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Abstract

It is well-known that training deep neural networks is a computationally intensive
process. Given the proven utility of deep learning, efficiency is thus an important
concern. We study various aspects of deep networks with the goal of making the
training process more efficient with respect to memory consumption and execution
time. In doing so, we also discuss and contribute to various theoretical facets of the
field.

An unavoidable component in dealing with very large models is the need for
distributing the training over many, sometimes hundreds or thousands, computa-
tional devices. This usually induces a considerable communication overhead that
increases the risk of under-utilization of the system resources. To address this, we
show that the entropy of the weights decreases during training, which thus become
highly compressible—allowing for a considerable reduction in said overhead.

It is common practice to use squashing functions, like the softmax, at the output
layer of neural nets. We study the effect these functions have on the gradient signal
and argue that they may contribute to the well-known vanishing gradient problem.
To this end, we introduce non-squashing alternatives and provide evidence that sug-
gests, that they improve the convergence rate.

Our main contribution is in layer-wise training of deep networks. First, we make
various useful observations on the properties of hidden layers and representations.
Motivated by those, we show that layer-wise training can match the results of full-
model backprop, while considerably reducing the memory footprint of the training
process. We discuss the effect of implicit interlayer regularization (AKA the im-
plicit bias of depth) and introduce new conjectures on its theoretical origin. Based
on these, we show that interlayer regularization can be simulated in a few simple
steps. Additionally, we introduce partition-wise training, which may speed up the
optimization process by allowing for larger batch sizes and improved model paral-
lelism.

Finally, we take a look beyond gradient descent. Drawing on understanding
gained on how and what neural nets learn, a novel solution to fitting multilayer per-
ceptrons to training data is introduced. While it can outperform backpropagation
with stochastic gradient descent on various toy problems, it tends to overfit and be
capacity-hungry on more complex real data. We discuss why, and point to future
ways of addressing this. This solution can be expressed in closed form, albeit we
expect that it will evolve into a hybrid iterative approach. Also, we suspect that our
method might be a substantially better candidate for training deep nets on quantum
computers than backprop.
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Chapter 1

Introduction

1.1 Motivation

The recent second (or third) coming of neural networks (NNs), now known as deep learning
(DL), has undeniably yielded some impressive results in computer vision, natural language pro-
cessing, generative AI, and multiple other �elds. This has prompted some to name AI the fourth
industrial revolution. Thus, massive amounts of effort, money, and energy are pouring into the
�eld, with deep learning by far receiving most of the attention. This means, that a focus on
ef�ciency is now more important than ever.

Training a single large neural network, on very large data, can potentially consume so much
energy, that hundreds of tons ofCO2 will be released into the atmosphere (if the energy source
is e.g. a coal power plant). Thus, AI as a whole, has a daunting potential for exacerbating the
ongoing climate crisis. Another important aspect is that of cost. Due to the ever-increasing sizes
of the models and the data, and the following need for very large compute,training state-of-the-
art neural nets have become prohibitively expensive.This leaves the power of this disruptive
technology in the hands of the few and wealthy. To their credit, some large AI-driven companies
both contribute greatly to the research, and are prone to sharing their models and tools in an open
source manner. However, it is still extremely hard (if not impossible) for smaller companies and
actors in the �eld to compete. It simply not a level playing �eld, when the cost of training a single
model can be in the tens of millions of dollars. In the long term, this poses a potential threat of
monopolization—and even serious challenges to Western democracies. That is: too much power
and in�uence in the hands of a few people (or corporations), that werenotdemocratically elected.

While inference and deployment of AI models is also important, in this thesis, we focus on
the training of deep networks. Our main focus is on new methods and new directions for deep
learning rather than an in-depth analysis of energy and cost optimization. Our consideration of
energy and cost will thus be limited to the consideration of memory consumption and execution
time. The �eld is changing rapidly, both in terms of machine learning models and the hardware
that implements them. We will present some new results that we believe will enable more cost-
and energy-ef�cient training, but we are not claiming to offer complete solutions. Instead, we
will focus on motivating the development of these methods and careful experiments to show that
these methods work on interesting problems.
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1.1.1 Our Focus

The past decade, or more, has seen an explosion in methods, architectures, and algorithms related
to deep neural networks. Given the wide range of learning models and techniques, in this work
we limit our main focus to strictly feed-forward (non-recurrent) models with fully-connected
and/or convolutional layers trained with backpropagation [127] and stochastic gradient descent
(SGD) with momentum. When relevant, we brie�y expand our focus to include other methods or
architectures, such as ADAM [81] andtransformers[30, 118, 146]. Likewise, we limit our focus
mainly to computer vision. We use well-known standard benchmarks such as MNIST, SVHN,
CIFAR-10, CIFAR-100, and the ImageNet 2012 datasets [26, 28, 90, 114].

1.2 Chapters

In the following chapters, we study various aspects related to the ef�ciency of training deep
neural networks. Below, we will brie�y describe the contributions of each of the thesis chapters.

1.2.1 Speeding Up Distributed Learning (Ch. 3)

Large-scale distributed learning plays an ever-more increasing role in modern computing. How-
ever, whether using a compute cluster with thousands of nodes, or a single multi-GPU machine,
communication is a very signi�cant bottleneck. In this chapter, we explore the effects of applying
quantization and encoding to the parameters of distributed models.

We show that, for a neural network, this can be done—without slowing down the conver-
gence, or hurting the generalization of the model. In fact, in our experiments we were able to
reduce the communication overhead by nearly an order of magnitude—while actually improving
the generalization accuracy.

The underlying observation is, that the entropy of the weights decreases during training.
Consequently, they become increasingly compressible as the training progresses. This can be
exploited for quantization and Huffman coding [68].

1.2.2 Gradient Ampli�cation (Ch. 4)

We show that saturating output activation functions, such as the softmax, impede learning on a
number of standard classi�cation tasks. Moreover, we present results showing that the utility of
softmax does not stem from the normalization, as some have speculated. In fact, the normaliza-
tion makes things worse. Rather, the advantage is in the exponentiation of error gradients. This
exponential gradient ampli�cation is shown to speed up convergence and improve generalization.
To this end, we demonstrate faster convergence and better performance on diverse classi�cation
tasks: image classi�cation using CIFAR-10 and ImageNet, and semantic segmentation using
PASCAL VOC 2012. In the latter case, using the state-of-the-art neural network architecture, the
model converged 33% faster with our method than with the standard softmax activation, and that
with a slightly better performance to boot.
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1.2.3 How & What Neural Networks Learn (Ch. 5)

In order to aid the development of new and more ef�cient methods for training deep neural
networks, we observe and discuss some useful properties of hidden layers and representations.
Historically, DNNs have largely been considered a black box technology. That is, we may know
how to train them, but our understanding ofwhat they learn (in the hidden layers) has been
somewhat vague.

One common view is, that the hidden representations form afeature hierarchy. For convo-
lutional neural nets (CNNs) trained on images, this means that the lowest layers capture simple
features like lines, while upper layers capture more complex concepts (e.g. shapes or scenes).
This may be true, but it is arguably not very useful with respect to developing new methods of
training.

To this end, we illustrate how the classes gradually separate, layer by layer, in a trained neural
net. This observation has multiple interesting consequences and interpretations that are indeed
useful to our purpose. It means, that examples belonging to the same class will tend to cluster
together, leading to the gradual forming of larger and larger regions that arehomogeneous, or
pure, with respect to the class label. This corresponds to a graduallinearization, which we can
observe and quantify by solving linear systems of equations on the hidden representations.

Moreover, examples that lie near the centers of such pure regions are more likely toredundant
with respect to correctly learning the decision boundary. As a consequence, we can �lter them
away before and during training. To do this, we use a simplek-nearest neighbors approach, and
discard the examples whosek neighbors belong to its own class. In addition, there is an obvious
interpretation of this in information theory.

Lastly, we describe ourcorrelation �lter view on neural nets. We explain how the fundamen-
tal process employed by the layers is that ofsorting and �ltering the input data. Examples are
�rst sorted with respect to their correlation with the weight vectors, and then �ltered by the acti-
vation functions—such that same-class examples line up next to each other, as much as possible,
along each of the feature-dimensions. It is through this process that the layers gradually, from
the bottom up, separate the classes.

1.2.4 Deep Layer-wise Learning (Ch. 6)

While the dominant trend in deep learning literature is training very large models on hundreds
or thousands of GPUs, there is an increasingly important use-case for mobile and embedded sys-
tems. Such systems are typically signi�cantly resource limited, both in compute and memory
capacity. To address the latter, we propose a simple method for deep layer-wise learning (DLL).
In brief, we simply extract an individual layer (or e.g. a residual block) from an architecture,
attach a decision-layer (or block) on top, and train that subnetwork in the usual way with back-
propagation and SGD. In the simplest case, we train each layer individually, from the bottom up,
for n epochs.

DLL matches the results achieved with regular full-network backprop on a number of stan-
dard computer vision benchmarks, while signi�cantly reducing the memory footprint during
training (by 70% in most of our experiments). This constructive training scheme allows for the
incremental addition of layers, such that the �nal architecture need not be known in advance; we
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hope, that this may lead to new dynamic methods for architecture search.
As a secondary contribution, we show that deep partition-wise learning (DPL) enables the

use of both larger batch sizes, and better model-parallelization schemes. When training deep
nets on the ImageNet dataset, we achieved speedups of 30-55% (279% in one severely memory-
sensitive instance). We suspect, that this method could have a potentially big impact on the future
of very large scale deep learning. If, for example, our results can be successfully replicated in
other �elds, like natural language processing. Even a 20% speedup on the training process could
translate into millions of dollars (and tons ofCO2) saved.

Furthermore, we observe and analyze the effect of implicit interlayer regularization; i.e. that
depth regularizes. This phenomenon presents a challenge to layer-wise training on certain bench-
marks, because we train very shallow networks. However, we �nd that interlayer regularization
can be ef�ciently simulated in a few simple steps. Our work thus has theoretical implications, by
adding new understanding of how and what deep neural networks learn.

1.2.5 Beyond Gradient Descent: Platonic Projections (Ch. 7)

With our improved understanding of the inner workings of neural networks, gained in the previ-
ous chapters, we take a look beyond the con�nes of gradient descent and error-backpropagation.
Thus, we develop a quite elegant, and surprisingly simple, way of �tting multilayer perceptrons
(MLPs) to training data. By following the principle of gradual class separation, we show that
computing reasonable targets for the hidden layers is easy.Speci�cally, a good target is a repre-
sentation in which the classes are already separated.

