v). Given the edge-weightedPj , our encoding scheme involves:

1. EncodingPj ,

2. Encoding each compressed graphGi = ( V i ; Ei ) resulted from replacing each occur-
rence/instance ofPj (ignoring edge weights) inGi with a super-node, and

3. Encoding auxiliary information for lossless reconstruction ofGi , givenPj andGi .
Steps (1) and (2) use the encoding scheme in Subdue [CH94], the details of which we omit due
to space limit. Our novel designs are in Step (3), speci�cally:
D1. Weight Encoding: for handling edge weights, and
D2. Rewiring Encoding: for enabling lossless reconstruction.

Total compression cost (or description length) of the graph database is the sum of bits used for
encoding (1)�(3).
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7.4.1 Design 1: Weight Encoding

7.4.1.1 Representative Weight Discovery

Given a substructurePj , the representative edge weightw�
Pj

(u; v) for each edge(u; v) 2 Ej need
to be identi�ed before evaluating the substructures toward compression. LetEj; (u;v ) denote all
the edges in the instances of substructurePj in the database corresponding to(u; v) 2 Ej .
We turn this into an optimization problem based on the Minimum Description Length (MDL)
encoding. Given a candidate weightw, we denote the bits needed to correct with respect to the
true weight of an edge instance(s; t) 2 Ej; (u;v ) by L(w; wPj (s; t)) (details in Section 7.4.1.2).
The optimization problem is then formulated as:

w�
Pj

= min
w

X

(s;t )2Ej; ( u;v )

L(w; wPj (s; t)) (7.5)

While not convex, the optimization in Equation (7.5) is 1-dimensional and hence easy to solve.
We employ Dichotomous Search [CZ04], which returns the optimal solution in most cases. It
e�ciently takes only O(jEj; (u;v ) j log2 R), whereR is the numeric search range of weights.

7.4.1.2 Weight Corrections

After discoveringw�
Pj

, we encode the weights in each instance. For each super-nodes 2 V i

of Gi , we denote bygs = ( Vs; Es) the substructure instance inGi corresponding tos, which is
isomorphic toPj in structure. For each edge(u; v) 2 Es, we encode its weight correction using:

L(w; w0) =

(
1 bit if w � w0 = 0

2 log2(jw � w0j) + 3 bits otherwise
(7.6)

wherew = w�
Pj

(u; v) andw0 = wgs (u; v). 1 bit is used to identify whether the weight correction
is needed. If so, an extra 1 bit is used to record the sign of the error.2 log2(jw � w0j) + 1 bits is
used to encode the numeric value by universal code.

We remark that instead of discretizing edge weights into labels, our encoding scheme han-
dles the numeric value and is lossless. Thus, the total encoding length of weight corrections is
as follows:

mbits(Gi ) =
X

s2 V i

X

(u;v )2Es

L(w; w
0
) (7.7)

7.4.2 Design 2: Rewiring Encoding

After replacingPj with a super-node, all the edges connected toPj merge into super-edges.
Weight of a super-edgee = ( x; y) 2 Ei , denotedwGi

(x; y), is the sum of the weights of all edges
that it represents. For lossless reconstruction, the edge (re)connectivity information needs to be
encoded. As shown in Figure 7.2, there are two possible cases: (1) bothx andy are super-nodes
corresponding to non-overlapping instances ofPj , and (2) only one of them is a super-node.
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(a) Case 1: Two super-nodes (b) Case 2: One super-node and one regular node

Figure 7.2:Rewiring Encoding: Two cases that the edge (re)connectivity information are dif-
ferent. (a) Case 1: A super-edge is created between two super-nodes after compression. (b) Case
2: A super-edge is created between one super-node and one regular node after compression.

For the former case, we �rst encode the cardinality ofe, denotedce, depicting how many
edges it represents, using:

L(ce) = log 2(jVj j2) = 2 log2(jVj j) bits (7.8)

For each edge, we encode substructure node IDs of its source and destination using2 log2(jVj j)
bits total, and then encode its weight usinglog2(wGi

(x; y)) bits.
For the latter case, w.l.o.g. letx be the super-node. We encode how many edgese branches

to, denotedby, using:
L(by) = log 2(jVj j) bits (7.9)

In other words,by denotes how many distinct nodes withingx that y connects to. For each
edge we encode the substructure node ID ofy's neighborn 2 Vx usinglog2(jVj j) bits. We then
encode the weight of each edge the same as in the former case.

The total encoding length for rewiring is:

wbits(Gi ) =
P

e=( x;y )2 Ei
(jej � 1) log2(wG i

(x; y))

+

(
(jej + 1) L(ce) if x; y are both super nodes

(jej + 1) L(by) if x is super node
(7.10)

where e = ( x; y) denotes the super-edge connecting from nodex to nodey in compressed
graphGi , andjej denotes the multiplicity of the super-edge.

7.4.3 Overall Algorithm

The total encoding length of graphGi in j -th iteration is given as the following:

DL � (Gi (j )) = DL (Gi (j )) + mbits(Gi (j )) + wbits(Gi (j )) (7.11)

Algorithm 7.2 gives the steps ofGAWD. We usegSpan[YH02] for frequent substructure min-
ing in Line 3. In Lines 4-6, we search for the best weighted substructure yielding the largest
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Algorithm 7.2: GAWD-Anomaly Scoring
Data: A databaseG = f G1; :::; GI g, min support range(msmax ; msmin ), decay rated

(i.e., 0.9 by default).
Result: Anomaly scoresa = f a1; :::; aI g for all graphs inG

1 Initialization: ms = msmax ; j = 0;
2 while ms � msmin do
3 Pj = gSpan(G; ms);
4 Discoverw�

Pj
(u; v) for all Pj 2 P j (See Section 7.4.1.1);

5 Identify P �
j 2 P j yielding largest (positive) compression;

6 if noP �
j is foundthen

7 ms := ms � d;
8 Continue;
9 end

10 CompressGby P �
j and savecj

i in (7.12) for allGi 2 G;
11 j := j + 1;
12 end
13 ai = 1 � 1

j

P j
k=1

�
(j � k + 1) � ck

i

�
for all Gi 2 G;

14 Return:a;

compression. To improve the e�ciency, we gradually decrease minimum support from maxi-
mum value to minimum in Lines 7-9, if there is no substructure found. Once we identify the
best substructurePj in iteration j , we compress the graphs in the database byPj and save the
compression ratecj

i , for each graphi , de�ned as:

cj
i =

DL �
j � 1(Gi ) � DL �

j (Gi )

DL �
0(G)

(7.12)

where DL j (Gi ) is the description length ofGi after j iterations. Finally, we compute the
anomaly scores in Line 13. The anomaly score ranges from 0 to 1, where 1 means the most
anomalous and 0 means the least anomalous. The compression rates are linearly weighted by
the termj � k + 1, where it means that the earlier we identify the substructure as the best one,
the less anomalous that the graphs containing it are.

Complexity Analysis The time complexity ofGAWD is as follows:

Lemma 7.1

GAWD has linear time complexity,O(nI jEj logjVj), wheren denotes the number of fre-
quent substructures,I denotes the number of graphs, andjVj andjEj denote the average
numbers of nodes and edges.
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Proof. In the worst case,n frequent substructures are detected bygSpanand used for com-
pression with no con�ict, thenGAWD at most will iteraten times. Moreover,O(I jEj logjVj)
is the time complexity ofgSpan, whereI denotes the number of graphs in graph database,jEj
denotes the average edge number of graphs, andjVj denotes the average node number. The
Dichotomous Search is also e�cient, takingO(jEj; (u;v ) j log2 R), whereEj; (u;v ) denotes all the
edges in the instances of substructurePj , andR denotes the numeric search range of weights.
For compression, it takesO(I jEj) to redirect edges for each graph. The complexity ofGAWDis
O(n(jEj; (u;v ) j log2 R + I jEj + I jEj logjVj)) . Empirically,jEj; (u;v ) j andlog2 R are small constant
values which are negligible. Therefore, the complexity isO(nI jEj logjVj). �

7.5 Experiments

We design experiments to answer the following questions:
RQ1.E�ectiveness : How well doesGAWD work on anomaly detection?
RQ2.Scalability : How doesGAWD's running time grow with input size?
Experiments are run on a machine with 3.2 GHz CPU and 256 GB RAM.

Datasets We use four datasets illustrated in Table 7.4. The detailed description of all datasets
are shown as follows:

ˆ UCI Message Dataset [OP09]:This recorded the communications between students at
UCI where nodes and edges denote students and messages respectively. To capture the
role information, we adopt role2vec [ARL+ 18] to embed nodes in the complete graph,
and use the 10 groups clustered by Agglomerative Clustering as the node labels. The data
is split into hours to form a graph database.

ˆ Enron Email Dataset [KY04]: This contains the emails passing between colleagues in
Enron Company from 2000 to 2002. We assign the job positions to each employee as node
labels. The data is split into day communication graphs to form a graph database.

ˆ Accounting Dataset: This is from an anonymous accounting institution, containing
accounts (nodes) and transactions (edges) that re�ect the money �ow between company
accounts. Each graph captures a set of transactions within a unique expense report.

ˆ Synthetic Accounting Dataset: Since the accounting dataset is proprietary, we gener-
ate a synthetic database with generated graphs following the same statistical character-
istics as in the accounting graphs.

We treat edge multiplicities as weights for all four graph databases. There are no ground truth
anomalies in all the databases. To evaluate e�ectiveness, we inject anomalies into randomly
sampled 3% of the graphs in each database as [ATK15] suggested, which had also been done
by several other studies [YCA+ 18, ZLL+ 19]. For each sampled graph, we (i) randomly select an
edge(u; v) 2 Ei , and (ii) multiply its weightw(u; v) by 10d, whered denotes the digit count of
the upper fence in the boxplot of weights for(t(u); t(v)) edges. This aims to simulate unusual
behaviors between the users or accounts.
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Table 7.4: Statistics of graph databases.

Name Graphs Nodes [min, max] Edges [min, max]

UCI Message Dataset [OP09] 3320 [2, 159] [1, 193]
Enron Email Dataset [KY04] 843 [2, 87] [1, 127]

Accounting Dataset 16,026 [2, 13] [1, 20]
Synthetic Accounting Dataset 15,935 [2, 13] [1, 18]

Figure 7.3: Anomaly score of each graph before (original) vs. after (injection): Database origi-
nally contains many graphs with high scores. Red dots depict the graphs being injected.

Evaluation Metric Datasets may originally contain anomalies, but we do not have ground
truth. As shown in Figure 7.3, there originally exist multiple graphs with high anomaly scores
along the horizontal axis, which strongly disturb the quality of evaluation. To solve this, rather
than comparing all graphs in absolute terms, we look at the relative change in anomaly scores
before and after injection. We quantify the relative change as:

RCi =
ainjected

i � aoriginal
i

aoriginal
i

: (7.13)

To evaluate the performance of anomaly detection, we use precision@k, recall@k, Area Un-
der Curve (AUC) and Average Precision (AP) as our evaluation metrics. The choices ofk are
dependent on the database size sincek cannot exceed the number of injected graphs.

Baselines We compareGAWD with four baselines:
ˆ Noble et al.: [NC03] iteratively �nds the substructure generating the largest compres-

sion, and then assigns anomaly scores based on the compression rate in each iteration.
ˆ Subdue-W: follows [NC03] but additionally discretizes edge weights into labels by ten

bins with equal size.
ˆ node2vec: [GL16] embeds each node into a vector, then inputs sum of node vectors in

each graph to Isolation Forest [LTZ08].
ˆ graph2vec: [NCV+ 17] embeds each graph into a vector and inputs it to Isolation Forest.
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Method
Precision Recall

AUC AP Time
@45 @90 @45 @90

node2vec 6.7 5.6 3.0 5.1 47.6 3.1 59
graph2vec 2.2 1.1 1.0 1.0 48.7 3.1 3
Nobleet al. 0.0 0.0 0.0 0.0 47.6 3.1 43988
Subdue-W 100.0 60.0 45.5 54.5 94.8 68.6 32621

GAWD 100.0 92.2 45.5 83.8 93.8 90.3 760

(a) UCI Message Dataset

Method
Precision Recall

AUC AP Time
@10 @20 @10 @20

node2vec 10.0 5.0 4.0 4.0 58.7 4.6 25
graph2vec 10.0 5.0 4.0 4.0 59.0 6.1 1
Nobleet al. 0.0 0.0 0.0 0.0 51.7 3.2 7768
Subdue-W 10.0 5.0 4.0 4.0 48.2 4.9 8443

GAWD 90.0 85.0 36.0 68.0 82.1 73.8 207

(b) Enron Email Dataset

Method
Precision Recall

AUC AP Time
@200 @400 @200 @400

node2vec 5.0 3.0 2.1 2.5 47.0 30.0 31
graph2vec 3.5 4.5 1.5 3.8 54.0 3.7 13
Nobleet al. 3.0 3.1 1.2 2.6 50.6 3.1 460
Subdue-W 82.0 74.0 34.2 61.7 76.0 59.8 477

GAWD 100.0 81.5 41.7 67.9 88.0 71.0 75

(c) Accounting Dataset

Method
Precision Recall

AUC AP Time
@200 @400 @200 @400

node2vec 2.5 3.3 1.0 0.8 48.3 2.8 26
graph2vec 0.0 2.0 1.7 3.1 49.6 3.0 14
Nobleet al. 3.0 3.0 1.3 2.5 50.0 3.0 1426
Subdue-W 63.5 35.0 26.6 29.3 71.5 36.8 6584

GAWD 100.0 89.0 41.8 74.5 95.3 90.2 176

(d) Synthetic Accounting Dataset

Table 7.5:GAWD signi�cantly outperforms all the baselines: We show the performance
of GAWD and structure-based and embedding-based baselines on three real-world and one
synthetic graph datasets. Green () marks the winner.

7.5.1 RQ1 � E�ectiveness

In Table 7.5,GAWDoutperforms most of the baselines signi�cantly on all the datasets. Nobleet
al. and graph2vec fail as it cannot handle edge weights.GAWD shows 31.6%, 1365%, 18.7% and
145% improvement over Subdue-W in average precision on four datasets respectively, high-
lighting the insu�ciency of discretization to handle edge weights. Even if node2vec accepts
edge weights, it is not sensitive enough to detect the anomalies on weights.

The e�ectiveness ofGAWD shows the necessity of handling numerical values instead of
discretizing them into labels. In addition to improving performance on anomaly detection, we
simultaneously maintain interpretability, where the common substructures identi�ed in the
course of iteratively compressing the database provide a peek into the expected structural pat-
terns in the database, and the lack thereof in anomalous graphs.

7.5.2 RQ2 � Scalability

To quantify the scalability, we empirically vary the number of (i) total edges and (ii) graphs in
the database, both of which highly correlate with running time. In Table 7.4, the total number
of graphs in the �rst experiment is 12,617, and the total edge number in the second experiment
is 24,137. In Figure 7.4,GAWD scales linearly w.r.t. both variables, withR2 scores of linear-�t
models higher than 0.97.

In Figure 7.1,GAWD achieves the best trade-o� between performance and running time
compared to the state-of-the-art approaches. In type injection,GAWDis 3.7� faster than Noble
et al.and the average precision is 1.3� higher than node2vec; in path injection,GAWD is 3.9�
faster than Nobleet al.and the average precision is also 1.1� higher; in weight injection,GAWD
is 4.1� faster than Subdue-W and the average precision is also 1.5� higher.
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Figure 7.4:GAWD is scalable: linear on the number of total edges (left) and the number of
graphs (right).

7.6 Conclusion

We presentGAWD, addressing the graph anomaly detection problem in a directed weighted
graph database. Using an MDL-based approach for encoding,GAWD iteratively identi�es
the �best� substructure yielding the largest compression of the database. Our novel encoding
scheme includes lossless encoding as well as ability to handle weighted graphs.

ˆ Lossless encoding schemefor graph compression;
ˆ Handling edge weights , through discovering and encoding a representative weight fol-

lowed by delta-corrections to maintain lossless encoding;
ˆ Interpretability through structural patterns (i.e., substructures) andlinear scalability

with the input size.
Experiments on four data sets with injected anomalies show thatGAWD achieves superior
results among state-of-the-art baselines.

106



Chapter 8

RWK + : Descriptive Kernel
Convolution Network with
Improved Random Walk Kernel

Chapter based on work that appeared at WWW 2024 [LZA24] [PDF].

Graph kernels used to be the dominant approach to feature engineering for structured data,
which are superseded by modern graph neural networks (GNNs) as the former lacks learn-
ability. Recently, a suite of Kernel Convolution Networks (KCNs) successfully revitalized
graph kernels by introducing learnability, which convolves input with learnable hidden
graphs using a certain graph kernel. The random walk kernel (RWK) has been used as the
default kernel in many KCNs, gaining increasing attention.