For a supervised learning problem, given a datasetD(X; Y ), we can simply construct such
a target representation from theaugmented matrix,

�
X Y

�
. Consider a binary classi�cation

problem withx 2 R2 andy 2 f� 1; +1g. By augmenting each example with its corresponding
class label,y, we are embedding the two-dimensional input in a three-dimensional space in which
the two classes are perfectly separated in the third dimension; i.e. by thex1 � x2 plane.

Now, if the �rst hidden layer in our MLP hasn > 3 features, we can simplyproject the
augmented matrix up ton dimensions to obtain our target representation:T1 =

�
X Y

�
P1,

whereP1 2 R3� n is e.g. a dense random matrix.Such a projection of the augmented matrix,
is what we have named aPlatonic Projection. The method owes its name to Plato's famous
“Allegory of The Cave”, that provided the inspiration for a thought experiment that lead to the
proposed method.

In order to �t the �rst layer of our MLP, we simply solve a linear system of equations,
such thatW1 = X + T1. Now, to solve the next layer, we repeat the process by lettingZ1 =
� (XW 1), and computingW2 = Z +

1 T2 where the new target,T2, is the Platonic projection
T2 =

�
Z1 Y

�
P2. We can repeat this process for the following layers as well. Thus, the

complete solution can be expressed by the recurrence relation:

Wi = Z +
i � 1Ti

whereTi =
�

Z i � 1 Y
�

Pi ; Z0 = X , andZ i = � (Z i � 1Wi ).
Obviously, the quality of the obtained solution depends heavily on the choice of the projection

matrices,Pi 2 Rm� n . For example, what happens whenm > n , and the projection reduces the
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number of dimensions? Clearly, not just any random dense matrix,Pi , will guarantee that the
classes are still separated.Moreover, while this simple method can outperform backpropagation
with stochastic gradient descent on various toy problems, it tends to over�t and be capacity-
hungry on more complex real data.These, and related issues, are discussed in the chapter. We
offer some possible answers, but this method is still very muchwork in progress. So, to be clear:
we are not making any strong claims, that the proposed method is better than existing
methods! Merely, we see this as a promising new way forward in the pursuit of more ef�cient
ways of training deep networks.

Our method, as presented here, can be expressed in closed form. However, we do expect
that it will evolve into a hybrid iterative approach. This would both make it more practical, and
likely play a role in addressing the over�tting. Finally, we suspect that our method might be a
substantially better candidate for training deep nets onquantum computersthan backprop.
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Chapter 2

Neural Networks & Notation

A basic feed-forward neural network, AKA multi-layer perceptron (MLP), is a nested function
consisting of a sequence of pairs of af�ne transformations and non-linear functions; each pair is
referred to as a layer. For example, a two-layer MLP would bey = f 2� f 1 = f 2(f 1(x; W1; b1); W2; b2),
where each layerf i is f i (x; Wi ; bi ; � i ) = � i (xWi + bi ). The matricesWi and the vectorsbi are
called the weights and the bias of a layer, respectively. The functions� i (�) are generally non-
linear, and referred to as the activation function (AKA the non-linearity or squasher) of a layer.
A NN with k layers is thus a(k � 1)-nested functiony = f k � f k� 1 � � � � � f 1 that, when trained,
learns some mapping from the set of inputsX to the target outputsY.

Figure 2.1 shows a 3-4-2 MLP. That is, a two-layer neural network (we don't include the
input layer in the count) with three inputs, one hidden layer with four neurons, and two outputs;
we say that the width of the input layer is 3, the width of the hidden layer is 4, and the width of
the output layer is 2. To this NN, a single input examplex would be a1 � 3 vector,W1 a 3 � 4
matrix,b1 a1 � 4 vector,W2 a4 � 2 matrix,b2 a1 � 2 vector, and the outputy a1 � 2 vector.

It is standard notation in the literature to omit the bias term which is then assumed to be
captured by adding an extra component of1 to each input vector, such thatx = f 1; x1; : : : ; xng.
We will adopt this notation from here on. Thus, each layer is now de�ned byf i (x; Wi ; � i ) =
� i (xWi ).

De�nition 1 (Neural Network). A k-layer feed-forward neural network (NN) with layer widths,
di 2 N; i = 1 : : : k, is a nested functionf : Rn 7! Rp de�ned by the recurrence relation

f i = � i (� i (f i � 1)) ; f 0 = x

where� i : R 7! R is generally non-linear,� i : Rdi � 1 7! Rdi is a linear transformation, and
d0 = n; dk = p.

For so-called fully-connected layers,� i is an af�ne transformation. In a convolutional neural
network (CNN) the� i 's can also be the convolution or pooling operations.

In our discussion, we shall be referring to the data representations in a NN:
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Figure 2.1: A 3-4-2 Feed-Forward Neural Network

De�nition 2 (NN Representations). In a k-layer neural network,f : X 7! Ŷ , the representation
A i = � i (f i � 1) is the preimage of� i , and the representationZ i = � i (A i ) is the image of� i ; i =
0: : : k, whereZ0 = A0 = X andZk = Ŷ .

Thus, for a NN we have the hidden representations (i.e.0 < i < k ), A i = Z i � 1Wi and
Z i = � i (A i ).

We will also be referring to thearchitectureof a neural network. That is, the set of all prop-
erties requd to suf�ciently describe a particular network, such as the number of neurons and the
activation functions for each layer. This is the mathematical equivalent to the Protocol Buffer-
and YAML-based formats used by many deep learning software frameworks. For example, the
architecture,	 , for our 3-4-2 MLP above would be	 = ( f 4; � 1g; f 2; � 2g). Here, and for all
NNs, the linear transformation associated with each layer is implied, namely the af�ne transfor-
mation. For more complex architectures, involving e.g. convolutions, pooling, or recurrences, it
would need to be speci�ed.

De�nition 3 (Architecture). The architecture of ak-layer neural network is the tuple	 =
( 1;  2; : : : ;  k), where each i 2 	 is the set of all properties associated with thei 'th layer.

We will not concern ourselves with listing all the possible layer types and their associated
properties. We will simply assume that all relevant properties are included in any given con�g-
uration. Obviously, we will also need to talk about learning problems. Hence, for the sake of
consistency and nomenclature, let us make clear what exactly we mean by that.

De�nition 4 (Learning Problem). Given a datasetD(X; Y ); X 2 Rm� n ; Y 2 Rm� p, and a loss
function,L (Y;Ŷ ), the task of approximating a functionf : X 7! Ŷ such thatL is minimized is
referred to as a learning problem.
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We could say that the datasetD capturesthe learning problem. In the following, we will use
the terms dataset and learning problem interchangeably.
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Chapter 3

Speeding Up Distributed Learning

Large-scale distributed learning plays an ever-more increasing role in modern computing. How-
ever, whether using a compute cluster with thousands of nodes, or a single multi-GPU machine,
the most signi�cant bottleneck is that ofcommunication. In particular, communication between
parallel processes. In this work, we explore and compare different approaches to quantizing
and encoding the parameters of distributed models. We show that, for gradient descent-based
learning algorithms, thiscan be done - without slowing down the convergence, or hurting the
generalization of the model. As a result, the time required for training may be reduced signi�-
cantly.

With the sizes of today's datasets growing to giga- and petabytes, we see an increasing need
for distributed solutions to learning problems. In particular, in the deep learning literature, we
have seen the number of parameters in a single model reach the billions. This renders training
on a single node infeasible – both with respect to memory requirements and execution time. It
becomes necessary, and indeed imperative, to distribute the computation across many machines.
However, distributed computing requires communication: data and model parameters must be
exchanged between the worker machines that collaborate on the computation. This communica-
tion overhead can become a serious bottleneck and greatly slow down the learning.

Communication overhead arises both from the need to transferdata to the workers, and the
need to share model parameters among them. In our work we focus on the latter, minimizing
the communication overhead due to exchange of model parameters. Speci�cally, we focus on
gradient-based methods in adata-parallel setting; i.e. where the dataset is distributed across
workers, and each worker has a complete copy of the model. During training, each worker locally
updates its own model, and the updated model parameters must periodically be synchronized
among all of the workers.

The general approach to minimizing communication overhead has been to simply reduce the
numberof parameters that are exchanged,e.g. by having fewer parameters in the �rst place by
sparsifying them, exchanging only some of the parameters, or by sending them less frequently
[24, 27]. We take a different approach – rather than impoverishing the number of parameters
exchanged, we reduce the communication overhead by reducing thenumber of bitsused to trans-
mit each parameter. We achieve this by quantizing the transmitted values. The Shannon entropy
[132] of the parameters of the network varies with training epoch and the layer of the network
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Figure 3.1: Generalization accuracy vs. quanti-
zation level of weights.

Figure 3.2: RMS of MSE derivative w.r.t.
weights vs. training epoch.

that they represent. To take advantage of this, we vary the number of bits used to quantize any
value dynamically, based on the observed entropy of the parameter values in any layer, at any
epoch. Additional compression is obtained through Huffman coding [68] of the parameters prior
to transmission. The added overhead of conveying the information about the quantization lev-
els and Huffman code dictionaries, so that the machines receiving these communicated values
can decode them, is insigni�cant compared to the actual number of bits needed to represent the
parameters. We are thus able to achieve a compression of nearly an order of magnitude in the
communication overhead, for no loss of generalization error in the trained network, as evaluated
on a standard classi�cation task.

Figure 3.1 shows the achieved classi�cation accuracy as a function of the bit rate of the
weights. When we go beyond 6-7 bits we do not gain anything in the precision of the learned
classi�er. In the process, we also achieve a second, somewhat surprising result. The introduction
of quantization noise appears to have a bene�cial effect on the training. When the parameters
are quantized to a slightly higher bit rate than that required to maintain generalization error, the
resulting network actually achieves lower generalization error than that obtained with unquan-
tized transmission of parameters. Moreover, the training often appears to converge faster. In
effect, we simultaneously achieve reduced communication overhead, improved generalization
error, and faster convergence by quantizing the parameters for communication.

3.1 Parameter Compression

Our solution to reducing communication overhead is to compress parameters before transmis-
sion. In choosing a compression scheme, we must consider many factors including cost (com-
plexity and execution time), memory usage, effectiveness (compression ratio), and impact on
learning (the generalization error of the model). Obviously, the cost of encoding, sending, and
decoding the data must be less than simply sending the data as is. Similarly, cutting down the
cost of communication is meaningless if it affects the learning negatively, such that either the
generalization error increases, or it takes considerably more iterations to converge (so that noth-
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ing is gained with respect to the total execution time). The model parameters to be transmitted
are single- or double-precision �oating point numbers. We �nd simple lossless compression
of these parameters through algorithms such as LZW [157] to generally be ineffective. They
achieve little, if any, reduction in the size of the data, at a signi�cant computational cost. Instead,
we utilize the robustness of model parameters to minor perturbation, particularly during training,
to compose an inexpensive lossy compression scheme through quantization. Secondly, we uti-
lize the relatively narrow range within which most parameter values lie to further compress the
parameters through a lossless compression scheme

All illustrations are based on experiments on the MNIST dataset [88] with a deep neural
network comprising 784 units in the input layer and three subsequent layers of size 392, 50 and
10 neurons respectively. The network is fully connected between any two consecutive layers.
There are thus three sets of weights of size784� 392, 392� 50 and50� 10 respectively. The
activation functions of all neurons were tanh non-linearities.