In this chapter, we �rst revisit the RWK and its current usage in KCNs, revealing several
shortcomings of the existing designs, and propose an improved graph kernel RWK+ , by
introducing color-matching random walks and deriving its e�cient computation. We then
proposeRWK+ CN, a KCN that uses RWK+ as the core kernel to learn descriptive graph
features with an unsupervised objective, which cannot be achieved by GNNs. Furthermore,
by unrolling RWK+ , we discover its connection with GNNs, and propose our novel GNN
layer RWK+ Conv.

In the �rst part of experiments, we demonstrate the descriptive learning ability of
RWK+ CN with the improved random walk kernel RWK+ on unsupervised pattern min-
ing tasks; in the second part, we show the e�ectiveness of RWK+ for a variety of KCN
architectures and supervised graph learning tasks, and demonstrate the expressiveness of
RWK+ Conv layer, especially on graph-level tasks. Our methods adapt to various real-world
applications, including web applications such as bot detection in a web-scale Twitter social
network, and community classi�cation in Reddit social interaction networks.
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8.1 Introduction

Graph kernels are functions that measure the similarity between pairs of graphs. They have
historically been a popular approach to ��atten� graphs explicitly or implicitly into vector form
that many downstream algorithms can more easily handle. While graph kernels exhibit math-
ematical expressions that lend themselves to theoretical analysis [GFW03], their handcrafted
features may not be expressive enough to capture the complexities of various learning tasks
on graphs [RG03]. More recently, graph kernels are superseded by modern graph neural net-
works (GNNs) which leverage multi-layer architecture and nonlinear transformations to learn
task-adaptive graph representations [ZCH+ 20b].

Interestingly, GNNs bear a close connection to the Weisfeiler-Leman (WL) graph kernels
[SSvL+ 11], as well as the related WL graph isomorphism test [LW68]. In fact, most recent
work on the expressive power of GNNs heavily use thek-WL hierarchy [XHLJ19, Sat20], and
others have derived inspiration from it to design novel GNN architectures [MRF+ 19, MBSL19,
BFZB23, ZSA22]. The WL kernel, which is quite popular thanks to its attractive linear-time
complexity [HK09], derives its simplicity from iterative neighborhood aggregation, akin to the
convolution scheme of message-passing GNNs [GSR+ 17]. This type of connection has been
recognized and leveraged in the recent few years to derive a series of �GNNs meet graph kernels�
style models that bridge these two worlds [Mai16, LJBJ17, CJM20, DHS+ 19, NV20, CMB+ 21,
FYWT22, APZ19, LJWS21], named as Kernel Convolutional Networks (KCNs).

RWKs, based on the number of (node label sequences along) walks that two graphs have in
common, have been the starting point in the history of graph kernels [GFW03, KTI03]. A recent
study by [Kri22] demonstrated that classical random walk kernels with minor modi�cations are
as expressive as the Weisfeiler-Leman kernels and even surpass their accuracy on classi�cation
tasks. Inspired by this, our work extends from random walk neural network (RWNN) of [NV20],
where each input graph is represented by its RWK similarity to a set of small graphlets (called
hidden graphs) that are learned end-to-end by optimizing a classi�cation objective.

We deepen the synergy between GNNs and graph kernels, and improve the RWK as utilized
within GNNs in a number of fronts. First, toward capturing more representative patterns, we
introduce several improvements to the RWK in both e�ectiveness and e�ciency and propose an
improved graph kernel RWK+ . Second, we propose adescriptiveKCNRWK+ CNby �ipping the
objective from a discriminative one to a descriptive one that helps us capture relational patterns
in the graph database. What is more, we derive the mathematical connection of RWK+ to layer-
wise neural network operators for the �rst time, which inspires us to propose a novel GNN layer
RWK+ Conv. Finally, we employ our RWK+ and RWK+ Conv on a suite of real-world tasks for
graph data and achieve signi�cant gains. A summary of our contributions is as follows:

� RWK + with e�cient color-matching: We identify that the RWK originally developed
in RWNN only enforces the same label at the start and the end of two walks while ignoring
the intermediates. We reformulate it to count a walk as shared only if all corresponding node
pairs exhibit the same node label (i.e. color) at all steps along the walk. While more re�ective
of graph similarity, RWK with color-matching incurs a memory and computational overhead.
Therefore, we propose the improved graph kernel RWK+ through transforming its formulation
for e�cient computation. In addition, we propose a learnable solutionStepNorm to address
the nontrivial task of combining similarity scores across steps with drastically di�erent scales.
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� RWK + CN learning descriptive hidden graphs : The original RWNN is trained su-
pervised for graph classi�cation and thus learns discriminative hidden graphs. We propose
RWK+ CN with an unsupervised objective, that uses RWK+ as the core kernel and maximizes
the total RWK similarity between the input graphs and hidden graphs. The learned hidden
graphs are re�ective of the frequent walks (i.e. patterns) in the database. To further enhance
the descriptive ability, we use additional �structural colors� to help better capture structural
similarity between graphs, and enforce a diversity regularization among the hidden graphs to
capture non-overlapping subgraphs. Finally, we demonstrate the descriptive learning ability of
RWK+ CN with our carefully designed testbeds.

� RWK + Conv, a novel GNN layer : By unrolling RWK+ , we discover that the derivation
can be re-written as a sequence (i.e. multiple layers) of graph convolutional operations, con-
necting with regular graph convolutional networks (GCN) layers. By viewing hidden graphs
as learnable parameters, we transform the RWK+ algorithm into a novel GNN layer called
RWK+ Conv. The RWK+ Conv layer extracts graph features by using additional element-wise
product operations that can potentially bring better expressiveness than the GCN layer.

� Broad applications of RWK + and RWK + Conv: We employ RWK+ as the core kernel
inside di�erent KCN architectures and evaluate it on four graph-level tasks: one discriminative
(graph classi�cation), and three descriptive (graph pattern mining, graph-level anomaly detec-
tion, and substructure counting). It is shown to be improved over the vanilla RWK especially
on descriptive tasks. Moreover, we compare our proposed RWK+ Conv layer with the GCN
layer on node- and graph-level tasks. RWK+ Conv outperforms GCN in both tasks, notably by
a large margin in graph-level tasks, empirically demonstrating its better expressiveness. It is
worth noting that our experiments contain a broad-range of real-world applications, including
web applications such as bot detection in a web-scale Twitter social network with a million
nodes, and community classi�cation in Reddit social interaction networks.

Reproducibility: Our code is available athttps://github.com/mengchillee
/RWK_plus .

8.2 Related Work

8.2.1 Graph Kernels

In Section 4.2.4, we introduced graph kernels that generate node-to-node similarity and are used
to transform node features; here, we introduce a broader set of graph kernels, including those
that compute a single similarity score between two graphs. The literature on graph kernels is ex-
tensive and well established, thanks to the prevalence of learning problems on graph-structured
data and the empirical success of kernel-based methods [NSV21, KJM20]. A large variety of
graph kernels have been developed motivated either by their theoretical properties, or special-
ization or relevance to certain application domains like biology [Prz07, JLJZ16] or chemistry
[RS10]. Those include graph kernels based on shortest paths [BK05], subtrees [RG03, MV09],
graphlets [Prz07, SVP+ 09], structural features [BKEF12], random walks [GFW03, KTI03, KTS12,
KVF13], as well as variants such as random walk return probabilities [ZWX+ 18], to name a few.
A long line of work focused on designing computationally tractable kernels for large graphs
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with discrete as well as continuous node attributes [SVP+ 09, CG10, FKP+ 13, MKKM16], while
those such as the Weisfeiler-Leman (WL) kernel [SSvL+ 11] and others [HK09] gained popular-
ity thanks to linear-time e�ciency.

A key challenge with classical graph kernels is lack of learnability; today's graph neural net-
works (GNNs) are able to learn feature representations that clearly supersede the �xed feature
representations used by graph kernels. At the same time, several connections can be drawn be-
tween graph kernels and GNNs, such as the similarity between the neighborhood aggregation
of the WL kernel (a.k.a. color re�nement) and the scheme of message-passing GNNs [GSR+ 17].
We discuss below recent line of work that tap into the synergy between graph kernels and
GNNs to harvest the best of both worlds.

8.2.2 Synergizing Graph Kernels and GNNs

While many works bridge graph kernels with graph neural networks (GNNs), they have clear
distinctions. Coined as Convolutional Kernel Networks [MKHS14], and others in similar lines
[Mai16, CJM20], introduce neural network architectures that learn graph representations that
lie in the reproducing kernel Hilbert space (RKHS) of graph kernels. Others design new classes
of graph kernels using GNNs [DHS+ 19, HJ15]. In contrast, and closest to our work, coined
very similarly as Graph Kernel Convolution Networks (KCNs) [CMB+ 21] and various others
[LJBJ17, NV20, FYWT22] integrate a graph kernelinto GNN architectures. In other words, they
show how to realize a given graph kernel with a GNN module, which in e�ect unlocks end-to-
end learnability for the graph kernel. We provide further background on KCNs in Section 8.3.1.
Finally, while di�erent in focus, there is also noteworthy work exploiting graph kernels for pre-
training GNNs [NTS18], or to extract preliminary features that are passed onto a convolutional
neural networks (CNNs) [NMT+ 18].