3.2 Quantizing the Parameters

As a �rst try, we attempted to simply quantize all parameters to a �xed number of bits. To
quantize the values toN bits, we �nd the largest and minimum values of all weights in each
epoch, and evenly split the range up into2N bins. Each weight is quantized to the center of
the bin that it falls into. In terms of communication, it will require onlyN bits to transmit any
weight.

Figure 3.1 shows results obtained with quantization to various levels. The plot shows the
classi�cation accuracy obtained with the fully trained network, as a function of the number of
bits used to quantize the weights. The boxes show the mean, median (red line) and standard
deviation of the results obtained from 1500 runs of training with different initializations. The ac-
curacy obtained with 8-bit quantization is comparable to that obtained without quantization. This
compares very favorably with the 32 bits typically required to represent �oating point numbers
in IEEE format.

3.3 Dynamic Selection of Quantization Levels

As network training progresses, the derivative of the mean squared error (MSE) being minimized
with respect to the weights converges towards a small value approaching zero, albeit in a some-
what noisy manner. Figure 3.2 shows the root-mean squared (RMS) value of the derivatives of
the error with respect to network weights for each of the three layers in our network as a function
of epoch. The derivatives for the third layer are scaled by 20 to �t in the plot. We note that
the derivatives converge towards zero for all layers. Also, the derivatives are generally larger at
higher layers of the network.

The derivatives are directly indicative of the degree of quantization that can be tolerated by
the weights. When the derivatives are large, relatively small perturbations of weights can result
in relatively large changes in the error. On the other hand, when the derivatives are small, the
network is tolerant to larger perturbations of the weights. We also know that quantization to a
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larger number of bits results in smaller expected quantization error, while quantization to a fewer
number of bits results in larger quantization error.

These observations together suggest that when the RMS value of the derivative is large, a
larger number of bits are required to quantize the weights. On the other hand, at small RMS
values of the derivative, a smaller number of quantization levels will suf�ce. This leads us to
propose adynamicselection of the number of bits to quantize the weights. In each epoch, for
each layer, we will choose the number of bits to quantize the weights in that layer according to
the RMS value of the derivative of the MSE with respect to the weights. Speci�cally, assuming
the tolerance to changes in the MSE to be some constantT, and the RMS value of the derivatives
to beG, the bin size� W that may be expected to perturb the objective to withinT is given by
� W / T=(G + c0), wherec0 is a �oor that enforces an upper bound on� W. Consequently,
the number of bins that the weights are quantized to,Nbin / � W � 1 ) Nbin / (G + c0). The
number of bits required to quantize the weights comes out toN = log Nbin = log( G + c0) + c1.
c1 may be viewed as a �oor on the number of bits used to quantize the weights. To ensure that
N does not go below this value,c0 must be set to 1.0.

3.4 Lossless Compression

The distribution of the weights is not uniform in any layer. Figure 3.3 shows the estimated
entropy of the network weights in the various layer of the network, as a function of epoch. In
each case, forN -bit quantization we have computed the entropy from the normalized histogram
of the weights over the2N quantization bins. The four panels shows the entropy obtained with
different levels of quantization of the weights. Expectedly, increasing the number of bits used
to quantize the weights increases their entropy; however the overall trend of the entropy remains
the same in all cases.

The entropy is generally less thanN , the number of bits used to quantize the weights, and
decreases with the epochs. This indicates that lossless Huffman coding of the quantized weights
can result in signi�cant compression of the weights.

3.5 Bits Required to Quantize the Weights

Comparing Figure 3.3 and Figure 3.2 we note that the entropy is well correlated with the RMS
value of the gradient. Empirically, we �nd the normalized correlation betweenlog(G + c0) for
c0 = 1 and the entropy of the weights to be greater than 0.75 at all times, and frequently higher
than 0.95, particularly in the higher layers.

This correlation is suf�cient for us to use the entropy of the weights as a proxy for the RMS
value in determining the desired quantization. Thus we arrive at the following estimate for the
number of bits required to quantize the weights in thekth level of the network in theeth training
epoch:Nk;e = Hk;e + c, whereHk;e is the entropy of the weights in thekth layer, in epoche, and
c is a �oor on the number of bits to be used.

The above formula appears self-referential at �rst glance: the entropy estimateHk;e itself
depends on the number of bits used to quantize the weights as noted earlier. To resolve this, we
computeHk;e from a preliminary quantization of the weights toM bits. Typically, it is suf�cient
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(a) 65,536 bin / 16 bits. (b) 4,096 bins / 12 bits.

(c) 256 bins / 8 bits. (d) 64 bins / 6 bits.

Figure 3.3: Computing the entropy using different sample ratios and number of histogram bins
(bits). The sample ratio (denoted SRate in the legend), representing the fraction of the total set
of weights that was used to estimate the entropy, has very little affect. Lowering the number of
bins merely results in a shift of the entire curve.

to estimateHk;e from only a small sample of the complete set of weights. Empirically, we have
found that using as few as 3% of the total set of weights can provide us with reliable estimates of
the entropy of the weights in any layer.M is a parameter we can choose.c must be empirically
determined, and now also accounts for the fact thatHk;e depends onM , since increasingM by
a factor of2K will increaseHk;e by approximatelyK bits. On the other hand, decreasingM
results in smoother, and potentially more robust estimates of the entropy as seen from Figure 3.3.

3.6 An Algorithm for Dynamic Compression of Weights

Algorithm 1 describes our �nal algorithm for compresing the network weights. The output of the
algorithm is a set of packaged weights, where the package contains all the necessary informa-
tion required to decode the quantized weights to their actual values. Algorithm 2 describes the
algorithm used to decode the packaged weights to real numbers that can be used by the receiving
node.HuffmanCodebook, EncodeandDecodeare standard algorithms for computing the Huff-
man codebook, encoding a sequence of bits with a given Huffman code, and decoding a stream
of Huffman codes.

The parametersF , M , andc must be empirically determined.F is the fraction of weights
that are used to obtain the preliminary estimate of entropy,H . M is the size in bits of the initial
quantizer used to obtain this preliminary estimate.c is the quantization �oor. Empirically, we
have thatF = 0:03, M = 4, andc = 6 provide excellent results. We present experiments that
support this conclusion in the next section.
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3.7 Experiments

We ran experiments to investigate the proposed method and demonstrate its validity. The experi-
mental setup was that described in Section 2. Experiments were run on the 784-392-50-10 neural
network described in Section 3, on the MNIST database. In total, we ran the Backpropagation
algorithm about 1,500 times, while saving all the parameters of the NN after each of the 100
epochs.

3.8 Establishing Optimal Parameter Values

The proposed algorithm has three parameters: (a) the sample ratioF , which determines the
fraction of the weights we use to arrive atH , the preliminary estimate of entropy, (b) the quanti-
zation �oor c, and (c)M , the bit size used for the preliminary entropy estimate. We investigate
the setting of each of these.
Estimating F : Figure 3.3 shows the entropy estimates obtained with different sample rates in
each panel. The entropy estimates do not vary much with sample rate. We therefore setF = 0:03,
i.e. 3%. For larger networks an even lower value ofF may suf�ce.
Estimating M and c: The optimal values ofM andc are closely coupled. First we establish
the ceiling on the number of bits needed, through �xed-size quantization. Figure 3.1 shows
the generalization accuracies obtained with �xed-size quantization at every quantization level
between 2 and 30 bits. We are able to recover baseline results at 8 bits, which gives us a 75%
reduction in communication (in single-precision) by quantization alone. We therefore consider a
ceiling of 10 bits to provide room for variation.

Ideally, we must explore the entire range of(M; c) values to establish the optimal setting.
Instead, we present a summary that only considers marginal variation of each of the variables,
while assuring the reader that the conclusions noted generalize to the larger search.

In general, we can expect the dynamically assigned quantization size not to exceed the bit-rate
ceiling. The maximum value of the preliminary entropy estimate obtained fromM -bit quantiza-
tion isM . Thus, we expectc + M to be no greater than the ceiling. We use this to �rst establish
an effective value forM . Figure 3.4a shows the generalization performance obtained on the test
set whenc + M = 10. Each point on the plot represents the aggregate statistics of 50 trials run
with different initializations. We have varied the �oorc from 2 to 10 bits. A ceiling of 10 and
a �oor of 10 (represented by “10:10” in the �gure) represents �xed quantization to 10 bits. We
observe that we obtain the best results withM = 4, representing a quantization �oor ofc = 6
bits. Figure 3.4b shows the performance obtained at different values of the �oorc, atM = 4. At
M = 4; c = 5 we obtain performance just marginally below baseline, giving us a “sweet spot” in
terms of compression. It is interesting to note that the performance with 9:5, representingM = 4
is actually superior to that obtained with 10:5 representingM = 5.

Thus, we establishc = 5, M = 4, since this results in only minor loss of performance. Figure
3.5 shows the average bit-rate per parameter as a function of epoch. This represents an average
bit rate of 6.8 bits/parameter over all training epochs, and an overall compression rate of 4.70.

Finally, we apply the �nal stage of Huffman coding to the quantized weights. Figure 3.5 also
shows the average bit-rate obtained with Huffman coding. This results in a signi�cant reduction
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Figure 3.4:Left: Generalization accuracies (a), and convergence (c) for �xed quantization ceil-
ing of 10 bits with varying �oor.Right: Generalization accuracies (b), and convergence (d) for a
�xed quantizationrangeof 4 bits with increasing �oor.All: The left-most value is the baseline,
and the dots are medians and the line plots the mean.

of bit-rate at every stage, and an overall average bit-rate of 3.55 bits/parameter, representing an
overall compression rate of 9.01 with respect to the baseline with no compression.

3.9 Going beyond the Baseline

Figure 3.4 reveals an interesting fact. The generalization error obtained withc = 6; M = 4 is
actuallysuperior to the baseline. These results are consistent over a large number of runs of
the experiment. The mean bit rate at this setting is 3.78 bits/parameter, representing an overall
compression of 8.47.

Figures 3.4c and 3.4d show the number of iterations required for the training to achieve con-
vergence, where we de�ne converegence as the peaking of generalization accuracy. In all cases
compression of the weights results in faster convergence. Atc = 6; M = 4, convergence is
achieved in 20% fewer iterations than the baseline. Considering both the gains from parameter
compression and the faster convergence, we obtain an effective overall reduction of communica-
tion of a factor of 10.32, while also improving generalization error.