8.3 Kernel Convolution Networks with RWK: Issues

Kernel Convolution Network (KCN) [CMB+ 21, NV20, FYWT22] that convolves the input graph
with learnable hidden graphs using a certain graph kernel has gained increasing attention, as it
o�ers learnability to graph kernels. Given the simplicity of random walk kernel (RWK) and its
di�erentiability, it has been used as the default graph kernel in many KCNs [NV20, FYWT22].
We �rst introduce the notation and background of KCN (Section 8.3.1). Then we revisit the
RWK (Section 8.3.2), and discuss the issues of its current usage in KCNs (Section 8.3.3).

Notation An overview of symbols and acronyms is provided in Table 8.1 and Table 8.2, re-
spectively. LetG = ( V(G); E(G); lG) denote an undirected, node-attributed graph withn
nodes inV(G), e edges inE(G), and an attribute or labeling functionlG : V (G) ! C where
C can beRd for continuous attributes orf c1; :::; cdg for distinct discrete labels. LetA G denote
the adjacency matrix, andA G
 H := A G 
 A H depict the Kronecker product of the adjacency
matrices for graphsG andH , as introduced in De�nition 2.7. LetX G := [ xv1 ; : : : ; xvn ]| 2 Rn� d

be the node attributes inG.
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Table 8.1: Table of Symbols and De�nitions.

Symbol De�nition

G Undirected and attributed graph
V(G) Node set ofG
E(G) Edge set ofG

l(v) Label of nodev
n Number of nodes inG
e Number of edges inG
d Number of features inG

A G Adjacency matrix ofG
X G Node feature matrix ofG
W Learnable hidden graph

A W Learnable adjacency matrix ofW
X W Learnable node feature matrix ofW

m Number of nodes in hidden graphW
K Graph kernel for graph similarity computation
t Number of steps for random walk kernel

Table 8.2: Table of Acronyms.

Acronym De�nition

RWK Random Walk Kernel
KCN Kernel Convolution Network
GNN Graph Neural Network
GCN Graph Convolutional Networks

AP Average Precision
AUC Area Under Curve
MAE Mean Absolute Error

8.3.1 Kernel Convolution Networks

Graph kernels are designed to measure similarity on a pair of graphs. However, they produce
�xed handcrafted features. [LJBJ17] derived the �rst neural network that outputs the RWK sim-
ilarity scores between input graph and hidden learnable path-like graphs. [NV20] generalized
[LJBJ17] such that the hidden graphs can have any structure without the path constraints. The
designed model is claimed to be interpretable as the learned hidden graphs �summarize� the
input graphs. Later, [CMB+ 21] and [FYWT22] extended RWNN [NV20] to a multi-layer archi-
tecture, in which each layer compares subgraphs around each node of the input with learnable
hidden graphs. We refer to these models as Kernel Convolution Networks (KCNs) as they gen-
eralize the Convolutional Neural Network (CNN) from the image domain to the graph domain,
with the help of a graph kernel. Each layer of the KCN has a number of learnable hidden graphs.

Formally, letG be the input graph with nodev 2 V(G); let h t (v) 2 Rkt be the representa-
tion of nodev at thet-th layer wherekt is the number of learnable kernels in KCN'st-th layer
for t > 0, andk0 be the dimension of original node attributes withh0(v) = xv. LetW t

1; :::; W t
kt

denote the series of learnable hidden graphs in thet-th layer, and SubtG[v] be the subgraph
around nodev on G with attributes f h t (u)ju 2 SubG[v]g, we have:

h t+1 (v) = [ K(SubtG[v]; W t+1
1 ); : : : ;K(SubtG[v]; W t+1

kt +1
)] ; (8.1)

whereK is the graph kernel used to compute graph similarity. Multi-layer KCNs stack graph
kernel computations with layers, and output node representations at each layer which can be
used for any downstream task. They exhibit strong representation ability however the output
is not interpretable or descriptive. The single-layer KCN, while less expressive, can output
meaningful similarity scores for descriptive unsupervised feature learning, which computes
graph-level representation directly by:

h(G) = [ K(G; W1); : : : ;K(G; Wk)] (8.2)
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8.3.2 Revisiting Random Walk Kernel

RWK has been used in KCNs as the default kernel. It has been originally proposed to compare
two labeled graphs by counting the number of common walks on both graphs [GFW03, KTI03].
Formally, consider a labeled (discrete attribute) graphG such thatl(v) represents the label of
nodev 2 V(G). Let R t (G) be the set of allt-step random walks onG. For a random walk
p = ( v1; v2; ::; vt ) 2 R t (G), let l(p) = ( l(v1); :::; l(vt )) denote the labels along the walk. Then
thet-step RWKK t

rw (G; H ) computes the similarity ofG andH by counting the common walks
as follows:

K t
rw (G; H ) =

tX

i =1

� i

X

p2R i (G)

X

q2R i (H )

I
�
l (p); l(q)

�
(8.3)

where I(x; y) is the Dirac kernel where I(x; y) = 1 if x = y, and 0 otherwise; and� i 2 R
denotes the weight of thei -th step's score.

De�nition 8.1: Direct Graph Product

Given two labeled graphsG andH with labeling functionl, their direct product is a new
graph G � H with adjacency matrixA G� H , verticesV(G � H ) = f (u; v) 2 V(G) �
V(H ) j l(u) = l(v)g and edgesE(G� H ) = f

�
(u1; v1); (u2; v2)

�
2 V 2(G� H ) j (u1; u2) 2

E(G) and(v1; v2) 2 E(H )g:

[GFW03] has shown that for any lengtht walk, there is a bijective mapping betweenR t (G� H )
andf (p; q) 2 R t (G) � R t (H ) j l (p) = l(q)g. Therefore, Equation (8.3) can be rewritten as:

K t
rw (G; H ) =

tX

i =1

� i (1| A i
G� H 1) (8.4)

where1 denotes the all-ones vector of lengthjV(G� H )j. Note thatA G� H is not A G
 H , where
the latter is the Kronecker product ofA G andA H without label-matching along the walk.

8.3.3 Issues of Adapting RWK to KCN

The original RWK is designed for labeled graphs and cannot handle graphs with continuous
node attributes KCNs are often used for. To that end, [NV20] proposed an extension of the
RWK in their RWNN. LetX G 2 RjV (G)j� d depict thed-dimensional continuous attributes for
all nodes, andX H 2 RjV (H )j� d andA H 2 RjV (H )j�j V (H )j depict the learnable node features and
the learnable adjacency matrix of the hidden graphH , respectively. For two graphsG andH ,
let S = X H X |

G 2 RjV (H )j�j V (G)j encode the dot product similarity between the attributes of
the vertices from two graphs, wheres := vec(S) is the 1-d vectorized representation ofS. The
authors of RWNN proposed to compute the revised RWK as:

K t
rw � (G; H ) = 1| (ss| � A t

G
 H )1 ; (8.5)
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where � denotes the element-wise (Hadamard) product in De�nition 2.5. The revised kernel
computes walks with length exactlyt only. Mathematically, the termss| applies reweighting
to A t

G
 H such that the(i; j )-th element becomessi sj (A t
G
 H ) ij , where(A t

G
 H ) ij is the number
of length-t walks from pair of nodesi to pair of nodesj in the Kronecker product graphG
 H .

Although the proposed adaptation of RWK can handle continuous node attributes, we iden-
tify two critical issues with Equation (8.5) that we outline below and later address in Sec-
tions 8.4.1 and 8.4.2, respectively.

Issue 1: Color Mismatch Let p = ( u1; :::; ut ) be a walk onG and q = ( v1; :::; vt ) be a
walk on H . Equation (8.5) only considers reweighting the number of walks from(u1; v1) to
(ut ; vt ), where(u1; v1) is the starting pair and(ut ; vt ) the ending pair, without comparing the
intermediary nodes along the walk. In essence, their formulation of the RWK is limited to only
partially shared walks.

Issue 2: Ine�cient Parameterization Sinces = vec(S) = vec(X H X |
G) =

P d
i =1 (X [i ]

G 

X [i ]

H ), whereX [i ]
G is thei -th column ofX G, we can rewrite Equation (8.5) as:

K t
rw � (G; H ) = 1| (ss| � A t

G
 H )1 = s| A t
G
 H s

= (
dX

i =1

(X [i ]
G 
 X [i ]

H )) | (A t
G 
 A t

H )(
dX

i =1

(X [i ]
G 
 X [i ]

H ))

=
dX

i =1

dX

j =1

(X [i ]|
G A t

GX [j ]
G ) 
 (X [i ]|

H A t
H X [j ]

H )

= 1| (X |
GA t

GX G) � (X |
H A t

H X H )1 (8.6)

If H is a learnable hidden graph with parametersA H 2 Rm� m andX H 2 Rm� d, the e�ective
parameters are merelyX |

H A t
H X H 2 Rd� d. That is, dimensiond is an important degree of

freedom for learnability, which can be small for certain real-world graphs.

8.4 Proposed Method

We �rst propose RWK+ (Section 8.4.1), a color-matching based RWK along with an e�cient
computation method, which addresses the issues discussed earlier. Next, we proposeRWK+ CN
(Section 8.4.2), to increase the descriptive ability of the learned hidden graphs in the unsuper-
vised setting. Finally, we propose RWK+ Conv (Section 8.4.3), a GNN layer inspired by the
connections between RWK+ and GNNs, to extract expressive graph features.

8.4.1 RWK+ : Proposed E�cient Color-Matching Random Walks

To addressIssue 1, we propose an improved random walk kernel RWK+ by deriving an ef-
fective formulation. First, notice that the original RWK for labeled graphs can be rewritten
using the Kronecker productA G
 H and one-hot encoded representation of the node labels.
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We slightly change theG � H notation by introducing a set of �empty� nodes
�

(u; v) 2
V(G) � V(H )jl(u) 6= l(v)

	
to the direct product graphG � H . �Empty� nodes do not connect

to any node hence this does not change the graph, rather they enlarge the size ofA G� H to
be the same asA G
 H . GivenX G andX H as one-hot encoding of labels, the similarity matrix
S = X H X |

G is a binary valued matrix. Then, the following relation can be easily established:

A G� H = diag(s)A G
 H diag(s) = ss| � A G
 H ; (8.7)

where diag(s) denotes a diagonal matrix withs being the diagonal. Thanks to Equation (8.7),
we can rewrite the original RWK in Equation (8.4) as:

K t
rw + (G; H ) =

tX

i =1

� i [1| (ss| � A G
 H ) i 1] ; (8.8)

which is slightly di�erent from Equation (8.5) withss| moving inside the power iteration. Al-
though the derivation starts from labeled graphs, Equation (8.8) can be directly used for con-
tinuous attributed graphs without modi�cation. Notice that this new formulation now takes all
intermediary node attributes into consideration when comparing walks as intended.

Reformulation toward E�cient Computation The formulation in Equation (8.8) needs
to compute the product graph betweenG andH which is ine�cient in both memory and time.
We establish an e�cient computation by the mixed-product property of Kronecker product
[Loa00] introduced in De�nition 2.8,(A 
 B )vec(S) = vec(BSA | ), and rewrite the main part
of Equation (8.8) step by step as follows:

1| (ss| � A G
 H ) i 1

= 1| (diag(s)A G
 H diag(s)) i 1

= 1| diag(s� 1)(diag(s2)A G
 H ) i vec(S)

= 1| diag(s� 1)(diag(s2)A G
 H ) i � 1diag(s2)vec(A H SA |
G)

= 1| diag(s� 1)(diag(s2)A G
 H ) i � 1vec(S � S� (A H SA |
G)) (8.9)

The LHS thus can be computediteratively by applying colored operations on the RHS repeat-
edly, using the procedure outlined in Algorithm 8.1 (where transpose is applied to all variables).

Algorithm 8.1: Fast Color-Matching RWK {and RWK+ Conv }

Data: G = ( A G 2 Rn� n , X G 2 Rn� d); H = ( A H 2 Rm� m , X H 2 Rm� d); max stept;
{H  W are parameters in RWK+ Conv }

1 Init: Y 0  X GX |
H , Y  Y 0; {Y 0  � (X GX |

H ) in RWK+ Conv }
2 for i = 1; : : : ; t do
3 Y  A GYA |

H ;
4 Y (i )  Y 0 � Y ;
5 Y  Y 0 � Y (i ) ;
6 end

7 Return:
P

i;j Y (t )
i;j or

P
i;j (

P
l � l � Y (l )) i;j ;
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Complexity Analysis The complexities of Equations (8.8) and (8.9) are as follows:

Lemma 8.1: Time and Memory Complexity

The time and memory complexities of the original color-matching random walk in Equa-
tion (8.8) areO(em2) andO(em2), respectively. The time and memory complexities of our
e�cient computation in Equation (8.9) areO(em+ nm2) andO(nm+ m2+ e), respectively.

Proof.LetG be the sparse input graph withn nodes andeedges, and letH be the dense hidden
graphW with m nodes. The original color-matching random walk in Equation (8.8) requires the
explicit computation of Kronecker product, requiring runtime complexityO(em2) and memory
complexityO(em2). In contrast, our e�cient computation in Equation (8.9) requires runtime
complexityO(em + nm2) and memory complexityO(nm + m2 + e). �

Learnable Similarity Normalization In Equation (8.8) we compute the random walk sim-
ilarity score for each stepi iteratively. As each step counts the number of shared walks with
lengthi , the scale of the similarity score across di�erent steps can be considerably di�erent, un-
derscoring shorter walks. To combine these scores across di�erent steps, we need to normalize
the scores, which is nontrivial. To avoid hand-crafted normalization that needs hyperparame-
ter tuning for di�erent input, we introduceStepNormthat normalizes the score in a learnable
way. StepNormcombines Batch Normalization [IS15] with the sigmoid function, where Batch-
Norm �rst standardizes the score to a Normal distribution and then shifts and rescales the score
with learnable parameters. Sigmoid further normalizes the score to the range[0; 1]. We place
StepNorm between lines 4 and 5 in Algorithm 8.1 to normalize the score step by step, and set
� l = 1 for all l 2 [1; t].

8.4.2 RWK + CN: Proposed Unsupervised Substructure Learning

KCNs were originally proposed for supervised learning, as such, the learned hidden graphs are
discriminative for classi�cation tasks. We claim that the KCN model can be paired with an
unsupervised loss and used to learndescriptivehidden graphs instead, which is not achieved by
existing GNNs. Given the output of a single-layer KCN model is the similarity scores to each
hidden graph, one can train the KCN by maximizing the total similarity score. Speci�cally, the
unsupervised objective is given as:

max
W1 ;:::;W k

kX

i =1

K t
rw + (G; Wi ) (8.10)

With this new objective, the learnable hidden graphs are to re�ect or summarize the common
patterns of the graph database. Put di�erently, similarities are maximized when the learned
graphs capture frequent structural patterns that the kernel is designed to capture. Thanks to this
unsupervised objective in Equation (8.10) and our RWK+ , KCNs can be used to learn descriptive
hidden graphs. To further enhance the descriptive ability of the hidden graphs learned by KCN,
we proposeRWK+ CN, with two more important solutions:
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Solution 1: Additional �Structural Colors� As discussed underIssue 2 in Section 8.3.3,
the input feature dimensiond (i.e. number of node attributes) is an important degree of free-
dom for learnability for the original RWK in [NV20]. For RWK with color-matching, input
features also play an important role as the similarity matrixS = X H X |

G would be sparser
with features that better characterize the nodes. Features that characterize structurally simi-
lar nodes also enable stronger feature matching at each step of a pair of walks between two
graphs. Therefore, we propose to enrich the original node features with additional structural
features in unsupervised learning of descriptive hidden graphs. As randomly initialized GNN
can produce reasonable features for evaluating similarity in graph generation [TKG+ 22], we
generate additional structural features through a �xed randomly initialized GNN to augment
the original features.

Solution 2: Diversity Regularization When learning with more than one hidden graph
without any constraint, the optimization may end up learning either the most frequent or other-
wise very similar patterns. Therefore, we introduce diversity regularizationR toward learning
non-overlapping hidden graphs, de�ned as follows:

R(W1; : : : ; Wk) =
2

k(k � 1)

k� 1X

i =1

kX

j = i +1

K t
rw + (Wi ; Wj ) (8.11)

Overall unsupervised objective becomes maximizing the input graph to hidden graph similari-
ties, while also minimizing the pairwise RWK similarities among hidden graphsR(W1; : : : ; Wk).