3.10 Conclusion & Discussion

As the size of neural networks and the data used to train them increase, not only will more
parameters need to be communicated, they will be done so over increasingly greater numbers
of machines. Gains such as those we report will become very important. The computational
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Figure 3.5: Bit-rate as a function of epoch with raw and Huffman coded quantized values.Left:
at c = 5; M = 4. Right: at c = 6; M = 4.

overhead of compression is miniscule compared to the actual transmission in these scenarios.
Although we have presented the compression scheme in the context of neural networks, it will
apply to gradient-descent based distributed optimimzation in general. Moreover, it can also
be combined with approaches that only transmit a subset of parameters, for additive gains in
compression.

While our results are very promising, the actual numbers reported must still be considered
with caution. A part of our current work is validating these results on much larger corpora. We
are also investingating extensions tomodel-parallelformalisms [24].

The improved generalization results we observe are, perhaps, not so surprising, since the
effect of quantization is to introduce quantization noise. It is well-known that noise may help
a learning algorithm escape from local minima [51], and has been used in de-noising Auto-
Encoders (DAEs) [147], and other variants such as dropout [55] and DropConnect [148].
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Algorithm 1 Weight Compression Algorithm

1: Input: WeightsWl ; l = 1::L for each of theL layers in the net,F , M , c.
2: for layerl = 1::L do
3: Find wl

max = maxw2W l w andwl
min = min w2W l w.

4: EntropyH = Estimate Entropy(W; F; wmin ; wmax ; M )
5: Compute the number of bits:N = H + c.
6: QuantizeWl : Ql = Quantize(Wl ; wl

max ; wl
min ; N ).

7: Estimate ProbabilityP l = Estimate Distribution(Ql ; N )
8: Huffman CodebookCl = HuffmanCodebook(P l ).
9: EncodeQl : El = Encode(Ql ; Cl ).

10: PackagePl = [ El ; wl
min ; wl

max ; P l ; N ].
11: end for
12: Output: Pl ; l = 1::L.
13:

1: function QUANTIZE(W; wmin ; wmax ; K )
2: ReturnQ = f

j
2N (wmax � w)
wmax � wmin

k
8 w 2 Wg

3: end function
4:

1: function ESTIMATE DISTRIBUTION(Q; K )
2: Compute a2K -bin histogramh(i ); i = 1::2K from Q.
3: Normalize the histogram :p(i ) = h(i )P

i h(i ) .

4: ReturnP = f p(i ); i = 1::2K g
5: end function
6:

1: function ESTIMATE ENTROPY(W; F; wmin ; wmax ; M )
2: Select a random subsetWsel of W of sizeF jWj .
3: QuantizeWsel: Qsel = Quantize(Wsel; wmin ; wmax ; M ))
4: EstimateP = Estimate Distribution(Qsel; M )
5: ReturnH = �

P 2M

i =1 p(i ) log p(i ).
6: end function

Algorithm 2 Weight De-Compression Algorithm

1: Input: El ; wl
min ; wl

max ; P l ; N
2: Huffman CodebookCl = HuffmanCodebook(P l ).
3: DecodeQl = Decode(El ; Cl ).
4: Wl = f wmin + (wmax � wmin )( i +0 :5)

2N 8 I 2 Q lg.
5: Output: Wl
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Chapter 4

Gradient Ampli�cation

It is well-known that saturating activation functions can impede learning in neural nets. When
they saturate they produce very small gradients (e.g. in the �at sections of the sigmoid), that
can cause the optimizer to get stuck (see e.g. [91]). Recti�ed linear units do not have this
problem, and their success can in part be considered evidence of the severity of the problem of
saturation. However, it is still commonplace to use a saturating activation function at the output
layer, namely the softmax – even though applying the the softmax does not expand the space
of functions that the NN can represent. This is done, in part, so that we may perceive the out-
puts as probabilities, although strictly speaking they are not. In this work, we show that using
non-saturating output activation functions can improve learning on a number of standard com-
puter vision tasks. Moreover, we present results showing that the utility of the softmax does not
stem from the normalization, as some have speculated [39, 79]. Rather, the advantage is in the
exponentiation of error gradients. This exponential gradient ampli�cation is shown to speed up
convergence and improve generalization.

4.1 Squashers & Saturation

Historically, output squashers, such as the logistic sigmoid and tanh functions, have been used
as a simple way of reducing the impact of outliers on the learned model. For example, if you �t
a model to a small dataset with a good amount of outliers, those outliers can produce very large
error gradients that will push the model towards a hypothesis that favors said outliers, leading to
poor generalization. Squashing the output will reduce those large error gradients, and thus reduce
the negative in�uence of the outliers on the learned model. However, if you have a small dataset,
you should not use a neural network in the �rst place—other methods are likely to work better.
And if you have a large dataset, the impact of any outliers will be minuscule. Therefore, the
outlier argument is not very relevant in the context of deep learning. What is relevant, however,
is that squashing functions saturate, resulting in very small gradients, appearing in the error
surface as in�nite �at plateaus, that slow down learning, and even cause the optimizer to get stuck
[38, 91]. This observation was part of the motivation behind applying the now popular ReLU
activation (recti�ed linear units) to convolutional neural nets [76, 83, 112]. Surely, the massive
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success of ReLUs (and other related variants) speaks to the importance of avoiding saturating
activations. Thus, it is interesting to investigate if there is an advantage to using non-saturating
activations at the output-layer as well.

4.2 The Softmax Function

The softmax function [16],yj = exp(x j )P
i exp(x i )

, is the de facto standard activation used for multi-class
classi�cation with one-hot target vectors. When the normalization term (the denominator) grows
large, the output goes towards zero, and thus the function saturates. The original motivation
behind the softmax function was not dealing with outliers, but rather to treat the outputs of a
NN as probabilities conditioned on the inputs. As useful as this is, we must remember that in
most cases the outputs of the softmax would actuallynot be true probabilities. To claim that
outputs are probabilities, we must assume a within-class Gaussian distribution of the data, made
in the derivation of the function [16]. In practice, we say that the outputs may be interpreted
as probabilities, as they lie in the range[0; 1] and sum to unity [14, 15]. However, if these are
suf�cient criteria for calling outputs probabilities, then the normalization might just as well be
applied after training, which would not make the probabilistic interpretation any less correct.
This way, we can avoid the problem of saturation during training, while still treating the outputs
are probabilities (in case that is relevant to the given application). Another potential drawback of
the normalization is that it bounds the function at both ends s.t.f : R ! [0; 1]. Consequently,
when we apply it at the output layer, s.t.y = f (x), where the error gradient (or “error delta”)
rL (t;y )

r x = y � t, andt 2 f 0; 1g, we effectively bound the gradients too, which affects all the
previous layers during back-propagation.

4.3 The Main Idea

The �rst gradient that we compute for backpropagation is the derivative of the loss with respect
to the input end of the output-layer activation function. As pointed out by Bishop [14, 15], for
all the canonical combinations of activation + loss (i.e. linear + mean squared error, sigmoid
+ cross-entropy, and softmax + multi-class cross-entropy), that gradient is computed in exactly
the same way. Namely,rL (t;y )

r x = y � t, wherey is the NN output andt is the target (x is the
input to out the activation function of the output layer). Thus, as mentioned above, this gradient
is bounded wheny = softmax(x) or y = sigmoid(x). The main motivation for this work is to
investigate whether the observed bene�ts of using non-saturating hidden activations, such as the
ReLU, will also apply at the output layer. We take the view, that we can choose toamplify the
error signal being backpropagated from the output layer—by our choice of activation and loss
function. Or rather, by ourchoice of gradient!For example, if we use linear outputs with the
mean squared error (MSE) instead of the softmax + cross-entropy (CE) for classi�cation, then
we can view it as a kind ofgradient ampli�cation. In both cases, the gradient isy � t, but this
value can become much larger wheny = x than wheny = softmax(x) —because the softmax
is bounded and saturates.

Table 4.1 shows what happened when we �rst applied this view on real data; the MNIST
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Output Activation Error Convergence

Sigmoid 1.8 98.5

Tanh 1.7 95.0

Linear 1.7 73.5

Table 4.1: Median results (20 trials) on MNIST for a 392-50-10 NN with ReLUs in the hidden
layers; �nal classi�cation error & no. of epochs needed to converge.

dataset [88]. Training a simple three-layer NN (fully connected) with ReLUs in the hidden lay-
ers, we compared the median results obtained over twenty trials with sigmoid, tanh, and linear
output activations. The learning rate was �xed, and carefully tuned for each setting, and neither
dropout [55], batch normalization [72], nor weight decay was used. The NN trained for 100
epochs, and the point of convergence is set to be the epoch where the minimum classi�cation
error was observed. This experiment was repeated multiple times with other hidden activations,
and weight initialization schemes, and they all gave the same result: with linear output acti-
vations, the rate of convergence is reduced by approximately 25 percent (and some moderate
improvements in generalization was observed as well). Note, that the softmax is not included in
the table as it performed poorly on this speci�c problem.

4.4 Gradient Ampli�cation

The softmax does have one possible advantage over linear output with respect to amplifying error
gradients: namely, the exponentiation of the outputs. The exponential function is monotonic, so
it does not change anything with respect to the one-hot classi�cation, but large errors will be
ampli�ed. As the magnitude of the gradient term,j exp(x) � tj, grows faster thanjx � tj, this
allows the optimizer to take bigger steps towards a minimum. An intuitive interpretation of
this would be that when we are con�dent about an error, we can take an exponentially larger
step towards minimizing that error. The idea bears some resemblance to momentum, where we
gradually speed things up when the directions of the error gradients are consistent.

4.5 Exponential Ampli�cation

If exponentiation of error gradients is good, and saturation is bad, it follows that using an “un-
normalized” softmax, so to speak, should yield an improvement. That is, simply use exponential
outputs,y = � exp(x), but keep computing the error gradients asrL (y;t )

r x = � exp(x) � t = y � t.
For now, we can think of it as an exponential output activation with an incorrect gradient formu-
lation imposed on it, i.e. the canonicaly � t (we will derive the loss that it minimizes below).
As seen in Figure 4.1a, this simple change does in fact lead to a consistent boost in performance.
The result was obtained on the CIFAR-10 data [82], with a 5-layer CNN; four convolutional lay-
ers followed by an af�ne output layer with linear outputs and exponential gradient ampli�cation
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(exp-GA), and batch normalization in all layers. We set� = 0:1, which has worked well in all
our experiments. To further boost the non-linear interaction between the outputs and the targets,
we used larger target values,t 2 f 0; 16g instead oft 2 f 0; 1g. As can be seen in the histograms
of Figure 4.2 (from a different experiment), this produces much larger gradients. The deltas are
roughly in [� 6; 10], as opposed to the bounded errors of the softmax, that are in[� 1; 1]. The
idea of picking better target values is not new. To reduce the risk of saturating with logistic
units LeCun et al. [91] recommend choosing targets at the point of the maximum of the second
derivative.

Another potential advantage of the exponentiation is thatexp(x) asymptotically approaches
zero towards negative in�nity. This is especially advantageous with one-hot target vectors, be-
cause we do not care about exact output values as long as the correct class has the largest value.
Hence, we can mostly ignore any negative errors in outputs for the negative classes. This can
be seen as a relaxation of the optimization problem, where we are essentially trying to solve an
inequality for the negative classes instead of an exact equality. With linear activations and the
MSE loss, the optimizer would always try to push the outputs for the negative classes towards
zero. This can lead to situations where an otherwise correct output (i.e. the maximum value
belongs to the node representing the target class) for a given input,x i , leads to a weight update
that renders the output incorrect the next time thatx i is seen; this is in exchange for the mean
output for the negative classes being slightly closer to zero than on the previous iteration. This is
undesirable, but we can avoid the problem by using exp-GA.

4.6 Sparse Cross-Entropy Loss

When we change the activation function, butnot the way we compute the gradient, we implicitly
change the loss function. The loss that is minimized by exp-GA turns out to be quite interesting:
it is exactly the multi-class cross-entropy with anL1 penalty on the activations. As theL1-norm
induces sparsity, we will call it thesparse cross-entropy loss: L (t; y) =

P M
m=1

P K
k=1 (jymk j �

tmk ln ymk ) =
P M

m=1 (kymk1 �
P K

k=1 tmk ln ymk ), wheretmk andymk denote thek'th component
in them'th example of the target and output vectors, respectively. Imposing sparsity on the output
makes a lot of sense, because our one-hot targets are in fact sparse. To verify the correctness of
this loss, we can take the partial derivative with respect to the input to the activation; it should
bey � t. Assuming that� > 0, then the activationy = �e x is non-negative, and we can ignore
the absolute value in theL1-term. The loss for a single output node does not depend on the other
output nodes, so we can ignore the summations and simply consider the loss for a single node:

@
@x

(jyj � t ln y) =
@

@x
(�e x � t ln(�e x )) (assuming� > 0)

= �e x � t
@

@x
ln(�e x )

= �e x � t (because
@

@x
ln(�e x ) = 1 )

= y � t
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To be clear, implementing exp-GA thus requires that we use exponential output units. If
we use a software package that applies automatic differentiation, then we must minimize the
sparse cross-entropy loss. If not, we need to make sure that the output layer gradient is computed
correctly, asy � t.

4.7 Cubic Ampli�cation

Although we can often ignore large negative outputs that yield large negative error deltas, it is
not clear that we can safely ignore all of them. This raises the question whether we may further
boost performance by also allowing for the ampli�cation of largenegative errors. For this, we
use a simple polynomial,y = �x 3 + � , and again we want the canonical gradient expression,
y � t; let's call this pow3-GA. This polynomial has a �at section centered around zero where the
gradients will be relatively small. Similar to the left tail of the exponential function, for outputs
that land in that section, the optimizer will thus not push that hard for strict equality. Taking
another look at Figure 4.1a, we see that this does indeed yield a better result; following exactly
the same trend as observed with exp-GA, that the error drops signi�cantly faster than with the
softmax. In this �rst experiment, we set� = 0:001, � = 0:4, and use target valuest 2 f 0; 10g.

4.8 Negative Correlation Loss

The loss that we are minimizing with pow3-GA is not quite as clean and intriguing as what
we saw for exp-GA. We can view it as anegative correlation losswith some penalty terms:
L (t; y) =

P M
m=1

P K
k=1 ( 1

4 �y 4
mk + �y � tmk ymk ); � > 0; � � 0, wherey = x, andtmk andymk

denote thek'th component in them'th example of the target and output vectors, respectively. The
last term in the summation,� tmk ymk , measures the negative correlation between the target,t,
and thelinear output activation,y = x. This is meaningful, and it is essentially the cross-entropy
without the logarithm. The term,+ �y , is reminiscent of theL1-norm, with the big difference
that it promotes larger negativey's. This too is meaningful, especially for the negative classes,
insofar that we again view it as solving an inequality instead of a strict equality. The �rst term
in the summation,14 �y 4

mk , acts much like theL2-norm but with a stronger and faster growing
penalty on the magnitude ofy (depending on� of course). Again, we verify the correctness of
the loss by taking the partial derivative with respect to the input to the activation, and again we
can ignore the summations and simply consider the loss for a single node:

@
@x

(
1
4

�x 4 + �x � tx ) =
1
4

�
d

dx
x4 +

@
@x

(�x � tx )

= �x 3 +
@

@x
(�x � tx )

= �x 3 + �
d

dx
x � t

d
dx

x

= �x 3 + � � t
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(a) Median misclassi�cation rates (20 trials) for a 5-
layer CNN with softmax, exponential, and cubic out-
puts.

(b) Misclassi�cation rates for a 10-layer CNN with
softmax (for three different learning rates), exponen-
tial, and cubic outputs.

Figure 4.1: Top-1 misclassi�cation rates on CIFAR-10.

Which is the gradient expression that what we wanted. To clarify, implementing pow3-GA
with automatic differentiation, we must uselinear output activations,y = x, and optimize for
the negative correlation loss. With manual differentiation, the simplest approach is to use cubic
activations,y = �x 3 + � , and compute the output layer gradient asy � t.

4.9 Experiments

We now study the performance and behavior of gradient ampli�cation on the task of image-
classi�cation on CIFAR-10/100 [82], and the pixel-level task of semantic segmentation on the
PASCAL VOC 2012 dataset [31].

4.10 All Convolutional Net

In this experiment, our purpose is not to get state-of-the-art results but to further study the be-
haviour of our method. We look at the �rst ten epochs of training with an (almost) all con-
volutional network with ten layers; following the principle presented in [137], but with batch
normalization, and the average pooling layer replaced by a fully-connected one. The latter was
done to make computation more deterministic, so as to allow for better evaluation of the effects
of changing various parameters. Note that pooling involves atomic operations on the GPU, which
can result in relatively large variance in output. For this experiment, we used a �xed learning
rate and carefully tuned it with the purpose of getting the best result within ten epochs. We use
the same� and � values as in our previous experiment, but this time we use different target
values.t 2 f 0; 6g produced better results for exp-GA. With pow3-GA it seemed a good idea to
try negative target values for the negative classes since the function is not bounded at the lower
end; we saw a signi�cant improvement when usingt 2 f� 2; 10g.
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Figure 4.2: Top: The distribution of output layer error gradients for softmax, linear with ex-
ponential ampli�cation, and linear with cubic ampli�cation at the start of epoch 1; training a
10-layer CNN on CIFAR-10.Bottom: same, but for epoch 4.

Figure 4.1b shows how the classi�cation error evolved during training. For softmax, we show
results from trying three different learning rates to ensure that our choice of1:0 really is a good
one. We note that the overall trend is the same as for the 5-layer CNN; for the �rst 2-5 epochs,
the error rates drop signi�cantly faster with GA than with the softmax. The histograms in Figure
4.2 show the distribution of the output error deltas for the �rst batch of epoch 1 and epoch 4. The
larger target values used for GA are clearly re�ected; resulting in sharper distributions clustered
around the negated target values. This is of course most signi�cant on the �rst iteration, but the
trend is still very clear in the fourth (and tenth) epoch. This ampli�cation of the output errors has
a signi�cant effect on the gradient signals received in the hidden layers during backpropagation.
Figure 4.3 shows this effect very nicely via the root mean square (RMS) of the gradients. With
exp-GA, the RMS of the hidden layer gradients is an order of magnitude higher than with the
softmax; for pow3-GA it is more than two orders of magnitude. Interestingly, the hidden-layer
RMS-gradients recorded for pow3-GA grow rapidly from the second epoch and onwards. A
similar trend is seen for exp-GA, albeit less dramatically, and for the softmax there is only a
slight upwards trend, and only in the top layers. This ampli�cation correlates well with the error
rates (see Figure 4.1b); the softmax gets stuck early on, and the linear activations with gradient
ampli�cation continue to learn through all ten epochs. All in all, this seems to indicate that
gradient ampli�cation may help alleviate the infamous problem of vanishing gradients [39, 57,
58] in deep neural networks.

4.11 The VGG Architecture

GA was tested on CIFAR-10 with the well-known VGG architecture [134] with 13 and 19 lay-
ers; VGG-13 and VGG-19, respectively. The learning rate and weight-decay were tuned very
carefully. We tried hundreds of different settings and picked the ones that performed best over
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Figure 4.3: RMS of error gradients over ten epochs of training a 10-layer CNN on CIFAR-10.
Left: output layer. Rest: every second hidden layer. Note the upwards trend from epoch 2
onwards in the hidden layers for GA.

(a) Median misclassi�cation rates (8 trials) for VGG-
13 with softmax, exponential, cubic, and linear out-
puts.

(b) Median misclassi�cation rates (8 trials) for VGG-
19 with softmax, exponential, cubic, and linear out-
puts.

Figure 4.4: Classi�cation errors on CIFAR-10 with the VGG architecture.

multiple different random intializations. The learning rate was divided by 10 after 150 and 225
epochs. This learning rate schedule is common in the literature, and using other schedules did
not signi�cantly affect the results.

As shown in Figure 4.4, the bene�t of GA is no longer clearly seen from the very beginning
of training, but rather halfway through, or near the end. For VGG-13 both exp-GA and linear
outputs overtake the softmax right after the �rst reduction of the learning rate (epoch 150), and
for VGG-19 it is after the second reduction (epoch 225). This is because GA can cause over�t-
ting, if applied too aggressively. So, we reduced the learning rate and used smaller target values.
It actually does makes some sense for the bene�t of GA to kick in later, as this is also when you
would expect the softmax to saturate more.

Table 4.2 summarizes our results and hyper-parameter settings for the VGG architecture with
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batch normalization. On both the 13- and the 19-layer model, the softmax with the cross-entropy
loss gets the worst median top-1 misclassi�cation rate (over 8 trials) of all. Interestingly, for this
architecture linear activations with the mean squared error yield the best results.