8.4.3 RWK+ Conv: Proposed Graph Feature Extractor

Moreover, RWK+ shares connections with Graph Convolutional Networks (GCN) [KW17]. If
we view the hidden graph inside RWK+ as learnable parameters, Line 4 of Algorithm 8.1 is given
asY  A GYA |

W , which shares thesameformulation as the graph convolutional operation
in GCN, ignoring the activation function. Besides convolution-like computation, RWK+ with
learnable hidden graph also has a gated element-wise product as in Line 5 of Algorithm 8.1.

To demonstrate the connections with GNNs, we propose a novel GNN layer RWK+ Conv
to extract graph features, based on Algorithm 8.1 (see the gray part). The major di�erences
between RWK+ Conv and a normal GCNConv are: (1) element-wise product operation withY 0

motivated from node color matching; and (2) multi-step within a single convolution layer that
shares the same parameterA W andX W . Additionally, we make following changes to turn it
into a neural network layer: (1) adding a sigmoid toY 0 to normalize the scale of similarity
between 0 and 1; and (2) parameterizingA W with a fully-connected layer. With the learn-
able hidden graphs and the additional element-wise product operation, we expect RWK+ Conv
to bring better expressiveness than the GCN layer. We empirically demonstrate this point in
Section 8.6.2, across many applications.
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(a) Bipartite (b) Butter�y (c) Star

Figure 8.1: Task 1-1: Simple Subgraph Matching in Bipartite Graphs

8.5 Experiments I: Pattern Mining with RWK + CN

Through a series of experiments, we show thatRWK+ CNcan be used for several unsupervised
pattern mining tasks, and that each of our proposed solutions contribute to improved perfor-
mance and descriptive ability. Pattern mining, which is typically a graph algorithm subject
matter, is a very di�cult task to achieve via machine learning. Since our major purpose is
to demonstrate the advantages ofRWK+ CN over RWNN, they are evaluated on a controlled
testbed with ground truth, wherein we understand the nature of the graphs.

8.5.1 Task 1: Simple Subgraph Matching

We design two tasks where the subgraphs are easy to learn. The �rst task aims to show that
RWK+ CNhandles color-matching of every node pair along walks, while RWNN does not. The
second task demonstrates that diversity regularization aids with learning non-overlapping hid-
den graphs. We report the matching accuracy for each experiment, where it is considered as a
correct match when the model learns the desired subgraph pattern(s).

Task 1-1 We generate a database of 100 bipartite graphs with heterophily, where nodes on
two sides of the graph have di�erent colors/labels (e.g. Figure 8.1a). We use one hidden graph,
and the task is to learn a bipartite core; �butter�y� (Figure 8.1b), or a 3-star with core and periph-
erals with di�erent colors (Figure 8.1c). Two di�erent objectives are used; one is to maximize
the total similarities from all steps, and another one is to maximize the similarity only from the
last step.

Table 8.3 reports the matching accuracies. OurRWK+ CNworks well even if the similarity is
only from the last step, regardless of the number of steps. SinceRWK+ CNmatches the labels of
every node pair in each walk, maximizing the similarity from the last step needs to ensure the
correctness of matching from previous steps at the same time. Although RWNN works when
the similarity is from all steps, it fails when the similarity is from the last step when the number
of steps equals 2. This is because the even-step neighbors in a bipartite heterophily graph have
the same color.

However, this task is a special case, where the method only needs to realize that the neigh-
bors should have the other color in the learned pattern. That is to say, RWNN still can not solve
complicated cases just by summing up the similarity from all steps. As we will see later in this
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Table 8.3: Task 1-1: Simple subgraph matching in bipartite graphs. Thanks to color-
matching,RWK+ CN performs well even when the objective is based only on the last step.

Method Objective # of Steps Acc.

RWNN Sum of All Steps
2 26%
3 100%

RWNN Only Last Step
2 0%
3 100%

RWK+ CN Only Last Step
2 100%
3 100%

(a) Chain (b) Pattern 1 (P1) (c) Pattern 2 (P2)

Figure 8.2: Task 1-2: Simple Subgraph Matching in Triangle Chain

section, while RWNN always learns rudimentary patterns because of ignoring the intermediate
nodes in the walks,RWK+ CN learns more sophisticated ones by taking it into account.

In the rest of this section, we use �Sum of All Steps� as the objective for RWNN, and �Only
Last Step� forRWK+ CN, which performs well and simpli�es the optimization.

Task 1-2 To test diversity regularization, we generate a database with 100 node-labeled tri-
angle chains, containing two frequent patterns (e.g. Figure 8.2a). Each triangle is either pattern
P1 (Figure 8.2b) with probability 60% or otherwise P2 (Figure 8.2c) with lower frequency. The
number of steps is set to 3, which is e�cient and su�cient to capture both homophily (1-step)
and heterophily (2-step) neighbors.

Table 8.4 reports the results, where accuracy depicts ifbothP1 and P2 are learned by the
hidden graphs. Even without diversity regularization,RWK+ CN learns the most frequent pat-
tern P1 with high accuracy. When diversity regularization is applied, accuracies for the second
frequent pattern P2 and both patterns increase. The increase is larger whenRWK+ CNis trained
more �exibly with a larger number of hidden graphs to be learned. Notably, RWNN with vanilla
RWK fails to learn either of the patterns. As it prefers the more frequent colors, it often learns
all the node colors to be the same.
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Table 8.4:Task 1-2: Simple subgraph matching in triangle chains. Diversity regulariza-
tion helpsRWK+ CN learn non-overlapping hidden graphs. Green () marks the winner.

# of Hidden Graphs Method Diversity P1 Acc. P2 Acc. Both Acc.

2
RWNN No 0% 0% 0%

RWK+ CN
No 82% 24% 12%
Yes 72% 66% 44%

3
RWNN No 0% 0% 0%

RWK+ CN
No 88% 44% 32%
Yes 76% 80% 62%

4
RWNN No 0% 0% 0%

RWK+ CN
No 98% 68% 66%
Yes 84% 86% 74%

8.5.2 Task 2: GED-Based Evaluation

To further show the advantages ofRWK+ CN, we design two more tasks each with two di�erent
testbeds. For evaluation, these experiments consider a database containing 100 identical graphs,
which is used as the ground truth, i.e. only one hidden graph is used in both tasks. As the ground
truth is more complex than the ones in Task 1, and it is di�cult to learn the exact graph, we
use graph edit distance (GED) [SF83] to measure how close the learned hidden graph is to the
ground truth (the lower the better). While GED with node labels induces a penalty for editing
the labels, GED without node labels purely focuses on the graph structure. The �rst task studies
labeled graphs with di�erent number of steps, and shows thatRWK+ CN outperforms RWNN
thanks to color-matching. The second task demonstrates the e�ectiveness of adding �structural
colors�, which improves both the learned structure and labels. We reportp-values based on the
pairedt-test that quantify di�erences between two GED values statistically.

Task 2-1 We design two testbeds using node-labeled tailed triangles and rings, as shown in
Figure 8.3a and 8.4a, respectively (best in color). We learn the hidden graph with the same
number of nodes as the ground truth graph. Tables 8.3d and 8.4d report the GED comparison.

RWK+ CN achieves consistently lower GED than RWNN, demonstrating the importance of
incorporating color-matching into the RWK. Experiments on both testbeds show that there is
no clear choice for the number of steps, i.e., higher is not always better, where the p-values
are high withinRWK+ CN. We visualize the learned hidden graphs by removing the edges with
the smallest edge weights. Figure 8.3b shows thatRWK+ CN successfully assigns the green
node with degree 3 in the correct position. Since the blue node only has degree 1,RWK+ CN
reasonably learns to maximize the objective by adding one more red node in the hidden graph,
which is the most frequent color; in Figure 8.3c, RWNN fails to handle the intermediate nodes,
and hence includes only the most frequent color in the learned hidden graph. We observe a
similar behavior in Figure 8.4b and 8.4c. WhileRWK+ CN pays much attention to learning the
correct node labels, RWNN gives a rudimentary result, where all the nodes have the same labels.
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(a) Colored Tailed Trian-
gle: Ground Truth

(b) Hidden Graph Learned
by RWK+ CN

(c) Hidden Graph Learned
by RWNN

Method # of Steps GED w/ Node Labels p-value

RWNN 2 3.35� 0.41 3.1e-05���

RWNN 4 3.15� 0.34 3.2e-03��

RWNN 6 3.25� 0.39 4.7e-04���

RWK+ CN 2 2.87� 0.58 0.20
RWK+ CN 4 2.82� 0.64 0.33

RWK+ CN 6 2.76� 0.86 -

(d) Table of results. Lower GED is better.

Figure 8.3:Task 2-1: GED-based evaluation on tail-triangles. Green ( ) marks the winner.