Architecture
Activation

+ Loss
Top-1

(Median)
LR WD Tval � �

VGG-13 Softmax+CE 5.68 0.05 0.0005 f 0; 1g — —
exp-GA 5.61 0.01 0.03 f 0; 2g 0.5 —
pow3-GA 5.55 0.1 0.003 f 0; 2g 0.001 0.0
Linear+MSE 5.47 0.01 0.03 f� 1; 1g — —

VGG-19 Softmax+CE 6.05 0.05 0.0005 f 0; 1g — —
exp-GA 5.82 0.01 0.03 f 0; 2g 0.5 —
pow3-GA 5.93 0.07 0.0003 f 0; 2g 0.001 0.0
Linear+MSE 5.79 0.01 0.03 f� 1; 1g — —

Table 4.2: VGG-19 architecture. CIFAR-10 median top-1 misclassi�cation rate (8 trials) &
hyper-parameter settings; learning rate (LR), weight decay (WD), target values (Tval), and GA-
parameters,� & � .

4.12 PyramidNet

GA was tested on CIFAR-10 and CIFAR-100 with the PyramidNet architecture, Han et al. (2017)
[43], with 55 and 110 layers. The widening factor, denoted by� in [43], was set to 48. We used
the same learning rate, weight decay, momentum, and schedule as Han et al. Note, that this is
the same standard schedule that we used earlier; the learning rate was divided by 10 after 150
and 225 epochs.

Table 4.3 summarizes our results and hyper-parameter settings for the PyramidNet archi-
tecture. Neither exp-GA or linear+MSE did well in this setting, but pow3-GA yielded a good
improvement over the softmax+CE on both datasets. For the 55-layer net trained on CIFAR-100,
pow3-GA converged more than 100 epochs sooner than softmax+CE. Somewhat surprisingly,
the learning rates for pow3-GA had to be 1-2 orders of magnitude higher than what we would
usually expect for DNNs.

Although more experiments should be conducted before making any �nal conclusions, one
interesting observation comes from our experiments on the CIFAR-10/100 datasets. We hypoth-
esize that the newer (and deeper) architectures have become signi�cantly better at dealing with
the vanishing gradient problem; in particular, deep residual networks such as PyramidNet. As a
consequence, the problem of saturation at the output layer is less outspoken, and only the most
extreme type of gradient ampli�cation has a noticeable effect.
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Architecture
Activation

+ Loss
Top-1 LR WD Tval � �

PyramidNet-55 Softmax+CE 6.02 0.1 0.0001 f 0; 1g — —
exp-GA 5.51 0.4 0.0001 f 0; 2g 1.0 —
pow3-GA 5.66 7.5 0.000003f� 1; 1g 0.0007 0.0

PyramidNet-110 Softmax+CE 4.98 0.1 0.0001 f 0; 1g — —
exp-GA 4.67 0.2 0.0001 f 0; 3g 0.5 —
pow3-GA 4.71 5.0 0.000003f� 1; 1g 0.0007 0.0

Table 4.3: PyramidNet architecture. CIFAR-10 top-1 misclassi�cation rate & hyper-parameter
settings; learning rate (LR), weight decay (WD), target values (Tval), and GA-parameters,� &
� .

Architecture
Activation

+ Loss
Top-1 LR WD Tval � �

PyramidNet-55 Softmax+CE 25.23 0.5 0.0001 f 0; 1g — —
exp-GA 29.17 0.3 0.00005 f 0; 2g 1.0 —
pow3-GA 24.21 20.0 0.000001 f� 1; 1g 0.001 0.0

PyramidNet-110 Softmax+CE 21.70 0.5 0.0001 f 0; 1g — —
exp-GA 25.51 0.3 0.00005 f 0; 2g 0.5 —
pow3-GA 21.41 16.0 0.000001 f� 1; 1g 0.001 0.0

Table 4.4: PyramidNet architecture. CIFAR-100 top-1 misclassi�cation rate & hyper-parameter
settings; learning rate (LR), weight decay (WD), target values (Tval), and GA-parameters,� &
� .

4.13 Semantic Segmentation

We now evaluate our method for the pixel-level classi�cation task of semantic segmentation.
The goal in semantic segmentation is to determine class labels for every single pixel in an im-
age. Prior work [7, 45, 96] in this direction use a fully convolutional network with the standard
softmax and multi-class cross-entropy loss for optmization. In this experimwent, we use the Pix-
elNet architecture [7]. This model uses a VGG-16 [134] architecture (pre-trained on ImageNet)
followed by a multi-layer perceptron that is used to do per-pixel inference over hypercolumn
descriptors [45]. It has achieved state-of-the-art performance for various pixel-level tasks such
as semantic segmentation, surface normal estimation, and boundary detection.

We evaluate our �ndings on the heavily benchmarked Pascal VOC 2012 dataset. Similar to
prior work [7, 45, 96], we make use of additional labels collected on 8498 images by Hariharan
et al. [44]. We keep a small set of 100 images for validation to analyze convergence, and use the
same settings as used for analysis in [7]: a single scale224� 224image is used as input to train
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bg aero bike bird boat bottle bus car cat chair cow table dog horse mbike person plant sheep sofa train tvmIoU

E-40 92.3 87.9 43.273.6 54.6 68.8 83.9 82.2 77.1 27.7 62.0 50.8 74.6 75.5 80.6 78.7 47.4 74.0 43.2 76.0 60.1 67.3
P-40 92.3 86.0 39.174.1 49.4 66.3 84.7 79.7 77.4 26.4 63.2 51.6 71.4 74.7 79.8 76.6 45.1 70.6 47.5 71.8 59.9 66.1
S-40 91.9 84.9 38.5 66.8 54.0 63.4 79.8 72.9 72.7 25.4 63.6 55.4 68.2 72.7 75.5 76.2 46.7 71.6 42.8 71.2 58.4 64.4

S-60 92.486.7 39.8 72.458.0 65.6 82.9 78.977.8 26.6 66.1 59.2 71.6 74.2 77.5 77.1 49.3 73.8 45.7 73.9 58.4 67.1

Table 4.5: Evaluation on Pascal VOC-2012 for Semantic Segmentation:We found our
analysis consistent for the pixel-level task of semantic segmentation. With only 40 epochs,
our formulation exceeds the performance using Softmax+ Cross-Entropy for 60 epochs.E de-
onotes exp-GA+ mean-squared-error;P denotes pow3-GA+ mean-squared-error; andS denotes
softmax+ cross-entropy-loss.

the model. All the hyper-parameters are kept constant except the initial learning rate1. We report
results on the Pascal VOC-2012 test set (evaluated on the PASCAL server) using the standard
metrics of region intersection over union (IoU) averaged over classes (higher is better).

Table 4.5 shows our results (both per-class andmIoU) for GA and the standard softmax. We
observe that the model trained usingexp-GAconverged after 40 epochs, whereas thesoftmax
model converged after 60 epochs. As seen in Table 4.5, our method provides33% faster con-
vergence, while yielding a slightly better performance (E-40 vs. S-60). We see a signi�cant3%
boost in the �rst 40 epochs with exp-GA (E-40vs. S-40).

Additionally, recent work [110, 145, 149] in the computer vision community have formulated
regression problems such as depth and surface normals estimation, and trajectory estimation, in
a classi�cation paradigm, in hope of easier optimization and better performance. From these
experiments, we however infer that it is likely not thesoftmax+ cross-entropythat boosts the
performance. Rather, it is the use of one-hot encoding of the target vectors.

4.14 Further Analysis

We can take a slightly more theoretical view on gradient ampli�cation, by reasoning about
second-order properties of the error surfaces induced by exp-GA and pow3-GA. This is typi-
cally done with the Hessian matrix,H , of second derivatives, which tells us something about
the rate of change in the error for a single step of gradient descent. To keep things simple, we
will consider only the case of a single output activation, i.e. a single dimension, so we do not
need the full Hessian,d

2

dx2 f will do. We will look at @2E
@x2 , whereE is the sum-of-squares error,

E(y; t) = 1
2

P
i ky � tk2. For our purpose we can simply ignore the summation inE, and just an-

alyze@2E
@x2 for a single example,(x; t ). Let us start by comparing the Hessians for linear, softmax,

exponential, and cubic activations.
For a linear activation,y = x, the Hessian is simply

H linear =
@2ky � tk2

@x2
= 1 (4.1)

1The initial lr = 1 � 10� 3 for softmax,lr = 1 � 10� 4 for exp-GA, andlr = 5 � 10� 5 for pow3-GA. Lowering
the learning rate for softmax deteriorates the performance.
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Re-writing the softmax activation asy = ex

s , wheres =
P

i ex i is a proxy for the normaliza-
tion term, we get

Hsof tmax =
@2kex

s � tk2

@x2
=

e2x

s2
�

ex

s
(t �

ex

s
) (4.2)

and for exponential and cubic activations we have,

Hexp =
@2kex � tk2

@x2
= e2x � ex (t � ex ) (4.3)

Hpow3 =
@2kx3 � tk2

@x2
= 9x4 � 6x(� x3 + t) (4.4)

If we consider the situation wherex is near some local minimum, we know that the error
surface will be locally convex around that point. This means thatH � 0, and that the �rst and
second term in each of the above Hessians will be approximately equal (i.e. they cancel each
other out). Thus, we will ignore the second terms, and simply compare the growth of all the �rst
terms, as we movex away from that local optimum. Now it becomes immediately evident that
(locally) Hpow3 > H exp > H sof tmax > H linear , because asx ! �1 we get9x4 > e2x > e2x

s2 > 1
for all s > 1. Unsurprisingly, it all depends on the magnitude of the normalization term of the
softmax,s =

P
i ex i . If s is very smallHsof tmax will blow up, so we need to assert the probability

of that happening. At the onset of training, it is reasonable to assume that the input to the softmax
will be evenly distributed around zero. Thus, half of thex i 's are positive, guaranteeing thats > 1
as8x > 0; ex > 1. To see what happens later, we can consider a numerical example for one
thousand classes. Even when the model is trained well, such that thex i 's for the 999 negative
classes are likely to be negative and contribute very little tos asex i � 1—it still takes only one
singlex i � 0 to makes > 1 (likely to be the one for the positive class). It seems reasonable to
claim that this will probably be the case most of the time.

To back up this claim, we take a look at the actualx i 's recorded during training of the 10-
layer CNN from our CIFAR-10 experiment in the previous section. Figure 4.5 shows how the
normalization term,s, of the softmax actually behaved. It starts out with a value of 2,342 and
increases monotonically from there.

However, we need to remember that for GA the Hessians are a little different, as we are just
amplifying the error gradients,y � t. Thus, the second derivatives are just the derivatives of
those deltas, withHexp� GA = ex , Hpow3� GA = 3x2, andHsof tmax = 1 (with the multi-class
cross-entropy loss)—which only adds to our point that GA can minimize the error faster than the
softmax.