Task 2-2 Two more testbeds are designed to evaluate structural colors. The number of steps
is set to3, which is e�ective and e�cient. The �rst database contains 3-regular unlabeled
graphs (Figure 8.5a). We evaluateRWK+ CN and RWNN by GEDwithout node labels, focusing
on the quality of the learned structure. Our assumption is, if the structural identi�ers (node
labels) are more unique, then the hidden graph can learn better graph structure. Therefore, we
assume identity matrix as the best features in the evaluation, though it is not generalizable to
the real datasets. We create the structural colors by a �xed and randomized Graph Attention
Networks (GAT) [VCC+ 18]. The results are reported in Table 8.5. Our proposedRWK+ CN
using identity matrix as features receives the lowest GED without node labels, as expected.
RWK+ CN using structural colors has competitive GED compared with using identity matrix,
while being more generalizable. These results also empirically prove our assumption that using
more unique identi�ers as node features helps the hidden graph to learn better structure. In
contrast, RWNN fails to utilize the features even if they are extremely informative.

In the second testbed, we study a database containing 2-regular node-labeled graphs (i.e.
6-ring, Figure 8.5b), and report the results in Table 8.6. Only by replacing RWNN with our
proposedRWK+ CN, the quality of learned hidden graph improves not only on labels, but also
on the structure. In addition to the node labels, we further incorporate structural colors into
RWK+ CN, and �nd the learned hidden graph improves even better, demonstrating the e�ec-
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(a) Colored Ring: Ground
Truth

(b) Hidden Graph Learned
by RWK+ CN

(c) Hidden Graph Learned
by RWNN

Method # of Steps GED w/ Node Labels p-value

RWNN 2 7.08� 0.64 8.4e-14���

RWNN 4 7.16� 0.58 2.7e-14���

RWNN 6 6.92� 0.75 2.1e-11���

RWK+ CN 2 5.58� 0.65 0.21
RWK+ CN 4 5.59� 0.73 0.21

RWK+ CN 6 5.46� 0.86 -

(d) Table of results. Lower GED is better.

Figure 8.4:Task 2-1: GED-based evaluation on rings. Green ( ) marks the winner.

tiveness of structural colors. Notably, using identity matrix as features results in only slightly
lower GED than using structural colors.

8.6 Experiments II: Adapting to Various Applications

In this section, the experiments is composed of two parts. In the �rst part, we demonstrate
that di�erent KCN architectures can perform better by employing our proposed RWK+ . In the
second part, we compare our proposed RWK+ Conv with GCNConv, and empirically show that
it has better expressiveness by extracting better graph features.

8.6.1 RWK+ : Employed to Di�erent Architectures

We conduct three graph learning tasks for evaluating RWK+ . Since we focus on improving
RWK across many tasks, rather than outperforming task-speci�c state-of-the-art methods, the
experiments concentrate on comparing models using RWK versus RWK+ .
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(a) 3-Regular Graph
w/o Colors

(b) 2-Regular
Graph w/ Colors

Figure 8.5: Task 2-2: Ground Truth Graphs in GED-Based Evaluation

Table 8.5:Task 2-2: GED-based evaluation on 3-regular unlabeled graph. Being used as
unique identi�ers of nodes, structural colors are shown to be as e�ective as identity matrix.
Green ( ) marks the winner.

Method Additional Features GED w/o Node Labels p-value

RWNN None 4.38� 0.65 -

RWNN Identity 4.41� 0.56 0.57
RWK+ CN Identity 3.89� 0.48 4.4e-05���

RWNN SC 4.45� 0.70 0.72
RWK+ CN SC 4.10� 0.50 0.010�

8.6.1.1 iGAD on Graph Anomaly Detection

Datasets We evaluate RWK+ on supervised graph anomaly detection with 10 real-world
datasets from PubChem [YCHY08], as in [ZYW+ 22]. Each graph is a chemical compound and
labeled by its outcome from anti-cancer screen tests (active or inactive). The classes are highly
imbalanced, where the ratio of the active samples is at most 12%, which are treated as the
anomalous cases. We perform 5-fold cross-validation and split 10% of the training set as the
validation set.

Settings iGAD [ZYW+ 22] incorporates RWK as a structural feature extractor to identify
graph-level anomalies. For comparison we replace it with RWK+ usingStepNorm, with one-
hot node degrees as the node features. Recall is used for both evaluation and model selection,
as in the iGAD paper.

Results We report the average performance and standard deviation (stdev) in Table 8.7. iGAD
with our proposed RWK+ outperforms the original model onall datasets (p-val < 0:001). This
suggests that the hidden graphs learned through RWK+ are consistently better than the ones
extracted by RWK, assisting iGAD in better pointing out the anomalous graphs that deviate
from these patterns.
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Table 8.6:Task 2-2: GED-based evaluation on 2-regular labeled graph. Both techniques,
color-matching and structural colors, improve the quality of structure and label learned by the
hidden graph. Green () marks the winner.

Method Additional Features GED w/o Node Labels p-value w/ Row 1 p-value w/ Row 2

RWNN None 5.25� 0.64 - -

RWK+ CN None 5.02� 0.63 0.049� -

RWK+ CN Identity 4.81� 0.70 1.0e-03�� 0.043�

RWK+ CN SC 4.82� 0.70 1.1e-03�� 0.043�

Method Additional Features GED w/ Node Labels p-value w/ Row 1 p-value w/ Row 2

RWNN None 7.25� 0.64 - -

RWK+ CN None 6.60� 0.93 1.8e-04��� -

RWK+ CN Identity 6.12� 1.01 2.9e-08��� 1.8e-03��

RWK+ CN SC 6.25� 1.01 7.2e-07��� 0.015�

Table 8.7:Graph anomaly detection on 10 real-world datasets. Recall is reported. iGAD
using our RWK+ as structural feature extractor outperforms original iGAD on all datasets.
Green ( ) marks the winner.

Dataset MCF-7 MOLT-4 PC-3 SW-620 NCI-H23 OVCAR-8 P388 SF-295 SN12C UACC-257

iGAD + RWK 75.1� 1.1 74.1� 0.8 77.9� 1.2 78.6� 0.9 78.7� 1.3 78.8� 0.3 83.1� 1.7 78.3� 1.1 79.4� 0.6 78.0� 1.0
iGAD + RWK+ 76.4� 0.6 74.3� 1.0 78.8� 1.1 79.2� 0.5 79.5� 2.2 79.2� 0.9 84.0� 1.4 78.5� 0.9 79.5� 1.6 79.5� 0.7

8.6.1.2 KerGNN on Substructure Counting

Datasets We evaluate RWK+ on substructure counting with a simulated dataset [CCVB20]
following the same setting in [ZJAS22], and the task is to predict the normalized count of sub-
structures. This dataset includes four tasks, and the evaluation for di�erent tasks are run sep-
arately. The dataset provides the training, validation, and testing sets with 1,500/1,000/2,500
graphs, respectively. One-hot node degrees are used as the node features.

Settings KerGNN [FYWT22] uses RWK to compare the similarity between the learnable hid-
den graphs and the egonets of nodes in a graph. The similarity from di�erent learnable hidden
graphs are used as the features for message passing. In this experiment, we replace RWK inside
KerGNN with RWK+ . Mean absolute error (MAE) is used to measure the accuracy of counts.

Results As shown in Table 8.8, KerGNN with RWK+ outperforms KerGNN with RWK in 3
out of 4 tasks.StepNormis shown to e�ectively improve the performance of both methods by
normalizing the similarity in each step. Without it, the similarity explodes after a number of
steps, and is always dominated by the latest step. Although RWK performs better in counting
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Table 8.8:Substructure counting on a simulated dataset. MAE is reported. RWK+ wins in 3
out of 4 tasks, andStepNorm is shown to be e�ective. Green () marks the winner.

Task Triangle Tailed Tri. Star 4-Cycle

KerGNN + RWK 0.1170 0.1346 0.1333 0.2153
KerGNN + RWK +StepNorm 0.1065 0.1251 0.0999 0.2140

KerGNN + RWK+ 0.1206 0.1246 0.1750 0.2078
KerGNN + RWK+ + StepNorm 0.0802 0.1240 0.1312 0.1884

Table 8.9:Graph classi�cation on 10 real-world datasets. Accuracy is reported. Although
RWK+ is built to capture descriptive features, it is competitive on most datasets. Green ()
marks the winner.