4.15 Conclusion

Our results suggest fundamental changes to our default approach to deep network training, and to
our perception of the omnipresent softmax function. Allowing output activations to saturate, and
thus bounding their derivatives, comes at a price. However, by speci�cally addressing the issue of
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Figure 4.5: Magnitude of the softmax normalization term,s =
P

i ex i , recorded for a 10-layer
CNN trained on CIFAR-10. It starts out withs = 2; 342and blows up from there.

saturation, and choosing unbounded output error derivatives, we get a consistent improvement in
DNN training. For all of the four datasets, MNIST, CIFAR-10, CIFAR-100, and Pascal VOC, and
all of the architectures, we were able to outperform softmax+CE. The test errors are consistently
lower, and the training can converge 25-33% faster. In the case of semantic segmentation with
the PixelNet architecture, this saved a full two days of computation, and lead to an improvement
of the state-of-the-art.

This all comes at no other cost than a few minutes of coding. The only drawback is the
introduction of some new hyper-parameters,� , � , and the target values. However, these have
been relatively easy to choose, and we do not expect that a lot of �ne-tuning is required in the
general case.
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Chapter 5

How & What Neural Networks Learn

5.1 Introduction

Understanding how and why neural networks work so well has turned out to be quite non-trivial.
One thing which has certainly contributed to the overall fascination with neural nets is that they
are, however loosely, inspired by how the brain works. This fact has been an essential part of
the classical approach to NN training. An approach that has certainly led to some important
and impressive results. However, this brain analogy has perhaps also contributed somewhat
negatively. Firstly, it has to some extent shrouded neural nets in a veil of mystery—after all, we
still do not completely understand how the brain actually works (and maybe we never will?).
Secondly, it has inadvertently locked the entire �eld into a brain/backprop paradigm; with a
rather �xed set of underlying assumptions on how things should be done. Notwithstanding the
overwhelming success of this paradigm, and more recent improvements such as ReLUs (�rst used
by Fukushima in [35, 36], later popularized by [48, 112]), batch normalization [72], dropout [56],
residual networks [48], and transformers [146], the core approach to NN training has not evolved
much since 1986. Hence, so far, many important questions remain unanswered. Thus, the recent
success of neural nets, the era of deep learning, can mostly be accredited to the availability of
more data, as well as the access to more powerful computers. In our context, the biggest concern
may be the absence of alternative training algorithms. In particular, algorithms that are more
ef�cient than backprop + SGD.

In this chapter, we will �rst describe three main classical views on deep learning. Next, we
will observe and discuss some properties of the hidden layers & representations of deep neural
networks, and present an alternative view on DNN training. The aim is to establish useful insights
that may aid in �nding new ways of training them.

5.2 Three Classical Views on DNNs

Historically, the approach to training and understanding neural networks has been dominated by
three main views. In this section, we will describe these three views in some detail.
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5.2.1 The Brain/Connectionist View

Neural networks owe their name to their structural similarity with the biological brain. Specif-
ically, that they consist of many simple computational units (neurons) that are interconnected.
These connections (or synapses, if you will) are weighted, meaning that any connection between
two neurons can be considered strong or weak. Thus, atrainedneural net may be seen as satisfy-
ing a known property of the brain, namely that: “neurons that �re together, wire together”. This
property was �rst described by Donald O. Hebb in 1949 [49], and lead to the so-called Hebbian
learning paradigm (to which the backpropagation algorithm doesnot belong, by the way). In
the 1980s, the idea of having many connected units that compute in parallel was referred to as
“parallel distributed processing”. McClelland & Rumelhart presented this view in their seminal
book series of the same name [103, 104, 126]. Later, the view was re-branded asconnectionism.
The idea stems back to historical work by McCulloch & Pitts [105], Rosenblatt [124, 125], and
Hebb [49]. Thus, structurally and algorithmically, the main link between arti�cial neural net-
works and biological ones, is that they fall under the connectionist view. In the case of af�ne, or
fully connected, layers this is pretty much the only link.

However, in the case convolutional neural nets, it is a different story. They were �rst intro-
duced by Fukushima in 1980, under the name “Neocognitron”, and were explicitly designed to
have a “structure similar to the hierarchy model of the visual nervous system proposed by Hubel
and Wiesel” [36]. This model of the mamallian visual system, was described in [65, 66, 67] by
Hubel and Wiesel (1959, 1962, 1968), who were later awarded with the Nobel prize. A convo-
lutional network captures three important properties of the primary visual cortex, an area in the
brain also referred to as V1:

1. Like V1, a convolutional layer is organized in a spatial map.

2. The features of a convolutional layer are spatially localized; corresponding to thesimple
cellsof V1.

3. Pooling layers make CNNs invariant to small shifts in the position of detected features;
roughly corresponding to thecomplex cellsof V1.

For a more detailed account of the connection between CNNs and neuroscience, see Good-
fellow et al. (2016) [39], p. 353-359.

5.2.2 The Feature Hierarchy View

Perhaps the most interesting aspect, in our context, of the CNN/brain link iswhat they learn.
As it turns out, there is a remarkable similarity between the representations learned by a CNN,
and those of the visual cortex. Figure 5.1, due to Manassi et al. (2013) [101], illustrates the
hierarchical, feedforward visual processing in the four regions of the visual cortex. The authors
state:

“Stimuli are processed in a series of visual areas. V1 neurons are most sensitive
to low-level features, such as edges and lines. In higher visual areas, like V4 and
IT, receptive �elds are larger, and neurons are sensitive to complex features, such
as shapes and objects. Responses of high-level neurons are fully determined by the
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neural �ring of lower-level neurons. For example, the neural �ring to a square is
determined by the neural �ring for two vertical and two horizontal lines.”

This hierarchy of features is exactly what we can observe in the layers of a convolutional net.
In fact, Cichy et al. (2016) [21] showed that when “tuned to the statistics of real-world visual
recognition”, CNNs capture “the stages of human visual processing in both time and space from
early visual areas towards the dorsal and ventral streams.”

Figure 5.1: Hierarchical, feedforward visual processing in the visual cortex. This �gure from
Manassi et al. (2013) [101]. Visual stimuli passes from the retina through the optical nerve and,
via the lateral geniculate nucleus (LGN) region, to the back of the head where the visual cortex
is located. It enters at V1 and is fed forward to V2, V4, and IT (the inferotemporal cortex). As
depicted, higher and higher level features are detected as the stimuli is fed from region to region.

Figure 5.2 shows a stick �gure illustration of what such a hierarchy of features might look
like in a convolutional neural network. The CNN,f , maps the input images to the �rst hidden
representation which detects simple lines. The next layer detects linear combinations of lines,
i.e. simple shapes, and the next one objects composed by said shapes. The last hidden layer
detects combinations of the objects, i.e. scenes, and the �nal output is a class label. Note, that
all neural nets contain layers that compute linear combinations of the features from the previous
layer. Thus, the feature hierarchy view is valid for all types of NNs—only the direct link with
the visual cortex is strictly limited to CNNs.

Visualizing the actual features from a CNN is not completely straightforward. Nevertheless,
Zeiler et al. (2014) [155] produced some interesting ones by using the technique of deconvolution
(see their paper for details). As can be seen in Figure 5.3, the features they visualized correspond
very well with the conceptual ones depicted by our stick �gures in Figure 5.2.

An interesting observation from Figure 5.3 is that the �rst layer learns Gabor-like �lters. In
2D, a Gabor �lter is essentially a Gaussian kernel multiplied by a sinusoidal wave. These �lters
are localized with respect to spatial location, frequency, and rotation (unlike e.g. a Fourier basis
which is not localized in space); see Goodfellow et al. (2016), p. 357-359, for an explanation
of Gabor functions and their connection to machine learning. Gabor �lters are similar to the
features employed by the simple cells of V1. Neural nets are not alone in learning such functions,
when applied to natural images. Actually, a very wide range of machine learning algorithms are
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Figure 5.2: Stick �gure illustration of the feature hierarchy view on DNNs.

Figure 5.3: ConvNet features visualized using deconvolution. This �gure adapted from Zeiler et
al. (2014)[155]. Showing a subset of the features from the �rst four conv-layers (left to right).
The �rst layer detects Gabor-like features, while the last layer detects much more complex shapes
such a dog faces. The CNN was trained with the ImageNet 2012 dataset.

known to do that. Figure 5.4 shows an example of a Gabor �lter bank: the same feature rotated
180 degrees in 64 steps.

In image analysis, Gabor �lters are commonly used for edge detection and texture analysis.

38



Figure 5.4: Example of a Gabor �lter bank. The black and white pixels indicate large negative,
and a large positive weights, respectively. The background color indicates a zero weight. Here
we see the same feature rotated 180 degrees in 64 steps.

Figure 5.5: Example of edge detection using a Gabor �lter. The original image (left) is convolved
with the Gabor kernel (middle), which produces the image on the right: the edges are clearly
enhanced.

An edge in an image is characterized by a sharp transition in color along some direction—which
is exactly what the Gabor �lter detects (and looks like). In Figure 5.5 we can see what this may
look like. A two-dimensional convolution of the original image with the Gabor �lter produces
an image where edges are clearly enhanced, while everything else is mostly �ltered away.

5.2.3 The Backprop View

Backpropagation [127] is of course analgorithm. However, implicitly, it also represents aview
on what it means to train a neural net, and what the hidden representations should be. In practice,
backprop is the only algorithm currently being used for training DNNs. After each forward
pass, the algorithm computes the error gradients at the output layer. These gradients are then
propagated backwards, layer by layer, using the chain rule of calculus. For each layer, the weights
are updated such that they take a small step in the direction of their respective negated error
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gradients. This process is repeated, usually thousands of times, until the algorithm converges.
Thus, the following properties can be said to characterize the underlying view of the backprop
algorithm:

1. To learn the weights of thei th layer, wemustuse precise information about the represen-
tations and error gradients of all the succeeding,j th layers,j > i .

2. All layers must be trained in concert.

3. Training requires differentiability.

4. Training is an iterative process.

The tremendous success of backprop speaks for itself. For roughly 40 years, it has beenthe
go-to algorithm for training neural networks. Over the past 10-15 years or so, in the era of deep
learning, it has been the driving method behind signi�cant breakthroughs in computer vision,
speech recognition, natural language processing and many other �elds. Hence, empirically, the
properties above have been validated many times over. So, to say that they are wrong would
not make much sense. Nonetheless, in the following, we will show that they are at least not
exclusivelycorrect—it all depends on how you view the problem. In fact, when we change
our view on neural network learning, all of those four properties can be made redundant. We
will show how in the following chapters ondeep layer-wise learning(Chapter 6), andPlatonic
Projections(Chapter 7).

5.3 What Neural Networks Learn

Although the classical views on DNNs have certainly inspired and resulted in a multitude of
important work in the �eld, there is a need for alternate ones. Mostly because the classical views
do not immediately offer any useful and directly applicable insights (well, apart from that running
backprop is generally a pretty good idea). In this section, we offer some of our own observations
and views on the properties of hidden layers and representation—that we �nd are indeeduseful.

We should note that of course multiple other theoretical contributions have been made to the
�eld of deep learning in recent years. In our opinion, the most useful one is that of Tishby et
al. [143] which frames deep learning in the context of information theory via the information
bottleneck principle. Another one of note is through spline theory [6], and more recently authors
have shown correspondence between neural networks and quantum �eld theory [34, 42, 71].

5.3.1 A Discrete Algebraic Cross-Fade FromX to Y

A k-layer neural net is a sequential map betweenk + 1 representations

f : X 7! Z1 7! Z2 7! � � � 7! Zk� 1 7! Zk = Ŷ (5.1)

In a manner of speaking, assumingŶ � Y , we can view this as a discrete algebraic cross-fade
between the twosignalsX andY. With every step forward in the map, less ofX and more ofY
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is “mixed” into Z i . Or, to put it more mathematically, and relating back to Equation 5.1, we may
say thatideally this will hold for suf�ciently largek (and suf�cient capacity in the network etc.)

fk Y � Z i Z +
i Ykgk

i =1 ! 0; i ! k (5.2)

Empirically, we have shown the validity of this equation multiple times. That is, for classi�cation
problems we have shown that theleast squares distance(LSD),

1
m

kY � Z i Z +
i Yk2

F (5.3)

decreases monotonically ini in a trained network. For example, we recorded the LSD for each
of the hidden layers, while training a four-layer MLP on the MNIST dataset (using backprop +
SGD). As can be seen in Figure 5.6, all the hidden layers move towards the target (in a least
squares sense), and end up satisfying Equation 5.2.

Figure 5.6: The least squares distance (LSD) from each of the hidden representations,Z i , to the
target,Y , recorded in a 784-392-196-50-10 MLP while being trained on the MNIST data.

A related observation was made in [155], only for transfer learning. That is, they showed that
the features of a model pretrained on the ImageNet data become gradually more discriminative,
layer by layer, for the Caltech-101 and Caltech-256 datasets.

5.3.2 Gradual Linearization

In thinking about what this all means for the hidden representations, ourZ i 's, as we stepback-
wardsfrom the output towards the input layer, some useful intuitions arise.Thus, with each
step backwards in the sequential map,f :

1. Y becomes less and less planar, and more and more bent in theZ i 's.

2. The decision boundary becomes more and more wiggly inZ i space.
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3. TheZ i 's move away fromY (in target space), and towardsX —in a least squares sense.

In summary, the goal of NN training is to learn a sequence of hidden representations,Z i ; i =
1; : : : ; (k � 1), such that at the �nalZk� 1, the learning problem,D(Zk� 1; Y), has become (suf-
�ciently) linear. Figure 5.7 is a grossly simpli�ed depiction of what it might look like, for a
binary classi�cation problem, if we could visualize the decision boundaries in eachZ i space of
the network.

Figure 5.7: The decision boundary, depicted asf i , becomes more and more linear (or less and
less complex), as we map forward through the network.

5.3.3 Gradual Class Separability

Another way of describing what Equation 5.2 implies is in terms of class separability. Or, con-
versely, in terms of class overlap. The goal of classi�cation with neural networks is to produce
a representation,Zk� 1, where each class can be separated from all the other classes by a single
hyperplane. This separation happens gradually through the layers, as depicted in Figure 5.8.

Figure 5.8: Cartoon illustration of how the classes gradually separate, layer by layer. Clearly, the
critical regions are those where the classes overlap. Viewing the situation as a Venn diagram, the
goal of learning must then be to minimize the summed cardinality of all set intersections.
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Figure 5.9: The classes gradually becoming more separated through the layers of a 10-layer
CNN. Showing the two �rst principal components of the input, output, and hidden layers 2, 4, 6,
and 8.

This process can be shown on real data too. We trained a 10-layer CNN on the CIFAR-10
dataset, and then visualized the hidden representations. To avoid clutter, we used only four of
the classes, which each were plotted with individual colors. As these representations are in very
high dimensions, and cannot be visualized directly in 2D, we plotted them along their �rst two
principal components. As one can see in Figure 5.9, the result shows that the classes gradually
become more and more separated (or disentangled), as we step forward from layer to layer. This
literally means, that the decision boundary (orY in Z i space) becomes more and more planar,
and consequently, that theLSD (Y; Zi ) = 1

m kY � Z i Z +
i Yk2

F must decrease asi increases.
Note, that multiple other authors have also observed this gradual class separability (and lin-

earization), such as [10, 73, 100, 111, 119, 150, 155].

5.3.4 The Rubik's Cube View

A visually pleasing way of thinking about neural nets is, what we have dubbed, The Rubik's Cube
View. The key observation underlying it is that it is all aboutbinningthe data.Concretely, for
each layer, the goal is to bin the data into as few bins as possible—with the constraint that
each bin ispure (or homogeneous) with respect to the class label.This view is thus exactly
in line with the view of Tishby et al. [133, 143]. Whereas they arrived at it through information
theory, we arrived at the same conclusion through algebra, geometry, and empirical observations.
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Figure 5.10: Conceptual illustration of the Rubik's cube view on deep learning. The job of any
layer is to map the classes into fewer bins (linear regions) than were present in the previous layer.

Figures 5.8 and 5.9 illustrate our observation quite clearly: as the classes separate, samples tend
to be surrounded mostly by samples from their own class. Visually, this is somewhat similar to
solving a Rubik's cube, where the sides gradually become more and more “pure” in color, as you
solve it; as depicted in Figure 5.10.

Pure Voronoi Maps

The squares in each of theZ i depicted in Figure 5.10 (as 2D Rubik's cubes) form a Voronoi map;
see De�nition 5.

De�nition 5 (Discrete Euclidean Voronoi Map). Let X be a �nite discrete set of points inRn ,
and letC = ( c1; c2; : : : ; ck); ci 2 Rn ; be a tuple of centroids. The Voronoi map ofC on X ,
denotedV(C) 2 X , is the tupleV � (C) = ( v1; v2; : : : ; vk) of Voronoi cells (or regions), where
each cell is given by

vi = f x 2 X j8j 6= i:kci � xk2 � k cj � xk2g

In fact, the squares form aPure Voronoi map; see De�nition 6. That is, a Voronoi map with
the added constraint that the cells be pure (homogeneous) with respect to the class label. We
could also call it a pure partitioning (or tessellation) onD(X; Y ).

De�nition 6 (Pure Voronoi Map). Let D(X; Y ) be a dataset of pairs,(x; y) 2 D , let C =
((c1; y1); (c2; y2); : : : ; (ck ; yk)) ; ci 2 Rn , be a tuple oflabelled centroids, and let̀ (ci ) = yi

denote the label ofci . A pure Voronoi map onD, denotedV(D) = V(X ; Y), is the tuple
V(C) = ( v1; v2; : : : ; vk) of pure Voronoi cells (or regions), where each cell is given by

vi = f (x; y) 2 Dj y = `(ci ) ^ 8 j 6= i:kci � xk2 � k cj � xk2g

As we shall see below, pure Voronoi maps provide a useful way of reasoning about neural
networks, their hidden representations, and the complexity of learning problems.

Pure Entropy

If we consider the cell-wise distribution of samples inV(D) a probability distribution, we can
compute the entropy of it.The probability of each cell is its frequency
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p(vi ) =
jvi j
jDj

Thus, we simply de�ne the pure entropy as follows:

De�nition 7 (Pure Entropy). Let V(D) be a pure Voronoi map (De�nition 6). The pure entropy,
denotedH (V(D)), is the Shannon entropy over the probability distribution of the cells inV(D)

H (V(D)) = �
X

v2 V (D)

p(v) log p(v); wherep(v) =
jvj
jDj

We will be using the notation,H � (D) = H � (X ; Y), when making statements about a given
dataset (or representation). The asterisk indicates that the pure Voronoi map used to compute the
pure entropy is consideredoptimal. That is,V � (D), is minimal with respect to the number of
Voronoi regions, and the probability distribution over those regions is as sharp as possible—such
that it minimizesH (V(D)). This assumption of optimality is useful, in that we cannot always
expect to know, or even be able to compute, the correctV(D).

Figures 5.11 & 5.12show the pure Voronoi maps (and corresponding entropies) on simple
binary classi�cation problems. Please note, that the maps were computed with a naive, and very
inef�cient, recursive algorithm that does not scale to large data—and does not guarantee that the
map is optimal. Regardless, the depicted results are still meaningful and correctly illustrate the
concept.

Now, we are ready to statean important inequality, that captures the Rubik's cube view. For
a classi�cation problem, or anyD(X; Y ) whereH (X ) > H (Y), the following should hold for a
well-trained neural net

H � (X ; Y) > H � (Z1; Y) > � � � > H � (Zk� 1; Y) > H � (Zk ; Y) (5.4)

The restriction toH (X ) > H (Y) is probably important here, and we may think of it as
representingmany-to-onerelationships; i.e.f : X 7! Y is injective. In practice, we suspect
that the inequality holds for most well-trained neural nets. But, at least in theory, it shouldnot
hold for autoencoders, and probably many generative models (e.g. for deep fakes); because
H (X ) = H (Y), representingone-to-onerelationships, i.e.f : X 7! Y is bijective.

Thus, for autoencoders, or anyD(X; Y ) where H (X ) = H (Y), the inequality becomes
an equality (ideally)

H � (X ; Y) = H � (Z1; Y) = � � � = H � (Zk� 1; Y) = H � (Zk ; Y) (5.5)

For such problems, the best the DNN can do is to extract aminimal suf�cient statisticfor X in the
encoder part of the network. This essentially boils down to getting rid of redundant dimensions.

5.3.5 Information Theory

Taking a view from information theory, in the vein of Tishby et al. [133, 143], we can state a
number of things. Of course, this all requires that we assume that all the representations,X; Z i ;
andY, in Equation 5.1 are random variables. And that the sequential map itself is a Markov
chain.This assumption is probably debatable, but we'll play along.
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Figure 5.11:The pure (but not optimal) Voronoi maps & entropies for sinusoidal decision
boundaries of frequencies 1, 2, 4, and 8.The number of necessary centroids,jCj, increases
with the frequency of variation, and so does the pure entropy,H � (X ; y). Thus, capturing the
complexity of the learning problems.Left: the dataset,D(X; y ). Middle: the pure Voronoi
map,V(D), on top ofD. Right: V(D) shown with the centroids.

Mutual Information

Firstly, as pointed out in [143], due to the data processing inequality (DPI), we have

I (Y; X ) � I (Y ; Z1) � I (Y ; Z2) � � � � � I (Y ; Ŷ ) (5.6)
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