Dataset MUTAG D&D NCI1 PROTEINS MUTAGEN TOX21 ENZYMES IMBD-B IMDB-M REDDIT

KerGNN + RWK 81.9� 5.3 75.2� 1.5 71.6� 2.6 75.3� 1.2 74.4� 2.4 89.1� 0.3 47.3� 3.9 71.2� 2.1 48.1� 2.9 77.2� 0.5
KerGNN + RWK+ 83.0� 6.4 74.8� 2.4 72.3� 1.3 76.2� 1.2 75.1� 1.0 89.2� 0.3 44.0� 2.7 71.6� 1.0 49.2� 0.6 77.5� 0.6

stars, there are few paths to walk within a star, which decreases the necessity of adopting a
kernel that is more accurate on similarity.

8.6.1.3 KerGNN on Graph Classi�cation

Datasets We evaluate RWK+ on graph classi�cation with 10 real-world datasets from TU-
Dataset [MKB+ 20], as in [FYWT22]. We use the node labels given by bio-informatics datasets
(�rst 7), and the one-hot node degrees for the social interaction datasets (last 3). We perform
5-fold cross-validation and split 10% of training set as the validation set.

Settings Similar to substructure counting, KerGNN is used with RWK versus RWK+ . For fair
comparison,StepNorm is employed for both models. We report average accuracy and stdev.

Results. Table 8.9 shows that although RWK+ is designed with descriptive, structural graph
features in mind, it o�ers competitive performance on most classi�cation tasks (p-val < 0:1).

Scalability We verify RWK+ 's scalability by varying (1) the number of hidden graphs and (2)
the number of steps on the NCI1 dataset, and report the runtime per epoch during training. In
(1), the number of steps is 2, and in (2), the number of hidden graphs is 8. In Figure 8.6, KerGNN
with RWK+ is slightly slower than with RWK, though the overhead is negligible (< 1 second),
and scaleslinearly, with signi�cant speedup over regular color-matching computation.
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Figure 8.6:Runtime of KerGNN with RWK + computed by regular Equation (8.8) versus ef-
�cient Equation (8.9), also compared to vanilla RWK.

Table 8.10:Node classi�cation on 6 real-world datasets. RWK+ Conv wins and ties in most
tasks on accuracy. Green () marks the winner.

Dataset Cora CiteSeer PubMed Cham. Squirrel Actor

GCNConv 85.8� 0.7 73.4� 0.5 88.0� 0.2 69.7� 0.9 55.7� 0.4 28.3� 0.6
RWK+ Conv 88.3� 0.5 76.7� 0.2 88.1� 0.2 69.3� 1.9 49.7� 1.3 36.0� 0.2

8.6.2 RWK+ Conv: Connections with GNNs

To show that RWK+ Conv is more expressive than GCNConv, a GCN message-passing layer
[KW17], we compare them across both node- and graph-level tasks. In all experiments, we
rigorously ensure that both kinds of layers share exactly the same message-passing backbone.

8.6.2.1 Node Classi�cation

Datasets We evaluate RWK+ Conv on node classi�cation with 6 datasets, including homophily
graphs (�rst 3) [YCS16] and heterophily graphs (last 3) [RAS21, PWC+ 20]. Each dataset is split
into 60%/20%/20% for training, validation, and testing, respectively.

Results In Table 8.10, although expressiveness does not necessarily play a key role in achiev-
ing better accuracy on node-level tasks, RWK+ Conv still has competitive or better performance
than GCNConv in most datasets.

Scalability We report the run time per epoch on the largest dataset PubMed in Table 8.11,
where RWK+ Conv only creates negligible computational overhead (less than 0.05 second).
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Table 8.11:Runtime of RWK + Conv , with negligible overhead.

Step Length 2 3 4 5

GCNConv 0.0269 - - -
RWK+ Conv 0.0371 0.0464 0.0522 0.0619

Table 8.12:Twitter bot detection on a real-world web-scale social network. RWK+ Conv wins
on F1-score. Green () marks the winner.

Dataset TwiBot-22

GCNConv 53.7� 0.2
RWK+ Conv 55.0� 0.2

8.6.2.2 Twitter Bot Detection

Datasets We evaluate RWK+ Conv on a web application, namely bot detection in the TwiBot-
22 dataset [FTW+ 22]. This dataset contains a web-scale Twitter social network with one million
users, where 86% of them are human, and the rest 14% are bots. We keep only the edges with
types �followed� and �following�, and make it undirected. The node features are embeddings
of user descriptions, transformed by BERT [DCLT19]. The dataset provides the training, vali-
dation, and testing sets with 70%/20%/10% nodes, respectively.

Results In Table 8.12, RWK+ Conv outperforms GCNConv on F1-score. This suggests that
RWK+ Conv has better ability to detect the bots by better utilizing the graph structure.

8.6.2.3 Graph Regression and Classi�cation

Datasets We evaluate RWK+ Conv on graph regression and classi�cation with three real-
world datasets, ZINC [DJL+ 23], ogbg-molhiv and ogbg-molpcba [HFZ+ 20].

Results We include an additional baseline GINConv from GIN [XHLJ19]. In Table 8.13, we
�nd that RWK+ Conv outperforms both baselines signi�cantly across all datasets and tasks.
This empirically demonstrates the better expressiveness of RWK+ Conv than GCNConv. It is
also worth noting that, unlike other baselines, RWK+ Conv does not use edge features.

8.6.2.4 Summary and Future Work

All results strongly suggest the better expressiveness of our proposed RWK+ Conv, especially
on graph-level tasks, and its connection to GCN motivates novel convolutional layers for better
model design. This o�ers a direction with large potential to investigate further in the future.
We also want to point out that the current design of the RWK+ Conv does not take edge features
into consideration. Extending it to handle edge features by matching edge colors at every step
of random walk could be a potential future work.
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Table 8.13:Graph regression and classi�cation on 3 real-world datasets. RWK+ Conv wins
in all tasks. Green () marks the winner.

Dataset ZINC ogbg-molhiv ogbg-molpcba

Metric MAE # ROC-AUC" AP "

GCNConv 0.3258� 0.0067 76.06� 0.97 20.20� 0.24
GINConv 0.2429� 0.0033 77.78� 1.30 22.66� 0.28
RWK+ Conv 0.2082� 0.0025 78.61� 0.61 24.90� 0.12

8.7 Conclusion

We �rst presented RWK+ , an improved random walk kernel with end-to-end learnable hidden
graphs that can be used by various KCNs. RWK+ incorporates color-matching along the walks
that we showed can be e�ciently computed in iterations, and combines similarities across steps
in a learnable fashion. We then proposedRWK+ CN, a KCN that learns descriptive hidden
graphs with an unsupervised objective and RWK+ . Thanks to additional �structural colors�
and diversity regularization, it learns hidden graphs that better re�ect the frequent and distinct
graph patterns. Moreover, based on the mathematical connection of RWK+ with GNNs, we
propose a novel GNN layer RWK+ Conv, that extracts expressive graph features.

Experiments showed RWK+ 's descriptive learning ability on various unsupervised graph
pattern mining tasks, as well as its advantages when employed within various KCN architec-
tures on several supervised graph learning tasks. Furthermore, we showed that our proposed
RWK+ Conv layer outperforms GCN, especially in the graph-level tasks by a large margin.
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Chapter 9

DeltaShield : Information
Theory for Human-Tra�cking
Detection

Chapter based on works that appeared at ICDE 2021 [LVK+ 21][PDF] and TKDD 2023
[VLK+ 23][PDF]*.

Given a million escort advertisements, how can we spot near-duplicates? Such micro-
clusters of ads are usually signals of human tra�cking. How can we summarize them
to convince law enforcement to act? Spotting micro-clusters of near-duplicate documents
is useful in multiple, additional settings, including spam-bot detection in Twitter ads, pla-
giarism, and more.

We presentInfoShield , which makes the following contributions: (a)Practical, being
scalable and e�ective on real data, (b)Parameter-free and Principled, requiring no user-
de�ned parameters, (c)Interpretable, �nding a document to be the cluster representative,
highlighting all the common phrases, and automatically detecting �slots�, i.e. phrases that
di�er in every document; and (d)Generalizable, beating or matching domain-speci�c meth-
ods in Twitter bot detection and human tra�cking detection respectively, as well as be-
ing language-independent. Interpretability is particularly important for the anti human-
tra�cking domain, where law enforcement must visually inspect ads.

Our experiments on real data show thatInfoShield correctly identi�es Twitter bots
with an F1 score over90% and detects human-tra�cking ads with84% precision. Moreover,
it is scalable, requiring only8 hoursfor 4 million documents on a laptop. Our incremental
version,DeltaShield , allows for fast, incremental updates, with minor loss of accuracy.

*These are joint works with Catalina Vajiac, who performed Sections 9.4.1 and 9.5.1, included here for clarity.
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